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DOPEKT HEHYJIEBOM KOCMOJIOTUYECKOM IIOCTOSIHHOM B
CYIEP-IYAHKAPE-UHBAPUAHTHOM BCEJIEHHON

Amunosa A.B.%!, JTiosuunckuit M. X.%2

@ Kazauckuii (Ilpusomxkckuii) dbenepanbubiii yausepcuter, T. Kazanb, 420008, Poccus.

Cymnepupocrpanctso Mwuukosckoro SM(4,4|\, 1) onpeneneno B pabore [l] xkak wHBapmaHT Cymeprpymb
Ilyankape cymeprpeobpa3oBamuii, yIaoBIeTBOpAOMUX cynepypasHeHusM Kwumara. B gammoit crarbe
dopuynsr  cymeppumanonsoit reomerpum B. II. Axkymosa um [I. B. Bouskosa [2] wucmommsyorcs st
BBIYHCJIEHUsT CYTIEPCBI3HOCTH W CYMEPKPUBU3HBI CyreprpocTpancTtBa MwuukoBckoro. Ilokasamo, 4To KpUBU3HA
CyIeprIpoCTpaHCTBa MMUHKOBCKOIO OT/IMYHA OT HyJs, W CylmepMeTpuka MUHKOBCKOTO SIBJISIETCS DelIeHHeM
cymnepypaBHeHui DUHIITENHA ¢ HEHYJIEBOI IPABO YaCThIO, IIPU 9TOM 8-MepHas UCKpuBJIeHHasa cynep-Ilyankape-
wuBapuanTtHas Beeiennas SM(4,4|\, u) monnepxkusBaerca wucTO (EPMUOHHBIM CYNEPTEH30POM JHEPIHUH-
HMIIYJIbCA C ABYM# CBOOOIHBIMU BELIECTBEHHBIMU IIapaMerpaMu N\, [ u, 6ojee TOro, 06/a1aeT orpemessseMon
STUMM TapaMeTpaMU HEHyJIeBOi KOCMOJIOIHYIECKON MOCTOoAHHON A = 12/ ()\2 - ;ﬂ), YTO MOIJIO OBI JAaTh HOBBIM
B3IV HA TTPO0IEMY KOCMOJIOTHIECKON TTOCTOSTHHOIM.

Karouesnie cao6a: cyniepcumMMerpusi, CylneprupocTpaHcTBo MUHKOBCKOrO, cynepypasHeHust DiHuIreiiHa, KoCcMO-

JIorm4deCkKad IIOCTOAHHAA.

NON-VANISHING COSMOLOGICAL CONSTANT EFFECT IN
SUPER-POINCARE-INVARIANT UNIVERSE

Aminova A.V.%!, Lyulinsky M. Kh.%?
¢ Kazan Federal University, Kazan, 420008, Russia.

In [1] we defined the Minkowski superspace SM(4,4|\, 1) as the invariant of the Poincare supergroup of
supertransformations, which is a solution of Killing superequations. In the present paper we use formulae of
super-Riemannian geometry developed by V. P. Akulov and D. V. Volkov [2] for calculating a superconnection
and a supercurvature of Minkowski superspace. We show that the curvature of the Minkowski superspace does not
vanish, and the Minkowski supermetric is the solution of the Einstein superequations, so the eight-dimensional
curved super-Poincare invariant superuniverse SM (4, 4|\, p) is supported by purely fermionic stress-energy
supertensor with two free real parameters A, p, and, moreover, it has non-vanishing cosmological constant
A =12/(X? — ii®) defined by these parameters that could mean a new look at the cosmological constant problem.
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Introduction

The consistent supersymmetry approach to the theory of gravitation according to which
supergeometry must be determined by the properties of supersymmetry requires the developing of group-
invariant methods in the supergravity. In this direction not only there were absent concrete results but
in many cases the very concepts that must be basic for the connection between the supergeometry and
supersymmetry have not been developed. In [1] an attempt was made to fill in this gap.
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We consider the supersymmetry as an automorphism of a supergeometric structure and, in part, as
an infinitesimal supertransformation preserving the metric of the superspace, the metric itself is defined
as the invariant of the corresponding supergroup of transformations, in the spirit of Klein’s approach
where the notion of symmetry, or group of transformations, is a fundamental notion determining the
geometry of the space. Following this program we derived in [1] the Lie superderivative of a supermetric
and defined the Minkowski superspace SM(4,4|\, 1) as an invariant of the Poincare supergroup of
supertransformations, which is a solution of Killing superequations. The found supermetric contains
two real parameters A, p and becomes degenerate only if A = +pu. As a result we obtained the two-
parameter family of the Minkowski superuniverses that is being studied in this article.

The article is organised as follows. In the first section we introduce basic definitions and
give a brief review of earlier results. In the second section we discuss the super-Poincare-invariant
Minkowski superspace. The third and fourth sections are devoted to calculating a superconnection and
a supercurvature of the Minkowski superspace by using the apparatus of super-Riemannian geometry
developed by V. P. Akulov and D. V. Volkov? [2]. In the fifth section we write and analyze the Einstein
superequations for Minkowski superspace.

We recall that a linear space g is called Zs-graded if it is represented in the form of a direct
sum of two spaces: g = ¢° @ g'; elements of ¢° and ¢g' are called homogeneous elements, even and odd,
respectively. The dimension of g is a pair (p, ¢), where p is dimension of even subspace and ¢ is dimension
of odd subspace. The fact that = € ¢°, i € Zy (i = 0,1) is written in the form o(x) = i and o(z) is
called the parity of the element x.

The Lie superalgebra is a Z-graded linear space with a fixed parity g = ¢° @ g', on which a bilinear
operation [z,y] (the supercommutator) is given so that for any homogeneous elements z,y, z € g there
hold the following identities:

o([z,y]) = o(x) + o (y),
[,y = (=1)7 @+ ]y ],
[33, [y7 Z]](_I)U(E)U(Z) + [Zv [xv y”(_l)g(Z)g(y) + [yv [Zv x]](_l)g(y)g(m) = Ov

Let {ea} be a standard homogeneous basis in g: {ea} € ¢° for 1 < A < p and {ea} € g¢' for
p+1< A< p+q, further we use the notation

o(A) =o(eq).

The structure constants C9p of the Lie superalgebra are defined by the expansion [e4,ep] = CHgzep.
Let A, be the Grassmannian algebra, i.e. an associative algebra with the unit, where there exists
a system of ¢ generators 01, ..., 07 satisfying the relations

0°0° +0°0° =0, (0°)° =0 (,f=1,...,q). (1)

If a multiplication of elements of the Lie superalgebra g by elements of A, from the left is defined and
for homogeneous elements p, v € A, and z,y € g there holds

[, vy] = pvz,y)(—1)7 7@,

then g is called the Lie superalgebra with Grassmannian structure.
The Lie superalgebras and there Grassmannian spans can be realized as an algebra of differential
operators of the form

(X)) = Y XAG) 5o (2) 2
A

where X4 (z) and f(z) belong to the local supermanifold, i.e. to the algebra A,, ,(U) of functions defined
on U C RP with their values in Grassmannian algebra A,. Elements of the algebra A, ,(U) can be
written in the form

F=1@0)=Y" > fora @, 2”0 .. 0%, (3)

k>0 aq,...,a
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L...,2P are coordinates in U, 0',...,07 are generators of A, and (z',...,2PT7) =

where
(x!,... 2P, 0, ..., 07) are the homogeneous (i.e. even (z) and odd (6)) generators of A, ,(U). In the
case of odd generator 24 = 64, i.e. when o(2) = 1, the symbol 9/0z* in (2) denotes the left derivative
which is computed by carrying 64 out from the product 6% ...65 to the left according to rules (1) and
then deleting.

The set D,, ,(U) of operators (2) is Zo-graded. An operator X is homogeneous if its coefficients X4
are homogeneous, and the sum o(X4) + o(z4) does not depend on A. In this case, the parity of the
operator X is equal to o(X) = o(X4) + o(24).

The supercommutator (the super Lie bracket)
[X,Y] = XY — (=1)°X° My x,

which defines a superanalog of the Lie derivative LxY turns D, ,(U) into the Lie superalgeba called
the Lie superalgebra of (local) vector fields. For homogeneous operators X,Y € D,, ,(U) we have

) d

A _ C A a(X)o(Y C A

X, Y4 =) (X 5.0 — (=1)7 XMy 50X )
C

1. The super-Poincare-invariant Minkowski superspace.

Let My be a p-dimensional differentiable manifold. We assign to each open subset U C M the
algebra A, ,(U) of infinitely diferentiable functions (3) on U with values in Grassmannian algebra A,.
The manifold My with the sheaf of algebras A, ,(U) is a supermanifold.

Consider a supermanifold with coordinates z4 = (22,0%), where 2% (a = 0,1,2,3) are bosonic
(even), and 6 (o = 1,2,3,4) are fermionic (odd) coordinates. Then o(z®) = 0, 0(6*) = 1, where o is
the parity operator.

A superspace is said to be Riemannian one or super-Riemannian space if on this superspace there
is given a non-degenerate metric form ( [3], p. 22, and [2])

ds® = dzPdz"gap(2) = gapdz"dz®,  gap(z) = (=1)7 D7 PFgpa(2), (4)
where differentials dz* and dz® possess the same parity as the corresponding coordinates do, and
gap = (—1)7WFoBIre(Do(Blg b
The contravariant metric tensor g% is determined by the relation
9*%gop = (=1)7W7 B4, (5)
Thanks to the signature factor (—1)7(4)7(5) in (5) we have

gACgCA _ (_1)U(A)6AA =0. (6)

Minkowski superspace was defined in [1] as a superspace endowed with a supermetric invariant with
respect to transformations belonging to the Poincare’s supergroup. Then the Minkowski suppermetric
must satisfy super Killing’s equations

Lxgap = Xgap + (—1)°W7X) (9,X) gop + (—1)7 Bl +o0] (95X ) go g =0,

where Lxgap is the Lie derivative Lx of a metric form g4p with respect to X [1], X are generators of
the Poincare’s supergroup realized in the following infinitesimal transformations:

1
Po =00, May =200y — 200 + 50% (Yab) P95, Qa =080 —0"(v"C7"),, Ba
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hereinafter lowercase Latin indices a, b, ... take the values 0,1, 2, 3, lowercase Greek indices o, 3,... =
1,2,3,4, 4% are the Dirac gamma-matrices, 7* = (1/2)(7%® — 4*4%), and C = i7°+? is the matrix of
charge conjugation.

Solving the super Killing equations with respect to gap, we have obtained the superextension of the
Minkowski metric 74, = diag(1l, —1,—1, —1) as a supermetric invariant under the Poincare’s supergroup

ds%y = dxPdangy, — 2d0° da 0™ (7“0_1)ﬁa +
(7)
408 dg> (9796 (07N, (O gy FA(CTY) (750—1)(1/3) .

For finding contravariant components of Minkowski supermetric we expand the matrix (g4p) in a series

0
with respect to variables # and separate the addend of degree zero: g =9 +U, where

Tab 0
— : (8)
0 A(C_l)aﬁ+”(75c_l)a5

0 _06 (’ybc_l)oﬁ
U =
_96 (’YaC_l)ﬁ(; 9795 (’yac_l)a'y (’Yac_l)ﬁ(;

0 0
The inverse to g matrix g=! = (g*?) exists if and only if there exists an inverse to g matrix g =% ( [3],

1

p. 91). In this case the inverse matrix g~—* can be found with the help of the formula

o= (2(—1)” (5 U)) g )

0
where the series from the right is finite because of nilpotency of the matrix (g U > It is easy to

check that the inverse of the block-diagonal matrix (19) will not exist only in the following two cases:

0
a) A=p, b) A= —pu.In all other cases the inverse of the matrix g is of the form
nab 0
5o

o (o) (30 - (o)
Applying (21) and taking into account (5) and (6) we find that
ab af
-1 AB Y 9
g =14 = o o )
-5 )

where
gab _ nab (1 + 9“9”14”,,) , gaﬂ — M (La) uﬁ, gba _ 9;L<LbT)o<H, ga,B _ _Boe,ﬁ7 (10)

and the following notations are used:

1

Aap = N2 (MCNap 4+ 1(3C Nap) , (11)
(Lo = AQ%MQ (A" = n(157)a") (12)
Bf = — L (6 u(Crs)°P) . (13)

22— 2
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If following the authors of the book [6] we assume that the "real"theory of a massless point particle is a
supersymmetric theory [6] (Vol. 1, p. 33) then we must replace the action of a classical massless point
particle

S = /nabdzadxb
by its supersymmetric generalization

5= [ dst (14)

where ds%,, is the supermetric (7) derived from group-theoretic considerations. It is important to note
that, given the rule [df* =0 ( [3], p. 74) the action (14) corresponds to the action

S = / Tab (d;ca + 0% (C7") o daﬂ) (da:b +0"(C),, d&”) (15)

( [6], the formulae (1.3.4), p. 32 and (5.1.5), p. 283) that describes a point particle propagating not in
Minkowski space, but in a superspace with coordinates (2%, %), here ¢ are anticommuting coordinates,
transforming as spinors under Lorentz transformations of coordinates x®.

2. A superconnection of the Minkowski superspace.

V. P. Akulov and D. V. Volkov [2] have defined the Levi-Civita superconnection of the super-
Riemannian metric (1) by the formulae

Ta%(d) = dz“Tca”(2),
Lap(d) = FAC(d)gCB = dzDI‘D,AB,
(6‘Ach F(=1)TWI B g — (71)<U<A>+a(3>>o<0>3chB) 7

T4 5% = (—1)"P)T4 gpg”C, (16)

N |

TaBc =

where the following symmetry properties hold:
Tapc = (—1)7A7 By 0.
Applying these formulae to Minkowski supermetric (7) we get

Fa,bc = 1—‘a,bﬁ = Fa,ﬁc = Fa,bc = Fa,,Bc = 07

Tugs = Dpas = —(7aC ™ )ss,

Tops = 0" ((’Yacil)ua('}/acil)ﬁé - (Vacil)uﬂ(Vacil)aé) .
For I'y 5 we find by using (5) and (10)—(13)

Fa,bc = 1_\a,bé = 0,
Lop®=Tpa" = —0"(Ms") g,
Top’ =Tpa’ =—(La)s’,

Lo p®=0"0" (('Vac_l)#a(Mac)BV - ('VGC_I)Mﬁ(MaC)OW) )

Lo’ = 0" (v*C™valLa)s® — (7°C™)up(La)a’) |

,
where

1 — C —_
(Ma%)ap = 5 (A(17°C™ N ag + 1(7a157°C ™ ag) -

22—
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3. A supercurvature of the Minkowski superspace.
A curvature supertensor of the Riemannian supermetric (1) is defined by the formula [2]
Rppa© = (1)@ B)9pT ps“ — 9pTpa© + (—1)7 7B, " Tpp©—
(_1)(U(A)+0(B))0(D)FBAF1"FDC
and has the symmetry properties

Rpcpa = —(—1) "W B Rp0up = —(—1)7 D" PIReppa,

Roopa = (—1)eAHeBE@toNp

(_1)0(3)(0(C)+U(D))RBDCA + (_1)(0(C)+U(B))<T(D)

Rpepa + Rcppa =0,

where
R =R F
DCBA = fipcB 9grA-

Using these formulae and the superconnection I'4, B¢ of Minkowski supermetric (7) found in the
preceding section we have

Ripa® = Rapa™ =0,

20"
Rapa® = 15— (vasy°CY) s
Rapa® = —Rgda 2 (Y217 C™Y) 4,
2
Rapa® = 15— 2 (Vab) g °
1

00"
(M) o5 + 32— 2 (*CT) 5 (ewreC),,, +

(V") (e CY)s,)

Rspa = (Mac)m + (Mac)gé +

6=0 B o
m((v’“c . Camr CY) 5, +

(e (%’ymcC‘l)ﬁy) 7
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Rspa® = 0° (_2 (7k0_1)55 (M%) + (’ch_l)ﬁa (M) 5. +
(v*C Y5, (Mr€)ge + (VFCY) 5 (M) 45 + (W’kc_l)sg (M) s —

— (07, (M55 — (O, (Mye)55) +
00" 6°
2 ((Fe) 5 (e, (wwree ), +
(716071)53 (’chil),,g (,Yk,_n,yccfl)ag _

(,}/kcfl)ea (,.)/lcfl)uﬂ (7k7l76071)5g _

(FC).0 (1O, 5 (hnr°C ), )

v

0
Ré,BaT = m ((’ch_l)l,ﬁ (7&7/@)5 T+ (’ch_l)w; (7@’}%)5 T) )

01/
Rspa™ = —Rpsa” = N2 (2 (WkC_l)W; (Yok) o TH

(e, (s T)

Rspa” = _Q(VCC_l)w(Lc)aT + (VCC_l)ﬁa(Lc)éT - (’Vcc_l)aa(LC)BT+

aka ci— av— T ci— a/v— T
m((v C7) (7071, 5 (0%a)a” + (°CTY) (V1O s (Yeva) o

(0O L (170, )" — (0O (176 )y )
4. The Einstein superequations.

The Ricci tensor and the scalar curvature of the Riemannian supermetric (1) are defined by the
equations [2]

Rpa = (—1)70@@+o(A R F
R=¢*PRgpa.

From here using the formulae of the section IV and the equations (10)—(13) we obtain Ricci curvature
components of the Minkowski supermetric (7)

4
Rab N2 M2 YJab,
4
Rboc = )\2 . ‘[L2 gbcw
Rﬂa A2 — 2g,Ba7
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4
Rap = mgaﬂ + 4445

(where A, is given by the equation (11)) and finally a scalar curvature

16

R=—-———.
22— 2

By writing the Einstein equations with cosmological constant

1
Rup — §R9AB +Agap =TanB (17)

we find that the Minkowski supermetric (7) is the solution of these equations with cosmological constant

12
A:_)\z_ﬂz

and stress-energy supertensor

Tap = (18)
0 40\ =)t (MCap + 1(150™ )as)

with zero bosonic and nonzero fermionic parts. It is important to note that cosmological constant is
nonzero for any values of real parameters A, u, A # +u of the Minkowski superspace-time family.

Conclusion

We follow earlier proposed in [1] scheme of obtaining supergeneralizations of classical solutions of
General Relativity. On the first stage, this scheme includes constructing supersymmetric expansions of
corresponding space-time symmetry groups, then finding solutions of supersymmetric Killing equations
and analyzing corresponding Einstein superequations. In this paper the scheme is realized for the
Minkowski space whose symmetry group is the Poincare group and its supersymmetric expansion is the
Poincare supergroup. The supergeneralization of the Minkowski metric is the Minkowski supermetric
SM(4,4|\, 1) (7) depending on two real parameters A, p obeying the only condition of nondegeneracy
of the supermetric A # £u. Using the V. P. Akulov and D. V. Volkov’s formulae of super-Riemannian
geometry [2] we calculated a superconnection and a supercurvature of the Minkowski superspace. It was
shown that the curvature of the Minkowski superspace does not vanish, and the Minkowski supermetric is
the solution of the Einstein superequations (17), so the eight-dimensional curved super-Poincare invariant
superuniverse SM(4,4|\, 1) is supported by purely fermionic stress-energy supertensor (18) with two
free real parameters \, y, and, moreover, it has non-vanishing cosmological constant A = 12/(A\? — p?)
defined by these parameters that could mean a new look at the cosmological constant problem. See, for
example, [7] where, in the frame of a unified approach based on affine geometry [8], the torsion induced
4-fermion interaction is considered and it is discussed how this interaction affects the cosmological term,
supposing that a quark condensation occurs during the quark-gluon/hadron phase transition in the early

universe.
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