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Ââåäåíèå

Ñîãëàñíî îäíîìó èç îñíîâîïîëîæíèêîâ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, àêà-
äåìèêó À.À. Ñàìàðñêîìó, (ñì., íàïðèìåð, [ 1])

¾... ìàòåìàòè÷åñêàÿ ìîäåëü - ýòî ýêâèâàëåíò îáúåêòà, îòðàæàþùèé â ìà-
òåìàòè÷åñêîé ôîðìå âàæíåéøèå åãî ñâîéñòâà - çàêîíû, êîòîðûì îí ïîä÷è-
íÿåòñÿ, ñâÿçè, ïðèñóùèå ñîñòàâëÿþùèì åãî ÷àñòÿì, è ò. ä.¿ [1], ïðè÷åì ¾...
ñàìà ïîñòàíîâêà çàäà÷è î ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè êàêîãî - ëèáî îáú-
åêòà ïîðîæäàåò ÷åòêèé ïëàí äåéñòâèé. Åãî ìîæíî óñëîâíî ðàçáèòü íà òðè
ýòàïà: ìîäåëü -àëãîðèòì-ïðîãðàììà (ñì. Ðèñ. Ðèñ..1).

.
Ðèñ..1 Òðèàäà ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ À.À.
Ñàìàðñêîãî (èç êíèãè [ 1]).
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Íà ïåðâîì ýòàïå âûáèðàåòñÿ (èëè ñòðîèòñÿ) �ýêâèâàëåíò� îáúåêòà, îòðà-
æàþùèé â ìàòåìàòè÷åñêîé ôîðìå âàæíåéøèå åãî ñâîéñòâà - çàêîíû, êî-
òîðûì îí ïîä÷èíÿåòñÿ, ñâÿçè ïðèñóùèå ñîñòàâëÿþùèì åãî ÷àñòÿì è ò.ä..
Ìàòåìàòè÷åñêàÿ ìîäåëü (èëè åå ôðàãìåíòû) èññëåäóåòñÿ òåîðåòè÷åñêèìè
ìåòîäàìè, ÷òî ïîçâîëÿåò ïîëó÷èòü âàæíûå ïðåäâàðèòåëüíûå çíàíèÿ îá îáú-
åêòå.

Âòîðîé ýòàï - âûáîð (èëè ðàçðàáîòêà) àëãîðèòìà äëÿ ðåàëèçàöèè ìîäå-
ëè íà êîìïüþòåðå. Ìîäåëü ïðåäñòàâëÿåòñÿ â ôîðìå, óäîáíîé äëÿ ïðèìåíå-
íèÿ ÷èñëåííûõ ìåòîäîâ, îïðåäåëÿåòñÿ ïîñëåäîâàòåëüíîñòü âû÷èñëèòåëüíûõ
è ëîãè÷åñêèõ îïåðàöèé, êîòîðûå íóæíî.ïðîèçâåñòè, ÷òîáû íàéòè èñêîìûå
âåëè÷èíû ñ çàäàííîé òî÷íîñòüþ. Âû÷èñëèòåëüíûå àëãîðèòìû äîëæíû íå
èñêàæàòü îñíîâíûå ñâîéñòâà ìîäåëè è, ñëåäîâàòåëüíî, èñõîäíîãî îáúåêòà,
áûòü ýêîíîìè÷íûìè è àäàïòèðóþùèìèñÿ ê îñîáåííîñòÿì ðåøàåìûõ çàäà÷ è
èñïîëüçóåìûõ êîìïüþòåðîâ.

Íà òðåòüåì ýòàïå ñîçäàþòñÿ ïðîãðàììû, �ïåðåâîäÿùèå� ìîäåëü è àëãî-
ðèòì íà äîñòóïíûé êîìïüþòåðó ÿçûê. Ê íèì òàêæå ïðåäúÿâëÿþòñÿ òðå-
áîâàíèÿ ýêîíîìè÷íîñòè è àäàïòèâíîñòè. Èõ ìîæíî íàçâàòü �ýëåêòðîííûì�
ýêâèâàëåíòîì èçó÷àåìîãî îáúåêòà, óæå ïðèãîäíûì äëÿ íåïîñðåäñòâåííîãî
èñïûòàíèÿ íà �ýêñïåðèìåíòàëüíîé óñòàíîâêå� - êîìïüþòåðå. Ñîçäàâ òðèàäó
�ìîäåëü - àëãîðèòì - ïðîãðàììà�, èññëåäîâàòåëü ïîëó÷àåò â ðóêè óíèâåð-
ñàëüíûé, ãèáêèé è íåäîðîãîé èíñòðóìåíò, êîòîðûé âíà÷àëå îòëàæèâàåòñÿ,
òåñòèðóåòñÿ â �ïðîáíûõ� âû÷èñëèòåëüíûõ ýêñïåðèìåíòàõ. Ïîñëå òîãî êàê
àäåêâàòíîñòü (äîñòàòî÷íîå ñîîòâåòñòâèå) òðèàäû èñõîäíîìó îáúåêòó óäîñòî-
âåðåíà, ñ ìîäåëüþ ïðîâîäÿòñÿ ðàçíîîáðàçíûå è ïîäðîáíûå �îïûòû�, äàþùèå
âñå òðåáóåìûå êà÷åñòâåííûå è êîëè÷åñòâåííûå ñâîéñòâà è õàðàêòåðèñòèêè
îáúåêòà. Ïðîöåññ ìîäåëèðîâàíèÿ ñîïðîâîæäàåòñÿ óëó÷øåíèåì è óòî÷íåíè-
åì, ïî ìåðå íåîáõîäèìîñòè, âñåõ çâåíüåâ òðèàäû...¿.

Òàêèì îáðàçîì, àêàäåìèê À.À. Ñàìàðñêèé äàë ÷åòêîå, ñòàâøåå êëàññè-
÷åñêèì, îïðåäåëåíèå îáúåêòà ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ è îñíîâíûõ
çàäà÷ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ.

Óíèêàëüíûå ãðàôè÷åñêèå âîçìîæíîñòè ñèñòåìû êîìïüþòåðíîé ìàòåìà-
òèêè (ÑÊÌ) Maple, â ÷àñòíîñòè, âîçìîæíîñòè ñîçäàíèÿ òðåõìåðíûõ àíèìà-
öèîííûõ ìîäåëåé, õîðîøî ïðîðàáîòàííûå ïðîãðàììíûå ïðîöåäóðû ÷èñëåí-
íîãî èíòåãðèðîâàíèÿ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
(ÎÄÓ), ñïëàéíîâîé è B - ñïëàéíîâîé èíòåðïîëÿöèè ôóíêöèé ïîçâîëÿþò ðàñ-
ñìàòðèâàòü ÑÊÌ Maple â êà÷åñòâå ìîùíîãî ñîâðåìåííîãî èíñòðóìåíòà ìà-
òåìàòè÷åñêîãî ìîäåëèðîâàíèÿ îáúåêòîâ ìåõàíèêè è ðîäñòâåííûõ èì [ 9] [7].
Â íàñòîÿùåå âðåìÿ ìåòîäû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ â ÑÊÌ íà÷à-
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ëè ýôôåêòèâíî ïðèìåíÿòüñÿ â èññëåäîâàíèÿõ ìàòåìàòè÷åñêèõ ìîäåëåé êàê
ôóíäàìåíòàëüíûõ ôèçè÷åñêèõ ÿâëåíèé, òàê è ïðèêëàäíûõ çàäà÷. Â ÷àñòíî-
ñòè, ìîíîãðàôèè Ä.Ï. Ãîëîñêîêîâà [ 4, 5] öåëèêîì ïîñâÿùåíû ïðîáëåìàì ìà-
òåìàòè÷åñêîãî ìîäåëèðîâàíèÿ â ÑÊÌ Maple îáúåêòîâ ìàòåìàòè÷åñêîé ôè-
çèêè � ôèçè÷åñêèõ ïîëåé, ãèäðîäèíàìè÷åñêèõ ïðîöåññîâ, ïðîöåññîâ òåïëî-
ïåðåíîñà è äèôôóçèè; â ôóíäàìåíòàëüíîé ìîíîãðàôèè Â.Ï. Äüÿêîíîâà [ 6]
îáøèðíàÿ ãëàâà ïîñâÿùåíà ïðèìåíåíèþ ÑÊÌ Maple â ìàòåìàòè÷åñêîì ìî-
äåëèðîâàíèè, â ÷àñòíîñòè, ìîäåëèðîâàíèè ýëåêòðîííûõ ñõåì è èçìåðèòåëü-
íûõ ñèñòåì íà îñíîâå ýôôåêòà Äîïïëåðà; ìîíîãðàôèè Ì.Í. Êèðñàíîâà [ 7]
ñîäåðæèò ìàòåðèàëû ïî ïðèìåíåíèþ ãðàôîâ â ìàòåìàòè÷åñêîì ìîäåëèðî-
âàíèè è ìàòåìàòè÷åñêîìó ìîäåëèðîâàíèþ ñëîæíûõ ìåõàíè÷åñêèõ ñèñòåì ñî
ñâÿçÿìè è âèçóàëèçàöèè ìàòåìàòè÷åñêèõ ìîäåëåé ýòèõ ñèñòåì [8]. Â ðàáîòàõ
Þ.Ã. Èãíàòüåâà ñ ñîàâòîðàìè [19] - [27] ìåòîäû ìàòåìàòè÷åñêîãî ìîäåëèðî-
âàíèÿ ñ ïîìîùüþ ÑÊÌ Maple óñïåøíî ïðèìåíÿþòñÿ äëÿ ðåøåíèÿ âåñüìà
ñëîæíûõ çàäà÷ ðåëÿòèâèñòñêîé êèíåòèêè, òåîðèè ãðàâèòàöèè è êîñìîëîãèè
ðàííåé Âñåëåííîé. Â ïîñëåäíåå âðåìÿ ÑÊÌ Maple, îñîáåííî åå ïðèëîæå-
íèå Maplet, ñòàëà ïðèìåíÿòüñÿ äëÿ êîìïüþòåðíîãî ìîäåëèðîâàíèÿ ïðîöåññà
îáó÷åíèÿ, â ÷àñòíîñòè, äëÿ ñîçäàíèÿ ñèñòåìû àíàëèòè÷åñêîãî òåñòèðîâàíèÿ
çíàíèé [ 28, 29, 30]. Âàæíûì ïðåèìóùåñòâîì ÑÊÌ Maple ÿâëÿåòñÿ è âîç-
ìîæíîñòü èíòåãðàöèè ýòîé ñèñòåìû ñ ÑÊÌ MatLab, êîòîðàÿ ïðèñïîñîáëåíà
ê ìîäåëèðîâàíèþ ýëåêòðîííûõ ñèñòåì è òåõíîëîãè÷åñêèõ ïðîöåññîâ.
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Ãëàâà I

Ñèñòåìà êîìïüþòåðíîé ìàòåìàòèêè
Maple

I.1 Ñèñòåìû êîìïüþòåðíîé ìàòåìàòèêè è èõ âîçìîæ-
íîñòè äëÿ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ

Ïåðâûå ïàêåòû ïðîãðàìì àíàëèòè÷åñêèõ âû÷èñëåíèé ïîÿâèëèñü â 60-õ �
70-õ ãîäàõ XX - ãî ñòîëåòèÿ. Ïåðâîíà÷àëüíî òàêèå ïàêåòû âûïîëíÿëè óçêî-
ïðîôåññèîíàëüíûå çàäà÷è è áûëè ïðåäíàçíà÷åíû äëÿ ðåàëèçàöèè íà áîëü-
øèõ ÝÂÌ. Â áûâøåì ÑÑÑÐ áîëüøîé âêëàä â ðàçâèòèå ñèñòåì ñèìâîëüíîé
ìàòåìàòèêè âíåñëà øêîëà àêàäåìèêà Ãëóøêîâà Â.Ì. Â êîíöå 70-õ ãîäîâ áû-
ëè ñîçäàíû ìàëûå èíæåíåðíûå ÝÂÌ êëàññà ¾Ìèð¿, ñïîñîáíûå âûïîëíÿòü
àíàëèòè÷åñêèå âû÷èñëåíèÿ äàæå íà àïïàðàòíîì óðîâíå. Áûë ðàçðàáîòàí è
óñïåøíî ïðèìåíÿëñÿ ÿçûê ñèìâîëüíûõ âû÷èñëåíèé ¾Àíàëèòèê¿ [ 38]. Ýòè
ðàáîòû îò÷àñòè ïðåäâîñõèòèëè ðàçâèòèå ñèñòåì ñèìâîëüíîé ìàòåìàòèêè.

Íî ïåðâûå ñèñòåìû ñèìâîëüíîé ìàòåìàòèêè, ïðèãîäíûå äëÿ ðàáîòû íà
ÝÂÌ è ðàññ÷èòàííûå íà øèðîêîãî ïîëüçîâàòåëÿ, ïîÿâèëèñü â 80-õ ãîäàõ.
Çà ïðîøåäøèå 20-25 ëåò ýòè ñèñòåìû áûëè çíà÷èòåëüíî ðàçâèòû, ñðåäè
íèõ ïîÿâèëèñü ïðèçíàííûå ëèäåðû, ðàçâèëàñü ïðîôåññèîíàëüíàÿ òåðìèíî-
ëîãèÿ. Â êîíöå 80-õ ãîäîâ òàêèå ñèñòåìû íàçûâàëèñüñèñòåìàìè êîìïüþ-
òåðíîé àëãåáðû (ñì., íàïðèìåð, [ 39], [40],[41]). Â íàñòîÿùåå âðåìÿ òàêèå ñè-
ñòåìû ïðèíÿòî íàçûâàòü ñèñòåìàìè êîìïüþòåðíîé ìàòåìàòèêè (ÑÊÌ)
(ñì., íàïðèìåð, [ 42], [43]). Â íàñòîÿùåå âðåìÿ ìîæíî âûäåëèòü íåñêîëüêî
îñíîâíûõ ëèäåðîâ ÑÊÌ (ñì. òàáëèöó íà 2.) � ýòî Derive, MathCAD, Maple,
Mathematica, MatLAB.

Íàèáîëåå ïîïóëÿðíîé ïðîãðàììîé ñ÷èòàåòñÿ MathCAD, íî îíà ïðèñïîñîá-
ëåíà, ñêîðåå âñåãî, äëÿ èíæåíåðíûõ ðàñ÷åòîâ, à òàêæå äëÿ çàäà÷ îáðàçîâà-
íèÿ. Ñðåäè, äåéñòâèòåëüíî, ìîùíûõ ñèñòåì, ïðåäíàçíà÷åííûõ äëÿ ïðîôåñ-
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I.1. Ñèñòåìû êîìïüþòåðíîé ìàòåìàòèêè è ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå

ñèîíàëüíûõ, íàó÷íûõ öåëåé ìîæíî âûäåëèòü 3: Maple, Mathematica, MatLAB.
Ñèñòåìà MatLABèìååò ìîùíûå âñòðîåííûå ìåòîäû ÷èñëåííîãî èíòåãðèðî-
âàíèÿ äëÿ ìîäåëèðîâàíèÿ êîíêðåòíûõ ñèñòåì, íî åå íåäîñòàòêîì ÿâëÿþòñÿ
îãðàíè÷åííûå âîçìîæíîñòè ñèìâîëüíûõ âû÷èñëåíèé è âûñîêàÿ ñòîèìîñòü
ïàêåòà (ïîðÿäêà 80 òûñÿ÷ ðóáëåé). ÑèñòåìûMathematica è Maple, â ïðèí-
öèïå ñîïîñòàâèìû ïî ñâîèì âîçìîæíîñòÿì, îäíàêî, ïàêåò Mathematica äî
ñèõ ïîð èìååò çíà÷èòåëüíî ìåíüøåå ïî ñðàâíåíèþ ñ ñèñòåìîé Maple âñòðî-
åííûõ ôóíêöèé. Ïðèìåðîì ìîæåò ÿâèòüñÿ âåñüìà íåîáõîäèìàÿ íàì ôóíê-
öèÿ ïîñòðîåíèÿ ñïëàéíîâ, êîòîðàÿ â ñèñòåìå Mapleñóùåñòâóåò ñ íà÷àëà 90-õ
ãîäîâ, à â ñèñòåìåMathematica îíà ïîÿâèëàñü òîëüêî â ïîñëåäíåé âåðñèè.
Äèíàìè÷åñêàÿ ãðàôèêà, îñîáåííî òðåõìåðíàÿ, ñòîëü íåîáõîäèìàÿ äëÿ öåëåé
êîìïüþòåðíîãî ìîäåëèðîâàíèÿ, ãîðàçäî ðàíüøå ïîÿâèëàñü â ñèñòåìå Maple
è ëó÷øå â íåì ïðîïèñàíà.

Â îòå÷åñòâåííîé íàó÷íîé è ó÷åáíîé ëèòåðàòóðå ýòè îñíîâíûå ìàòåìàòè-
÷åñêèå ïàêåòû äîñòàòî÷íî õîðîøî îïèñàíû. Â ÷àñòíîñòè, íàèáîëåå ïîäðîáíî
îïèñàí ïàêåò MatCADâ ðàáîòàõ Â.Ï. Äüÿêîíîâà [ 43] � [ 48], Ë.Â. Åôðåìîâà
[49, 50], Â.À. Îõîðçèíà [ 51]-[53], Ð. Èâàíîâñêîãî [ 54], Â.Â. Ôðèñêà [55], Ä. Ãóð-
ñêîãî [56], Ä.Â. Êèðüÿíîâà [ 57], [58], Ä.Ñ. Ïîðøíåâà è È.Ñ. Áåëåíêîâîé [ 59]
è äð.. ÑèñòåìàMathematica îïèñàíà â òðóäàõ Â.Ï. Äüÿêîíîâà [ 60, 61], [64] -
[66], Ò.Â. Êàïóñòèíîé [ 62], À.Ì. Ïîëîâêî [ 67], ß.Ê. Øìèäñêîãî [ 68] è äð. Ñè-
ñòåìà MathLABîïèñàíà â òðóäàõ Â.Ï. Äüÿêîíîâà [ 69]-[72], ñèñòåìàDerive �
â òðóäàõ Â.Ï. Äüÿêîíîâà [ 73, 74, 75, 76]. Íàêîíåö, èç íàèáîëåå ðàííèõ îòå÷å-
ñòâåííûõ êíèã ïî ÑÊÌ Mapleìîæíî âûäåëèòü êíèãè Â.Í. Ãîâîðóõèíà Â.Í.
è Â.Ã. Öèáóëèíà [77], Â.Ï. Äüÿêîíîâà [ 78], ïîñâÿùåííûå ïàêåòó Maple V, çà-
òåì öèòèðîâàííûå âûøå ìîíîãðàôèè À.Â. Ìàòðîñîâà [ 9], Ì.Í. Êèðñàíîâà
[7], Â.Ï. Äüÿêîíîâà [ 79] - [82]. Ì.Í.

Ïåðåéäåì òåïåðü ê ðàáîòàì ïî ìàòåìàòè÷åñêîìó ìîäåëèðîâàíèþ â ñèñòå-
ìàõ êîìïüþòåðíîé ìàòåìàòèêè. ÑÊÌ ñ ñàìîãî íà÷àëà îáðàòèëè âíèìàíèå
èññëåäîâàòåëåé êàê ìîùíîå ñðåäñòâî êîìïüþòåðíîãî ìîäåëèðîâàíèÿ îáú-
åêòîâ, ñâîéñòâ è, îñîáåííî, ïðîöåññîâ. Â íàñòîÿùåå âðåìÿ òðóäíî ïðåäñòà-
âèòü ðàçâèòèå ñîâðåìåííîé òåîðåòè÷åñêîé ôèçèêè, ôèçèêè âûñîêèõ ýíåðãèé,
ôóíäàìåíòàëüíûõ ïîëåé, àñòðîôèçèêè è êîñìîëîãèè áåç ñèñòåì êîìïüþòåð-
íîé ìàòåìàòèêè. Íåîáõîäèìî îòìåòèòü, ÷òî ÑÊÌ êàê ðàç è áûëè ñîçäàíû
â ëàáîðàòîðèÿõ ôèçèêè âûñîêèõ ýíåðãèé. Êàê íè ñòðàííî, íî îäíèìè èç
ïåðâûõ ìîíîãðàôèé, ïîñâÿùåííûõ ñèñòåìàòè÷åñêîìó ïðèìåíåíèþ ÑÊÌ â
ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè áûëè ìîíîãðàôèè Àëüôðåäà Ãðýÿ [ 83], [84],
ïîñâÿùåííûå ïðèìåíåíèþ ïàêåòà Mathematica ê ïðîáëåìàì äèôôåðåíöè-
àëüíîé ãåîìåòðèè è òåîðèè îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.
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Ãëàâà I. Ñèñòåìà êîìïüþòåðíîé ìàòåìàòèêè MAPLE

Äàëåå ñëåäóåò îòìåòèòü ìîíîãðàôèþ Â.Ï. Äüÿêîíîâà, ïîñâÿùåííóþ ìîäåëè-
ðîâàíèþ íàó÷íî - òåõíè÷åñêèõ çàäà÷ ñ ïîìîùüþ ïàêåòà Mathematica 4[85],
ìîíîãðàôèþ ×.Ã. Ýäâàðäñà è Ä.Ý. Ïåííè [ 86], ïîñâÿùåííóþ ìîäåëèðîâàíèþ
êðàåâûõ çàäà÷ â ïàêåòåMathematica, öèòèðîâàííûå âûøå ìîíîãðàôèþ À.Â.
Ìàòðîñîâà [ 9], ïîñâÿùåííóþ ìàòåìàòè÷åñêîìó ìîäåëèðîâàíèþ çàäà÷ ìåõà-
íèêè, ìîíîãðàôèè Ä.Ï. Ãîëîñêîêîâà [ 4, 5], ïîñâÿùåííûå ìàòåìàòè÷åñêîìó
ìîäåëèðîâàíèþ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêå â ïàêåòå Maple, è äðóãèå [87]-
[96]. Ñëåäóåò çàìåòèòü, ÷òî ïàêåò êîìïüþòåðíîé ìàòåìàòèêè Maple, íà÷èíàÿ
óæå ñ ñàìûõ ðàííèõ âåðñèé èìååò íåñîìíåííûå ïðåèìóùåñòâà â îáëàñòè 3D-
ãðàôèêè, îñîáåííî, èíòåðàêòèâíîé è äèíàìè÷åñêîé, ïî ñðàâíåíèþ ñ ïàêåòîì
¾Mathematica¿, è ïîçâîëÿåò ïðîãðàììíûìè ñðåäñòâàìè ðåøèòü óêàçàííûå
çàäà÷è1. Ýòà êíèãà ïîñâÿùåíà ðàçðàáîòêå ïðîãðàììíûõ ïðîöåäóð ìàòåìà-
òè÷åñêîãî ìîäåëèðîâàíèÿ èìåííî â ïàêåòå ¾Maple¿.

I.2 Ïàêåò Maple è ïðèíöèïû ïðîãðàììèðîâàíèÿ â íåì

Îáðàòèì âíèìàíèå íà íåêîòîðûå îñîáåííîñòè ïàêåòà Maple, êîòîðûå äåëàþ
ýòîò ïàêåò îïòèìàëüíûì äëÿ íàøèõ çàäà÷. Âî-ïåðâûõ, � ýòî íåïðåâçîéäåí-
íûå âîçìîæíîñòè èíòåðàêòèâíîé ãðàôèêè, â ÷àñòíîñòè, âîçìîæíîñòè ïî-
êàäðîâîãî ñîçäàíèÿ 3-õ ìåðíîé äèíàìè÷åñêîé èíòåðàêòèâíîé ãðàôèêè. Âî-
âòîðûõ, ýòî âåñüìà óäîáíûé äëÿ ïîëüçîâàòåëÿ Maple-ÿçûê ïðîãðàììèðîâà-
íèÿ, èìåþùèé ÷åòêóþ ëîãèêó, äîñòóïíóþ íå ïðîôåññèîíàëüíîìó ïðîãðàì-
ìèñòó. Â-òðåòüèõ, � ýòî âîçìîæíîñòü ïðîñòûìè ñïîñîáàìè ñîçäàâàòü ïàêåòû
ïðèêëàäíûõ ïðîãðàìì è âñòðàèâàòü èõ â ñèñòåìó Maple. Êðàòêî îïèøåì ýòè
îñîáåííîñòè.

I.2.1 Âîçìîæíîñòè äèíàìè÷åñêîé èíòåðàêòèâíîé 3d-ãðàôèêè ïà-
êåòà Maple

Ãðàôè÷åñêèå âîçìîæíîñòè ïîñëåäíèõ âåðñèé ïàêåòà Maple äîñòàòî÷íî ïî-
äðîáíî îïèñàíû â ôóíäàìåíòàëüíîé ìîíîãðàôèè Â.Ï. Äüÿêîíîâà [ 6]. Â ýòîé
ìîíîãðàôèè âîçìîæíîñòÿì è òåõíèêå âèçóàëèçàöèè âû÷èñëåíèé â ïàêåòå
Maple ïîñâÿùåíà îáøèðíàÿ ãëàâà. Ïîìèìî ñòàíäàðòíûõ ãðàôè÷åñêèõ ïðî-
ãðàììíûõ ïðîöåäóð ÿäðà ïàêåòà Maple, îòâåòñòâåííûõ çà 2-ìåðíóþ è 3-
ìåðíóþ ãðàôèêó, plot() è plot3d è èìåþùèõ îêîëî 50-òè íåîáÿçàòåëüíûõ
îïöèé, êîòîðûìè ìîæíî ðåãóëèðîâàòü èçîáðàæåíèåì, ïàêåò Maple èìååò
íåñêîëüêî ñïåöèàëèçèðîâàííûõ ãðàôè÷åñêèõ áèáëèîòåê, � plots ,

1Î ñðàâíèòåëüíûõ õàðàêòåðèñòèêàõ ñèñòåì ¾Mathematica¿ è ¾Maple¿ ñì., íàïðèìåð, [ 13, 15].
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I.2. Ïàêåò MAPLE è ïðèíöèïû ïðîãðàììèðîâàíèÿ â íåì

PlottingGuide , plottools è äð., çíà÷èòåëüíî ðàñøèðÿþùèõ ãðàôè÷åñêèå
âîçìîæíîñòè ïàêåòà. Îäíà òîëüêî áèáëèîòåêà plots ñîäåðæèò 60 ãðàôè÷å-
ñêèõ ïðîãðàììíûõ ïðîöåäóð.

Äëÿ íàøèõ öåëåé îñîáåííî âàæíû âîçìîæíîñòè ïîêàäðîâîãî ñòðîèòåëü-
ñòâà äèíàìè÷åñêîé ãðàôèêè ñ ïîìîùüþ ïðîöåäóðû display áèáëèîòåêèplots ,
ïîçâîëÿþùåé ñîçäàâàòü ãðàôè÷åñêèå ïîñëåäîâàòåëüíîñòè èç ëþáûõ îáúåê-
òîâ, â òîì ÷èñëå, èñïîëüçîâàòü â êà÷åñòâå îáúåêòîâ ñòðîêîâûå ïåðåìåííûå.
Ïîñëåäíåå îáñòîÿòåëüñòâî ïîçâîëÿåò ñîçäàâàòü öèôðîâîå îñíàùåíèå äèíà-
ìè÷åñêîé ãðàôèêå.

I.2.2 Ïðèíöèïû ïðîãðàììèðîâàíèÿ â ïàêåòå Maple

Ïîñëåäíèå âåðñèè ÑÊÌ Mapleñîäåðæàò îêîëî 4000 ôóíêöèé, � â ýòîì îáè-
ëèè ôóíêöèé îäíî èç ãëàâíûõ äîñòîèíñòâ Maple. Îäíàêî, ïðîãðàììíûå âîç-
ìîæíîñòè Maple ïîçâîëÿþò çíà÷èòåëüíî ðàñøèðèòü è ýòîò áîãàòûé àññîð-
òèìåíò. Äëÿ íàñ áóäóò âàæíû äâà ôîðìàòà çàäàíèÿ ôóíêöèè ïîëüçîâàòåëÿ.
Â ïåðâîì, íàèáîëåå áëèçêîì ê ÿçûêó TurboPascal ôóíêöèÿ ïîëüçîâàòåëÿ
çàïèñûâàåòñÿ â âèäå ïðîöåäóðû:

>name:=proc(x1,x2,...,xn)
local y1,y2,...,ym:
y1:=f1;y2:=f2:
......
end proc:

ãäåname� èìÿ ïðîöåäóðû; x1,x2,... � ïàðàìåòðû ïðîöåäóðû, - âíåøíèå
ïåðåìåííûå; y1,y2,... � ëîêàëüíûå ïåðåìåííûå. Âòîðîé, óïðîùåííûé, ôîð-
ìàò ôóíêöèè ïîëüçîâàòåëÿ èìååò âèä:

>name:=(x1,x2,...,xn)->f(x1,x2,...,xn):

ßçûê ïðîãðàììèðîâàíèÿ Mapleèìååò ñòàíäàðòíûå óïðàâëÿþùèå ñòðóêòóðû
â âèäå óñëîâíûõ âûðàæåíèé è öèêëîâ. Â ÷àñòíîñòè, óñëîâíûå âûðàæåíèÿ
èìåþò ñòðóêòóðó:2

if <óñëîâèå ñðàâíåíèÿ> then <ýëåìåíòû>:
elif <óñëîâèå ñðàâíåíèÿ>
then <ýëåìåíòû>: else <ýëåìåíòû>: end if:

Íàèáîëåå ïîäðîáíî îñíîâíûå ïðèíöèïû ïðîãðàììèðîâàíèÿ â ÑÊÌ Maple
îïèñàíû â öèòèðîâàííûõ âûøå êíèãàõ À.Â. Ìàòðîñîâà [ 9] è Â.Ï. Äüÿêîíîâà
[6].

2Â áîëåå ðàííèõ âåðñèÿõ Maple óñëîâíîå âûðàæåíèå îêàí÷èâàëîñü çíàêîì fi âìåñòî end if .
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I.3 Ñîçäàíèå ïîëüçîâàòåëüñêèõ áèáëèîòåê â ïàêåòå Maple

Íàèáîëåå ïðîñòûì ñïîñîáîì ñîçäàíèÿ ïîëüçîâàòåëüñêîé áèáëèîòåêè ïðî-
ãðàììíûõ ïðîöåäóð, ïðè êîòîðîì îíà íå âñòðàèâàåòñÿ â ñèñòåìó Maple, íî
âñåãäà ìîæåò áûòü âûçâàíà, ÿâëÿåòñÿ ñëåäóþùàÿ [6].

� Ôàéë, ñîäåðæàùèé áèáëèîòåêóName, ñëåäóåò íà÷àòü ñ îáðàçîâàíèÿ ïó-
ñòîé òàáëèöû:

>restart:
Name:=table():

� Ñîçäàâàåìûå ïðîöåäóðû Com_iáèáëèîòåêè äîëæíû èìåòü ñëåäóþùèé
ôîðìàò:

>Name[Com_i]:=proc(x,y,..) ... end proc:

� Áèáëèîòåêà ñîõðàíÿåòñÿ â âèäå ôàéëà c èìåíåìFile.m ñ ïîìîùüþ ïðî-
öåäóðû:

>save(Name,`Path/File.m`):

Ïîñëå çàïóñêà ïðîãðàììû îíà ãåíåðèðóåò File.m ïî àäðåñó Path. Óêàçàí-
íûé ôàéë íå îòêðûâàåòñÿ â òåêñòîâîé ìîäå, è ïîýòîìó ñîäåðæèìîå åãî íå
äîñòóïíî äëÿ ïðîñìîòðà. Âûçîâ áèáëèîòåêè Nameïðîèçâîäèòñÿ ïðîöåäóðîé:

>restart:
read "YuDifEquat.m";

Îòìåòèì ñëåäóþùèé íåìàëîâàæíûé çàìå÷åííûé ôàêò: îáðàùåíèå ê ïðî-
ãðàììíîé ïðîöåäóðå â áèáëèîòåêå çà÷àñòóþ âûïîëíÿåòñÿ áûñòðåå, ÷åì íåïî-
ñðåäñòâåííîå îáðàùåíèå ê ýòîé æå ïðîãðàììíîé ïðîöåäóðå â ôàéëå. Ýòîò
ýôôåêò, ïî - âèäèìîìó, âûçâàí òåì îáñòîÿòåëüñòâîì, ÷òî òîïîëîãèÿ ñèñòå-
ìû Mapleóñòðîåíà òàêèì îáðàçîì, ÷òî îáðàùåíèå ê âíóòðåííèì ïðîöåäóðàì
ïàêåòà ïðîèçâîäèòñÿ áûñòðåå, ÷åì âíåøíåå îáðàùåíèå.

I.4 Ïðèíöèïû ñîçäàíèÿ îñíàùåííîé äèíàìè÷åñêîé âè-
çóàëèçàöèè ìàòåìàòè÷åñêèõ ìîäåëåé â ñèñòåìå êîì-
ïüþòåðíîé ìàòåìàòèêè ¾Maple¿

Ñèñòåìû êîìïüþòåðíîé ìàòåìàòèêè (ÑÊÌ) îáëàäàþò áîãàòûìè è äî ñèõ ïîð
åùå ìàëî îöåíåííûìè ãðàôè÷åñêèìè âîçìîæíîñòÿìè, ïîçâîëÿþùèìè ñîçäà-
âàòü ìíîãîïàðàìåòðè÷åñêèå ãðàôè÷åñêèå ìîäåëè êàê ãåîìåòðè÷åñêèõ, òàê è
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ôèçè÷åñêèõ îáúåêòîâ. Îñîáåííî áîãàòûìè âîçìîæíîñòÿìè òðåõìåðíîé ãðà-
ôèêè îáëàäàåò ïàêåò Maple3, ïðåäîñòàâëÿþùèé ïîëüçîâàòåëþ âîçìîæíîñòü
èíòåðàêòèâíîãî âçàèìîäåéñòâèÿ ñ òðåõìåðíîé ãðàôè÷åñêîé ñðåäîé, ÷òî îò-
êðûâàåò óíèêàëüíûå âîçìîæíîñòè èçó÷åíèÿ ñâîéñòâ òðåõìåðíûõ ãðàôè÷å-
ñêèõ ìîäåëåé. Ïðè ýòîì ñëåäóåò îòìåòèòü, ÷òî ïðÿìîå èñïîëüçîâàíèå ñòàí-
äàðòíûõ ãðàôè÷åñêèõ ïðîöåäóð êîìïüþòåðíîé ìàòåìàòèêè íå ïîçâîëÿåò ñî-
çäàâàòü äîñòàòî÷íî ñëîæíûå ãðàôè÷åñêèå ìîäåëè, - äëÿ ñîçäàíèÿ èõ íåîáõî-
äèìî ñîçäàâàòü ñîáñòâåííûå ñïåöèàëèçèðîâàííûå áèáëèîòåêè ïðîãðàììíûõ
ãðàôè÷åñêèõ ïðîöåäóð. Äëÿ ñîçäàíèÿ ýòèõ ïðîöåäóð â íàøåé ðàáîòå ïðèìå-
íÿþòñÿ ðàñøèðåííûå îïöèè ïðîöåäóð ÿäðà Maple è áèáëèîòåêè plots. Íèæå
ôîðìóëèðóþòñÿ îñíîâíûå ïðèíöèïû ñîçäàíèÿ ïðîãðàììíûõ ãðàôè÷åñêèõ
ïðîöåäóð â ÑÊÌ.

Ñèñòåìû êîìïüþòåðíîé ìàòåìàòèêè (ÑÊÌ) Maple, îáëàäàþò áîãàòûìè è
äî ñèõ ïîð åùå ìàëî îöåíåííûìè ãðàôè÷åñêèìè âîçìîæíîñòÿìè, ïîçâîëÿ-
þùèìè ñîçäàâàòü ìíîãîïàðàìåòðè÷åñêèå ãðàôè÷åñêèå ìîäåëè êàê ãåîìåò-
ðè÷åñêèõ, òàê è ôèçè÷åñêèõ îáúåêòîâ. Îñîáåííî áîãàòûìè âîçìîæíîñòÿìè
òðåõìåðíîé ãðàôèêè îáëàäàåò ïàêåò Maple, ïðåäîñòàâëÿþùèé ïîëüçîâàòå-
ëþ âîçìîæíîñòü èíòåðàêòèâíîãî âçàèìîäåéñòâèÿ ñ òðåõìåðíîé ãðàôè÷åñêîé
ñðåäîé, ÷òî îòêðûâàåò óíèêàëüíûå âîçìîæíîñòè èçó÷åíèÿ ñâîéñòâ òðåõìåð-
íûõ ãðàôè÷åñêèõ ìîäåëåé. Ïðè ýòîì ñëåäóåò îòìåòèòü, ÷òî ïðÿìîå èñïîëü-
çîâàíèå ñòàíäàðòíûõ ãðàôè÷åñêèõ ïðîöåäóð êîìïüþòåðíîé ìàòåìàòèêè íå
ïîçâîëÿåò ñîçäàâàòü äîñòàòî÷íî ñëîæíûå ãðàôè÷åñêèå ìîäåëè, - äëÿ ñîçäà-
íèÿ èõ íåîáõîäèìî ñîçäàâàòü ñîáñòâåííûå ñïåöèàëèçèðîâàííûå áèáëèîòåêè
ïðîãðàììíûõ ãðàôè÷åñêèõ ïðîöåäóð. Äëÿ ñîçäàíèÿ ýòèõ ïðîöåäóð â íàøåé
ðàáîòå ïðèìåíÿþòñÿ ðàñøèðåííûå îïöèè ïðîöåäóð ÿäðà Maple è áèáëèîòå-
êè plots. Íèæå ôîðìóëèðóþòñÿ îñíîâíûå ïðèíöèïû ñîçäàíèÿ ïðîãðàììíûõ
ãðàôè÷åñêèõ ïðîöåäóð â ÑÊÌ.

I.4.1 Ìåòîäû ñîçäàíèÿ àíèìàöèîííîãî êàäðà è óïðàâëåíèå ïàðà-
ìåòðàìè àíèìàöèè

Äèíàìè÷åñêóþ ãðàôèêó â ñèñòåìå Maple ìîæíî ñîçäàòü äâóìÿ ñïîñîáàìè.
Ïåðâûé èç íèõ çàêëþ÷àåòñÿ â èñïîëüçîâàíèè ïðÿìûõ êîìàíä àíèìàöèè áèá-
ëèîòåêè plots . Èõ âñåãî 4:

� animate(f(x,t),x=a..b,t=t0..t1,options) - àíèìàöèÿ ïëîñêèõ êðè-
âûõ, ôîðìàò èñïîëüçîâàíèÿ ïðîöåäóðû ïðàêòè÷åñêè ïîâòîðÿåò ôîðìàò
ïðîöåäóðû äâóìåðíîé ãðàôèêè plot ;

3ñì., íàïðèìåð, [ 9, 10, 11, 13].
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� animate3d(f(x,t),x=a..b,y=c..d,t=t0..t1,options) - àíèìàöèÿ ïî-
âåðõíîñòåé, ôîðìàò èñïîëüçîâàíèÿ ïðîöåäóðû ïðàêòè÷åñêè ïîâòîðÿåò
ôîðìàò ïðîöåäóðû òðåõìåðíîé ãðàôèêè plot3d ;

� animatecurve(f(x,t),x=a..b,t=a..b,options) - àíèìàöèÿ ïðîñòðàí-
ñòâåííûõ êðèâûõ, ôîðìàò èñïîëüçîâàíèÿ ïðîöåäóðû ïðàêòè÷åñêè ïî-
âòîðÿåò ôîðìàò ïðîöåäóðû òðåõìåðíîé êðèâîé spacecurve;

� â ýòèõ ïðîöåäóðàõ ïàðàìåòð t èãðàåò ðîëü âðåìåíè. Äîáàâëÿÿ â ýòè ïðî-
öåäóðû íåîáÿçàòåëüíûé ïàðàìåòð frames=N, ìû ïîëó÷àåì âîçìîæíîñòü ðå-
ãóëèðîâàòü ÷èñëî êàäðîâ àíèìàöèè. Âîçìîæíîñòè óêàçàííûõ ïðîãðàììíûõ
ïðîöåäóð îãðàíè÷åíû. Äëÿ ñîçäàíèÿ ñëîæíûõ àíèìàöèîííûõ ìîäåëåé íåîá-
õîäèìî ïðèìåíÿòü âòîðîé ñïîñîá àíèìàöèè íà îñíîâå ïðîãðàììíîé ïðîöåäó-
ðû áèáëèîòåêèplots display ñ íåîáÿçàòåëüíîé îïöèåé insequence = true .
Ïðèìåíåíèå ýòîé ïðîöåäóðû áåç óêàçàííîé îïöèè ñîçäàåò êîìáèíàöèþ ãðà-
ôè÷åñêèõ îáúåêòîâ, óêàçàííûõ â òåëå êîìàíäû display . Ïîýòîìó ñëîæíûå
àíèìàöèîííûå ñòðóêòóðû ìîæíî ñîçäàâàòü èç îòäåëüíûõ ãðàôè÷åñêèõ îáú-
åêòîâ, ñîáèðàÿ èõ ñ ïîìîùüþ ïðîöåäóðû â ðàçëè÷íûå ñòðóêòóðû, êîòîðûå
ñíîâà ìîæíî èíòåãðèðîâàòü ôóíêöèåé display . Ïðè ýòîì íàäî çàìåòèòü, ÷òî
îòäåëüíûìè ãðàôè÷åñêèìè îáúåêòàìè, ñîáèðàåìûìè ïðîöåäóðîé display
ìîãóò áûòü è àíèìàöèîííûå îáúåêòû, ñîçäàâàåìûå óêàçàííûìè âûøå ñïî-
ñîáàìè. Íèæå ïîêàçàí ïðèìåð ñòðîèòåëüñòâà òàêîãî ãðàôè÷åñêîãî îáúåêòà:

>rr:=plots[animate]([r*cos(t),r*sin(t),r=0..1],t=0.. 2*Pi):rr;
rb:=plots[animate]([r*cos(t),-r*sin(t),r=0..1],t=0.. 2*Pi,color=BLUE):
plots[display](rr,rb,insequence=true);

Îáùàÿ èäåîëîãèþ ïîñòðîåíèÿ àíèìàöèîííûõ ìîäåëåé ïðåäñòàâëåíà íà
ñõåìå Ðèñ.V.56è ïîäðîáíî ðàçðàáàòûâàëàñü â ðàáîòàõ [147], [148]. Ñëåäóåò
çàìåòèòü, ÷òî ïàêåò êîìïüþòåðíîé ìàòåìàòèêè Maple, íà÷èíàÿ óæå ñ ñàìûõ
ðàííèõ âåðñèé èìååò íåñîìíåííûå ïðåèìóùåñòâà â îáëàñòè 3D-ãðàôèêè, îñî-
áåííî, èíòåðàêòèâíîé è äèíàìè÷åñêîé, ïî ñðàâíåíèþ ñ ïàêåòîì ¾Mathematica¿,
è ïîçâîëÿåò ïðîãðàììíûìè ñðåäñòâàìè ðåøèòü óêàçàííûå çàäà÷è 4. Ýòà ñòà-
òüÿ ïîñâÿùåíà ðàçðàáîòêå ïðîãðàììíûõ ïðîöåäóð â ïàêåòå ¾Maple¿, ïîçâî-
ëÿþùèõ îñóùåñòâëÿòü óïðàâëÿåìóþ, îñíàùåííóþ äèíàìè÷åñêóþ âèçóàëè-
çàöèþ îñíîâíûõ çàäà÷ äèôôåðåíöèàëüíîé ãåîìåòðèè êðèâûõ.

Ïîä óïðàâëÿåìîé, îñíàùåííîé äèíàìè÷åñêîé âèçóàëèçàöèåé çäåñü è äàëåå
ìû ïîíèìàåì âèçóàëèçàöèþ ìíîãîïàðàìåòðè÷åñêîé ìàòåìàòè÷åñêîé ìî-
äåëè, èçìåíåíèå ñâîéñòâ êîòîðîé ìîæíî íàáëþäàòü âî âðåìåííîé ïîñëå-
äîâàòåëüíîñòè â ãðàôè÷åñêîé ôîðìå, ñîïðîâîæäàåìîé èçìåíÿþùåéñÿ ñî
âðåìåíåì ÷èñëîâîé èëè ãðàôè÷åñêîé èíôîðìàöèåé, ñ âîçìîæíîñòüþ èçìå-
íåíèÿ ïîëüçîâàòåëåì ïàðàìåòðîâ ìîäåëè.

4Î ñðàâíèòåëüíûõ õàðàêòåðèñòèêàõ ñèñòåì ¾Mathematica¿ è ¾Maple¿ ñì., íàïðèìåð, [ 13, 15].
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Ìåòîäû îñíàùåííîé äèíàìè÷åñêîé âèçóàëèçàöèè ìàòåìàòè÷åñêèõ ìîäåëåé
ðàçðàáàòûâàþòñÿ â ãðóïïå Þ.Ã. Èãíàòüåâà ñ 2004 ãîäà [16]. Îòìåòèì, ÷òî
ïðîôåññîðîì Ì.Í. Êèðñàíîâûì (Ìîñêîâñêèé ýíåðãåòè÷åñêèé óíèâåðñèòåò)
ðàçðàáàòûâàþòñÿ ìåòîäû äèíàìè÷åñêîé âèçóàëèçàöèè ñëîæíûõ, ëàãðàíæå-
âûõ ìåõàíè÷åñêèõ ñèñòåì [18]. Â ðàáîòàõ [97, 98, 99, 100] êîíñòðóèðóþòñÿ ìà-
òåìàòè÷åñêèå è êîìïüþòåðíûå ìîäåëè íåëèíåéíûõ îáîáùåííî-ìåõàíè÷åñêèõ
ñèñòåì , îïèñûâàåìûõ ñèñòåìîé íåëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé ïðîèçâîëüíîãî ïîðÿäêà ñ ïîìîùüþ ìåòîäîâ ñïëàéíîâîé èí-
òåðïîëÿöèè ÷èñëåííûõ ðåøåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé.

.
Ðèñ.I.2 Ñõåìà ñîçäàíèÿ äèíàìè÷åñêîé ãðàôèêè. Ñâåòëûå êâàäðàòû
- ïðîñòûå ãðàôè÷åñêèå îáúåêòû, òåìíûå - ñëîæíûå, âêëþ÷àþùèå â
ñåáÿ íåñêîëüêî ïðîñòûõ, è, âîçìîæíî, àíèìèðîâàííûå ñòðóêòóðû.
Öèôðû â ïðàâîé ÷àñòè ðèñóíêà - íîìåðà êàäðîâ àíèìàöèè. Íåèç-
ìåíÿþùèåñÿ ñëåâà êâàäðàòû - ãðàôè÷åñêàÿ ñòðóêòóðà ôîíà � ýòè
ýëåìåíòû äîëæíû ïðèñóòñòâîâàòü â êàæäîì êàäðå.
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Òåõíîëîãèÿ ñîçäàíèÿ îñíàùåííîé óïðàâëÿåìîé äèíàìè÷åñêîé ìîäåëè â
ÑÊÌ Maple çàêëþ÷àåòñÿ â ñëåäóþùåì [97, 101] (ñì. Ðèñ.V.56). Ñíà÷àëà ñ
ïîìîùüþ ñòàíäàðòíûõ ïðîöåäóð Maple èëè ïðîãðàììèðîâàíèÿ â ïàêåòå ñî-
çäàþòñÿ ãðàôè÷åñêèå îáúåêòûa_ik . Ýòè îáúåêòû ìîãóò áûòü êàê ñòàòè÷å-
ñêèìè ãðàôè÷åñêèìè îáúåêòàìè, òàê è ñëîæíûìè, àíèìàöèîííûìè, ñîçäàí-
íûìè ñ ïîìîùüþ âñòðîåííûõ â Maple ïðîöåäóð àíèìàöèè. Ïðîñòûå ãðàôè÷å-
ñêèå îáúåêòû ïðåäñòàâëåíû íàÐèñ.V.56ïðÿìîóãîëüíèêàìè ñ ãîðèçîíòàëüíî-
ãðàäèåíòíîé çàëèâêîé, ñëîæíûå - ïðÿìîóãîëüíèêàìè ñ âåðòèêàëüíûìè ñåê-
öèÿìè è âåðòèêàëüíîé ãðàäèåíòíîé çàëèâêîé. Ïîëó÷åííûå ãðàôè÷åñêèå îáú-
åêòû îáúåäèíÿþòñÿ â i-òûé êàäð àíèìàöèè, frame_i , ñ ïîìîùüþ âñòðîåííîé
ïðîöåäóðû plots[display](a_i1,a_i2,...,a_ini) , ñ ïðèñâîåíèåì èìåíè
A[i] . Íàêîíåö, âñå êàäðû àíèìàöèè îáúåäèíÿþòñÿ â àíèìàöèîííóþ ïîñëå-
äîâàòåëüíîñòü ñ ïîìîùüþ òîé æå ïðîöåäóðû, íî ñ äîáàâî÷íîé îïöèåé:
plots[display]([A[1],A[2],.. ,A[n]], insequence=true):

Â ðåçóëüòàòå ïîëó÷àåòñÿ, âîîáùå ãîâîðÿ, òðåõìåðíàÿ, èíòåðàêòèâíàÿ àíè-
ìàöèîííàÿ êàðòèíà, ñîñòîÿùàÿ èç n êàäðîâ. Äèñêðåòíîé âðåìåííîé ïåðå-
ìåííîé t ïðè ýòîì ÿâëÿåòñÿ íîìåð êàäðà i, äëèòåëüíîñòüþ àíèìàöèè, êàê è
ñòåïåíüþ åå íåïðåðûâíîñòè, óïðàâëÿåò ïàðàìåòð n - ÷èñëî êàäðîâ. Ïðè ñî-
çäàíèè àíèìàöèè íåîáõîäèìî âûáèðàòü çîëîòóþ ñåðåäèíó ìåæäó êà÷åñòâîì
àíèìàöèè (áîëüøèå çíà÷åíèÿ n) è ñêîðîñòüþ åå çàãðóçêè (ìàëûå çíà÷åíèÿ
n). Óïðàâëåíèå ñêîðîñòüþ àíèìàöèè, åå íàïðàâëåíèåì, êàê è ïåðåõîäîì â
ðåæèì ïîêàäðîâîãî ïðîñìîòðà, ìîæíî îñóùåñòâèòü íåïîñðåäñòâåííî èç ãðà-
ôè÷åñêîãî ìåíþ îêíà Maple ïîñëå âûäåëåíèÿ ãðàôè÷åñêîãî îáúåêòà. Äëÿ
óïðàâëåíèÿ æå ïàðàìåòðàìè êîìïüþòåðíîé ìîäåëè ýòè ïàðàìåòðû äîëæ-
íû áûòü ââåäåíû â ïðîãðàììíûå ïðîöåäóðû ãðàôè÷åñêèõ îáúåêòîâ. Òàêèìè
ïàðàìåòðàìè ìîãóò áûòü, íàïðèìåð, óðàâíåíèÿ ëèíèè, ñïîñîá åå ïðåäñòàâëå-
íèÿ, òèï åå îñíàùåíèÿ, êîëè÷åñòâî êàäðîâ àíèìàöèè, ïðåäåëüíûå çíà÷åíèÿ
ïàðàìåòðîâ êðèâîé è ò.ï.

Äèíàìè÷åñêîå îñíàùåíèå êðèâîé, êàê è äðóãèõ ãðàôè÷åñêèõ îáúåêòîâ,
ìîæåò áûòü òðåõ òèïîâ:

1. Ãðàôè÷åñêîå îñíàùåíèå - îñíàùåíèå ñ ïîìîùüþ äîïîëíèòåëüíûõ ãðà-
ôè÷åñêèõ îáúåêòîâ: èçîáðàæåíèåì òî÷åê, êàñàòåëüíûõ è äðóãèõ âåêòî-
ðîâ, ïëîñêîñòåé è ò.ï.;

2. Òåêñòîâîå îñíàùåíèå - îñíàùåíèå ñ ïîìîùüþ äèíàìè÷åñêèõ òåêñòîâûõ
âñòàâîê;

3. Öèôðîâîå îñíàùåíèå - îñíàùåíèå ñ ïîìîùüþ äèíàìè÷åñêèõ öèôðîâûõ
âñòàâîê.
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I.4. Îñíàùåííàÿ äèíàìè÷åñêàÿ ãðàôèêà â ÑÊÌ MAPLE

.
Ðèñ.I.3. Ñõåìà ñîçäàíèÿ äèíàìè-
÷åñêîé ãðàôèêè. Ñâåòëûå êâàäðà-
òû - ïðîñòûå ãðàôè÷åñêèå îáúåê-
òû, òåìíûå - ñëîæíûå, âêëþ÷àþùèå
â ñåáÿ íåñêîëüêî ïðîñòûõ, è, âîç-
ìîæíî, àíèìèðîâàííûå ñòðóêòóðû.
Öèôðû â ïðàâîé ÷àñòè ðèñóíêà -
íîìåðà êàäðîâ àíèìàöèè. Íåèçìåíÿ-
þùèåñÿ ñëåâà êâàäðàòû - ãðàôè÷å-
ñêàÿ ñòðóêòóðà ôîíà � ýòè ýëåìåí-
òû äîëæíû ïðèñóòñòâîâàòü â êàæ-
äîì êàäðå.

Ïðè ýòîì ïåðâûå äâà òèïà äèíà-
ìè÷åñêîãî îñíàùåíèÿ äîñòèãàþòñÿ
ïðîñòûì äîáàâëåíèåì ãðàôè÷åñêèõ
èëè òåêñòîâûõ îáúåêòîâ â êàæäûé
êàäð ñ ââåäåíèåì èõ ôóíêöèîíàëü-
íîé çàâèñèìîñòè îò íîìåðà êàäðà,
i, ñ ïîìîùüþ ïðîöåäóðû display .
Öèôðîâûå äèíàìè÷åñêèå âñòàâêè
âåëè÷èíû s äîñòèãàþòñÿ äîáàâëåíèåì
â êàæäûé êàäð ïðîöåäóðû âû÷èñ-
ëåíèÿ ýòîé âåëè÷èíû, S(i), êîòîðóþ
ïðåäâàðèòåëüíî íåîáõîäèìî êîíâåð-
òèðîâàòü â ñòðîêîâóþ ïåðåìåííóþ:
convert(s=S(i),string) . Ïðè ýòîì
äàííàÿ âåëè÷èíà áóäåò îòîáðàæàòü-
ñÿ â ôîðìå s=SD(i), ãäå SD(i) -
äèíàìè÷åñêè îáíîâëÿþùååñÿ öèô-
ðîâîå çíà÷åíèå. Äëÿ äèíàìè÷åñêîãî
âûâîäà óïîðÿäî÷åííîãî ñïèñêà âå-
ëè÷èí [s=SD(i),q=QD(i),p=PD(i)]
ìîæíî èñïîëüçîâàòü ôîðìàò
convert([s=S(i),q=Q(i),p=P(i)],string).
Ïðè ýòîì íåîáõîäèìî ïîìíèòü î òîì,
÷òî â ïðèáëèæåííûõ âû÷èñëåíèÿõ
ñ ïîìîùüþ ôóíêöèè evalf(S) Maple
ïî óìîë÷àíèþ âûâîäèò 10 çíà÷à-
ùèõ öèôð. Ïîýòîìó äî ïðèìåíåíèÿ
êîíâåðòèðîâàíèÿ â ñòðîêîâóþ ïå-
ðåìåííóþ íåîáõîäèìî îïðåäåëèòü
ôîðìàò âûâîäà ÷èñëîâûõ çíà÷åíèé.

Îáùàÿ èäåîëîãèþ ïîñòðîåíèÿ àíèìàöèîííûõ ìîäåëåé ïðåäñòàâëåíà íà
ñõåìàõ Ðèñ.V.56, Ðèñ.I.3è ïîäðîáíî ðàçðàáàòûâàëàñü â ðàáîòàõ [97], [101],
à çàòåì áûëà ïðèìåíåíà ïðè ñîçäàíèè îñíàùåííûõ äèíàìè÷åñêèõ ìîäåëåé
íåëèíåéíûõ îáîáùåííî-äèíàìè÷åñêèõ ñèñòåì [ 98, 99, 100].
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Ãëàâà I. Ñèñòåìà êîìïüþòåðíîé ìàòåìàòèêè MAPLE

I.5 Óïðàâëåíèå öâåòîì, äèíàìè÷åñêàÿ ðàñêðàñêà

I.5.1 Âåêòîðíàÿ ìîäåëü öâåòîâîãî êðóãà

Äëÿ óïðàâëåíèÿ öâåòîì â ñòàíäàðòíûõ ãðàôè÷åñêèõ êîìàíäàõ Maple òè-
ïà plot , plot3d è äð. ñóùåñòâóåò íåîáÿçàòåëüíàÿ îïöèÿcolor=parametr .
Â êà÷åñòâå ïàðàìåòðà ìîæåò áûòü èñïîëüçîâàíî íàçâàíèå îäíîãî èç ñòàí-
äàðòíûõ öâåòîâ: white,yellow,orange,red è ò.ä. Îäíàêî äëÿ áîëåå òîí-
êîãî óïðàâëåíèÿ öâåòîì ìîæíî èñïîëüçîâàòü öâåòîâîé ïàðàìåòð â ôîðìà-
òå: color=COLOR(RGB,r,g,b), ãäår,g,b � äåñÿòè÷íûå äðîáè íà èíòåðâàëå
[0,1] . Äëÿ ïîíèìàíèÿ ïðîöåññà óïðàâëåíèÿ öâåòîì â RGB- ñõåìå íåîáõîäè-
ìî èìåòü ïðåäñòàâëåíèå î öâåòîâîì êðóãå Ðèñ.I.4.

.
Ðèñ.I.4 Ìîäåëü öâåòîâîãî êðóãà â öâåòîâîé
ñõåìå RGB.

Â âåêòîðíîé ìîäåëè RGBöâåòîâîãî êðóãà êàæäûé öâåò ïðåäñòàâëÿåòñÿ
äâóìåðíûì âåêòîðîì, ïðè÷åì åãî èíòåíñèâíîñòü îïðåäåëÿåòñÿ åãî äëèíîé.
Íà åäèíè÷íîì öâåòîâîì êðóãå çàäàíû 3 áàçèñíûõ îðòà, ~r;~g;~b, ñîîòâåòñòâó-
þùèå 3-ì ÷èñòûì îñíîâíûì öâåòàì: êðàñíîìó ( R), çåëåíîìó ( G) è ãîëóáîìó
(B). Ñóììà ýòèõ áàçèñíûõ âåêòîðîâ ðàâíà ~0:

~r + ~g+ ~b= ~0: (I.1)
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I.5. Óïðàâëåíèå öâåòîì, äèíàìè÷åñêàÿ ðàñêðàñêà

0-âåêòîð ñîîòâåòñòâóåò öâåòîíåéòðàëüíîé êîìáèíàöèè, ò.å., ñîîòâåòñòâóþ-
ùèé 0-âåêòîðó öâåò ìîæåò èçìåíÿòüñÿ îò áåëîãî äî ÷åðíîãî, ÷åðåç ðàçëè÷íûå
ãðàäàöèè ñåðîãî. Òàê, íàïðèìåð, âåêòîð (1,1,1) ñîîòâåòñòâóåò áåëîìó öâåòó,
(0,0,0) � ÷åðíîìó, (0.5,0.5,0.5) � ñåðîìó öâåòó.

Òàêèì îáðàçîì, êàæäûé öâåò îïðåäåëÿåòñÿ ôîðìóëîé:

~r = x~r + y~g+ z~b; (I.2)

ãäå
x; y; z 2 [0; 1]: (I.3)

Ïðè ýòîì èíòåíñèâíîñòü öâåòà îïðåäåëÿåòñÿ âåëè÷èíîé:

I = maxf x; y; zg; I 2 [0; 1] (I.4)

� è òàêæå èçìåíÿåòñÿ íà èíòåðâàëå îò 0 äî 1 (100%).

I.5.2 Ïðèìåð: îñíàùåííàÿ äèíàìè÷åñêàÿ ìîäåëü öâåòîâîãî êðóãà

Ñîçäàäèì äèíàìè÷åñêóþ ìîäåëü öâåòîâîãî êðóãà. Äëÿ ýòîãî ðàçäåëèì åäè-
íè÷íóþ îêðóæíîñòü íà N ñåãìåíòîâ, â êàæäîì èç êîòîðûõ, i-òîì, çàäàäèì
ôóíêöèè öâåòîâ rr,gg,bb ñ ïîìîùüþ ìîäåëèðîâàíèÿ èõ êóñî÷íî çàäàííûìè
ôóíêöèÿìè:

treug0:=proc(i,N) local f,M:
f:=(i)->2*Pi/N*i:
M:=(i)->[sin(f(i-1)),cos(f(i-1))]:
plots[polygonplot]([[0,0],M(i),M(i+1)]):
end proc:
treug0(7,24):
treug:=proc(i,N) local f,M,rr,gg,bb,xx:
f:=(i)->2*Pi/N*i:
M:=(i)->[sin(f(i-1)),cos(f(i-1))]:
rr:=(xx)->evalf(piecewise(xx>=0 and
xx<2*Pi/3,1-3*xx/(2*Pi),xx>=2*Pi/3
and xx<4*Pi/3,0,xx>=4*Pi/3 and xx<2*Pi,-2+3/(2*Pi)*xx)):
gg:=(xx)->evalf(piecewise(xx>=0 and
xx<2*Pi/3,3*xx/(2*Pi),xx>=2*Pi/3
and xx<4*Pi/3,2-3*xx/(2*Pi),
xx>=4*Pi/3 and xx<2*Pi,0)):
bb:=(xx)->evalf(piecewise(xx>=0 and
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Ãëàâà I. Ñèñòåìà êîìïüþòåðíîé ìàòåìàòèêè MAPLE

xx<2*Pi/3,0,xx>=2*Pi/3
and xx<4*Pi/3,-1+3*xx/(2*Pi),
xx>=4*Pi/3 and xx<2*Pi,3-3/(2*Pi)*xx)):
plots[polygonplot]([[0,0],M(i),M
(i+1)],color=COLOR(RGB,rr(f(i)),gg(f(i)),bb(f(i)))):
end proc:

Èñïîëíåíèå êîìàíäû

>treug(8,24);

ïðåäñòàâëåíî íà Ðèñ.I.5.

.
Ðèñ.I.5 8-é ñåêòîð èç 24-öâåòíîãî öâåòîâîãî ¾êðóãà¿.

Ñ ïîìîùüþ ñîçäàííîé ïðîöåäóðû ïîñòðîèì ñòàòè÷åñêóþ ãðàôè÷åñêóþ
ìîäåëü N-öâåòíîãî êðóãà:

>color_circle:=(N)->
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I.5. Óïðàâëåíèå öâåòîì, äèíàìè÷åñêàÿ ðàñêðàñêà

plots[display](seq(treug(i,N),
i=0..N),axes=NONE):

>color_circle(24);

.
Ðèñ.I.6 24-öâåòíûé öâåòîâîé ¾êðóã¿.

è çàòåì, îïÿòü èñïîëüçóÿ êîìàíäó display , ñîçäàäèì ïðîöåäóðó ïîñòðî-
åíèÿ k-ñåêòîðîâ öâåòîâîãî êðóãà. Ïðè ýòîì ìû êîíâåðòèðóåì íîìåð ñåêòîðà
k Â ñòðîêîâóþ ïåðåìåííóþ è âñòàâèì åãî â çàãîëîâîê ðèñóíêà:

color_part:=(k,N)->plots[display](seq(treug(i,N),
i=0..k),axes=NONE,scaling=CONSTRAINED,title=[i=convert(k,string)]):

Èñïîëíåíèå ýòîé ïðîöåäóðû ïîêàçàíî íà Ðèñ.I.7

>color_part(15,24);
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Ãëàâà I. Ñèñòåìà êîìïüþòåðíîé ìàòåìàòèêè MAPLE

.
Ðèñ.I.7 15-òü ñåãìåíòîâ 24-öâåòíîãî öâåòîâîãî ¾êðó-
ãà¿.

Íàêîíåö, îáúåäèíÿÿ åùå ðàç ïîëó÷åííûå ãðàôè÷åñêèå ñòðóêòóðû ñ ïî-
ìîùüþ êîìàíäû display ñ íåîáÿçàòåëüíûì ïàðàìåòðîì insequence=true ,
ïîëó÷èì íóæíóþ äèíàìè÷åñêóþ ìîäåëü, îñíàùåííóþ äèíàìè÷åñêîé èíôîð-
ìàöèåé î íîìåðå ñåãìåíòà Ðèñ.I.8.

Anim_color:=(N)->
plots[display](seq(color_part(k,N),k=0..N),insequence=true):

>Anim_color(36);
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I.6. Èíôîðìàöèîííûå òåõíîëîãèè îáó÷åíèÿ íà îñíîâå ÑÊÌ

.
Ðèñ.I.8 Âèä îêíà Maple 17 ñ àíèìàöèîííîé ìîäåëüþ öâåòîâîãî
¾êðóãà¿. Ïîêàçàí 28-é êàäð èç 36-êàäðîâîãî ôèëüìà.

I.6 Èíôîðìàöèîííûå òåõíîëîãèè èçó÷åíèÿ ôèçèêî - ìà-
òåìàòè÷åñêèõ êóðñîâ íà îñíîâå ìàòåìàòè÷åñêîãî ìî-
äåëèðîâàíèÿ â ñèñòåìå êîìïüþòåðíîé ìàòåìàòèêè

I.6.1 Íåîáõîäèìîñòü âíåäðåíèÿ èíôîðìàöèîííûõ òåõíîëîãèé â
ñòðóêòóðó ôèçèêî - ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ

Ñóùåñòâóåò ðÿä âåñüìà âåñêèõ ïðè÷èí íåîáõîäèìîñòè âíåäðåíèÿ èíôîð-
ìàöèîííûõ òåõíîëîãèé â ñòðóêòóðó ôèçèêî - ìàòåìàòè÷åñêîãî îáðàçîâà-
íèÿ. Ýòè ïðè÷èíû, â îñíîâíîì, èìåþò âíåøíèé ïî îòíîøåíèþ ê ôèçèêî-
ìàòåìàòè÷åñêîìó îáðàçîâàíèþ õàðàêòåð è âûçâàíû ãëîáàëüíûìè èçìåíåíè-
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Ãëàâà I. Ñèñòåìà êîìïüþòåðíîé ìàòåìàòèêè MAPLE

ÿìè â ñòðóêòóðå îáùåñòâà, îáùåñòâåííîãî ñîçíàíèÿ è èíòåíñèâíûì ïðîöåñ-
ñîì èíôîðìàòèçàöèè îáùåñòâà. Ñðåäè ýòèõ ïðè÷èí:

1. íåïðåðûâíî è áûñòðî ðàñòóùèå ïîòîêè èíôîðìàöèè è áûñòðîå åå óñòà-
ðåâàíèå;

2. ñîêðàùåíèå ó÷åáíûõ ÷àñîâ íà èçó÷åíèå ôóíäàìåíòàëüíûõ äèñöèïëèí ñ
îäíîâðåìåííûì ðàñøèðåíèåì ñïèñêà èçó÷àåìûõ âîïðîñîâ;

3. ïåðåíîñ öåíòðà òÿæåñòè ó÷åáíîãî ïðîöåññà íà ñàìîñòîÿòåëüíóþ ðàáîòó
ñòóäåíòîâ è ó÷àùèõñÿ;

4. íåäîñòàòî÷íîå ôèíàíñèðîâàíèå ôóíäàìåíòàëüíûõ íàïðàâëåíèé íàóêè
è ñîîòâåòñòâóþùèõ èì íàïðàâëåíèé âûñøåãî îáðàçîâàíèÿ;

5. èíòåãðàöèÿ ðàçëè÷íûõ îáëàñòåé çíàíèé è ïîÿâëåíèå íîâûõ íàïðàâëåíèé
íàóêè è òåõíîëîãèé;

6. óâåëè÷åíèå ÷èñëà ñïåöèàëüíîñòåé ïðè îäíîâðåìåííîì óìåíüøåíèè ÷èñ-
ëà ñòóäåíòîâ;

7. äåìîðàëèçàöèÿ îáùåñòâà, ïðèòÿæåíèå ìîëîäåæè ê ìàññ-ìåäèà, íàðêî-
òèêàì, èíòåðíåò-çàâèñèìîñòè, âûõîëàùèâàíèå ñèñòåìû öåííîñòåé.

Íî ïîìèìî ýòèõ ïðè÷èí, íà íàø âçãëÿä, ñóùåñòâóþò è âíóòðåííèå ïðè÷èíû
èìåííî ðîññèéñêîãî ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ, ïðèâîäÿùèå â ïîñëåäíåå
âðåìÿ ê åãî çàñòîþ è íèçêîé ýôôåêòèâíîñòè. Ñðåäè ýòèõ ïðè÷èí:

1. ôîðìàëèçîâàííûé õàðàêòåð ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ;

2. óòðàòà ñâÿçåé ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ ñ ñîâðåìåííûìè çàäà÷àìè,
êàê ïðèêëàäíûõ, òàê è ôóíäàìåíòàëüíûõ íàóê;

3. ïåðåãðóæåííîñòü ìàòåìàòè÷åñêèõ êóðñîâ àáñòðàêòíûì òåîðåòè÷åñêèì
ìàòåðèàëîì â óùåðá ðåøåíèþ êîíêðåòíûõ çàäà÷, èñòîðè÷åñêè ÿâëÿþ-
ùèõñÿ öåëåâûìè äëÿ äàííûõ êóðñîâ;

4. îòîðâàííîñòü ìàòåìàòè÷åñêèõ êóðñîâ îò ñîâðåìåííûõ êîìïüþòåðíûõ
òåõíîëîãèé.

Àíàëîãè÷íûå ïðîáëåìû ñâîéñòâåííû è ìíîãèì ñîâðåìåííûì ðîññèéñêèì íà-
ó÷íûì ìàòåìàòè÷åñêèì øêîëàì. Èçâåñòíû, íàïðèìåð, ïîòðåáíîñòè ìíîãèõ
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îáëàñòåé, êàê ôóíäàìåíòàëüíûõ, òàê è ïðèêëàäíûõ íàóê, â ñîçäàíèè ìåòî-
äîâ èññëåäîâàíèÿ íåëèíåéíûõ êîíòèíóàëüíûõ ñèñòåì, îïèñûâàåìûõ íåëè-
íåéíûìè äèôôåðåíöèàëüíûìè è èíòåãðî - äèôôåðåíöèàëüíûìè óðàâíåíè-
ÿìè ñ ÷àñòíûìè ïðîèçâîäíûìè. Îäíàêî, ïîäàâëÿþùåå áîëüøèíñòâî êàíäè-
äàòñêèõ è äîêòîðñêèõ äèññåðòàöèé ïî ýòîé ñïåöèàëüíîñòè ïîñâÿùåíî ìåòî-
äàì ðåøåíèå ëèíåéíûõ äèôôåðåíöèàëüíûõ è èíòåãðàëüíûõ óðàâíåíèé, ïðè-
÷åì çà÷àñòóþ èññëåäîâàíèÿ çàâåðøàþòñÿ äîêàçàòåëüñòâîì ñóùåñòâîâàíèÿ è
åäèíñòâåííîñòè ðåøåíèÿ. Íà íàø âçãëÿä, ïðåîäîëåòü óêàçàííûå ïðîòèâîðå-
÷èÿ ìåæäó çàïðîñàìè ñîâðåìåííûõ íàóêè è òåõíîëîãèé, ñ îäíîé ñòîðîíû,
è ïîòåíöèàëîì ðîññèéñêîãî ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ, ñ äðóãîé ñòîðî-
íû, âîçìîæíî íà ïóòè èíòåíñèâíîãî ïðèìåíåíèÿ ìåòîäîâ ìàòåìàòè÷åñêîãî è
êîìïüþòåðíîãî ìîäåëèðîâàíèÿ ïðè èçó÷åíèè âñåõ áàçîâûõ êóðñîâ ìàòåìàòè-
êè ñ ïîñëåäóþùèì èíòåãðèðîâàíèåì öåëåâûõ çàäà÷ ýòèõ êóðñîâ ñ çàäà÷àìè
ôóíäàìåíòàëüíûõ è ïðèêëàäíûõ íàóê. Ïðè ýòîì êîìïüþòåðíîå ìîäåëèðîâà-
íèå ñëåäóåò îñóùåñòâëÿòü â ñðåäå ñèñòåì êîìïüþòåðíîé ìàòåìàòèêè (ÑÊÌ),
à ñîîòâåòñòâóþùèå êóðñû ôîðìèðîâàòü, êàê èññëåäîâàòåëüñêèå, íàïðàâëåí-
íûå íà ïîñòðîåíèå ìàòåìàòè÷åñêèõ è êîìïüþòåðíûõ ìîäåëåé, â õîäå ñîçäà-
íèÿ êîòîðûõ ñòóäåíòû áóäóò îâëàäåâàòü íåîáõîäèìûìè ôóíäàìåíòàëüíûìè
çíàíèÿìè ïðåäìåòîâ è ó÷èòüñÿ èõ ïðàêòè÷åñêîìó ïðèìåíåíèþ. Ñëåäóåò îá-
ðàòèòü âíèìàíèå íà òîò ôàêò, ÷òî ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëè è å¼
êîìïüþòåðíàÿ ðåàëèçàöèÿ âîñïèòûâàþò ñòðîãîñòü ìàòåìàòè÷åñêîãî ìûøëå-
íèÿ, åãî êóëüòóðó è òåõíîëîãè÷íîñòü. Ïîñòðîåíèå è èññëåäîâàíèå êîìïüþ-
òåðíîé ìîäåëè, êðîìå âñåãî ïðî÷åãî, âîñïèòûâàåò òðóäîëþáèå, àêêóðàòíîñòü
è äîáðîñîâåñòíîñòü � êà÷åñòâà, êîòîðûõ òàê íå õâàòàåò ïîñòñîâåòñêèì ãåíå-
ðàöèÿì ìîëîäåæè. Êðîìå âñåãî ïðî÷åãî, ýòîò ïóòü ÿâëÿåòñÿ íàèáîëåå ýôôåê-
òèâíûì ñïîñîáîì âîâëå÷åíèÿ ìîëîäåæè â ñîâðåìåííóþ íàóêó è èíæåíåðèþ.

I.6.2 Îñíîâíàÿ èäåÿ âíåäðåíèÿ èíôîðìàöèîííûõ òåõíîëîãèé â
ñòðóêòóðó ôèçèêî - ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ íà îñíîâå
ñèñòåì êîìïüþòåðíîé ìàòåìàòèêè

Ñîãëàñíî îäíîìó èç îñíîâîïîëîæíèêîâ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, àêà-
äåìèêó À.À. Ñàìàðñêîìó, (ñì., íàïðèìåð, [ 1]) ¾... ìàòåìàòè÷åñêàÿ ìîäåëü �
ýòî ýêâèâàëåíò îáúåêòà, îòðàæàþùèé â ìàòåìàòè÷åñêîé ôîðìå âàæíåéøèå
åãî ñâîéñòâà � çàêîíû, êîòîðûì îí ïîä÷èíÿåòñÿ, ñâÿçè, ïðèñóùèå ñîñòàâëÿþ-
ùèì åãî ÷àñòÿì, è ò.ä., ïðè÷åì ... ñàìà ïîñòàíîâêà çàäà÷è î ìàòåìàòè÷åñêîì
ìîäåëèðîâàíèè êàêîãî-ëèáî îáúåêòà ïîðîæäàåò ÷åòêèé ïëàí äåéñòâèé. Åãî
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ìîæíî óñëîâíî ðàçáèòü íà òðè ýòàïà: ìîäåëü > àëãîðèòì > ïðîãðàììà 5. Íà
ïåðâîì ýòàïå âûáèðàåòñÿ (èëè ñòðîèòñÿ) ¾ýêâèâàëåíò¿ îáúåêòà, îòðàæàþ-
ùèé â ìàòåìàòè÷åñêîé ôîðìå âàæíåéøèå åãî ñâîéñòâà � çàêîíû, êîòîðûì
îí ïîä÷èíÿåòñÿ, ñâÿçè ïðèñóùèå ñîñòàâëÿþùèì åãî ÷àñòÿì è ò.ä.. Ìàòåìàòè-
÷åñêàÿ ìîäåëü (èëè åå ôðàãìåíòû) èññëåäóåòñÿ òåîðåòè÷åñêèìè ìåòîäàìè,
÷òî ïîçâîëÿåò ïîëó÷èòü âàæíûå ïðåäâàðèòåëüíûå çíàíèÿ îá îáúåêòå. Âòî-
ðîé ýòàï - âûáîð (èëè ðàçðàáîòêà) àëãîðèòìà äëÿ ðåàëèçàöèè ìîäåëè íà
êîìïüþòåðå. Ìîäåëü ïðåäñòàâëÿåòñÿ â ôîðìå, óäîáíîé äëÿ ïðèìåíåíèÿ ÷èñ-
ëåííûõ ìåòîäîâ, îïðåäåëÿåòñÿ ïîñëåäîâàòåëüíîñòü âû÷èñëèòåëüíûõ è ëîãè-
÷åñêèõ îïåðàöèé, êîòîðûå íóæíî ïðîèçâåñòè, ÷òîáû íàéòè èñêîìûå âåëè÷è-
íû ñ çàäàííîé òî÷íîñòüþ. Âû÷èñëèòåëüíûå àëãîðèòìû äîëæíû íå èñêàæàòü
îñíîâíûå ñâîéñòâà ìîäåëè è, ñëåäîâàòåëüíî, èñõîäíîãî îáúåêòà, áûòü ýêîíî-
ìè÷íûìè è àäàïòèðóþùèìèñÿ ê îñîáåííîñòÿì ðåøàåìûõ çàäà÷ è èñïîëüçóå-
ìûõ êîìïüþòåðîâ. Íà òðåòüåì ýòàïå ñîçäàþòñÿ ïðîãðàììû, ¾ïåðåâîäÿùèå¿
ìîäåëü è àëãîðèòì íà äîñòóïíûé êîìïüþòåðó ÿçûê. Ê íèì òàêæå ïðåäúÿâëÿ-
þòñÿ òðåáîâàíèÿ ýêîíîìè÷íîñòè è àäàïòèâíîñòè. . . Ñîçäàâ òðèàäó ¾ìîäåëü
> àëãîðèòì > ïðîãðàììà¿, èññëåäîâàòåëü ïîëó÷àåò â ðóêè óíèâåðñàëüíûé,
ãèáêèé è íåäîðîãîé èíñòðóìåíò,êîòîðûé âíà÷àëå îòëàæèâàåòñÿ, òåñòèðóåòñÿ
â ¾ïðîáíûõ¿ âû÷èñëèòåëüíûõ ýêñïåðèìåíòàõ. Ïîñëå òîãî, êàê àäåêâàòíîñòü
(äîñòàòî÷íîå ñîîòâåòñòâèå)òðèàäû èñõîäíîìó îáúåêòó óäîñòîâåðåíà, ñ ìîäå-
ëüþ ïðîâîäÿòñÿ ðàçíîîáðàçíûå è ïîäðîáíûå ¾îïûòû¿, äàþùèå âñå òðåáó-
åìûå êà÷åñòâåííûå è êîëè÷åñòâåííûå ñâîéñòâà è õàðàêòåðèñòèêè îáúåêòà.
Ïðîöåññ ìîäåëèðîâàíèÿ ñîïðîâîæäàåòñÿ óëó÷øåíèåì è óòî÷íåíèåì, ïî ìåðå
íåîáõîäèìîñòè, âñåõ çâåíüåâ òðèàäû...¿.

Íà íàø âçãëÿä, ýòà òðèàäà ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ è äîëæíà
áûòü ïîëîæåíà â îñíîâó ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ. Äëÿ âíåäðåíèÿ èí-
ôîðìàöèîííûõ òåõíîëîãèé â ñòðóêòóðó ôèçèêî-ìàòåìàòè÷åñêîãî îáðàçîâà-
íèÿ íåîáõîäèìî ðåøèòü ñëåäóþùèå íàó÷íî- ìåòîäè÷åñêèå çàäà÷è:

1. Ñîçäàòü èíôîðìàöèîííîå îáåñïå÷åíèå ó÷åáíîãî ïðîöåññà:

(a) ñîçäàòü ýëåêòðîííûå ó÷åáíèêè;

(b) ñîçäàòü ãåíåðàòîðû èíäèâèäóàëüíûõ çàäàíèé;

(c) ñîçäàòü àâòîìàòèçèðîâàííóþ ñèñòåìó ïðîâåðêè èíäèâèäóàëüíûõ çà-
äàíèé;

(d) ñîçäàòü ýëåêòðîííûå áèáëèîòåêè.

5 Ñì. Ðèñ..1
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2. Ñîçäàòü äåìîíñòðàöèîííîå ñîïðîâîæäåíèå ëåêöèé è ïðàêòè÷åñêèõ çà-
íÿòèé:

(a) ñîçäàòü èíòåðàêòèâíûå 3D èëëþñòðàöèé ãåîìåòðè÷åñêèõ è ôèçè÷å-
ñêèõ îáúåêòîâ;

(b) ñîçäàòü èíòåðàêòèâíûå âèäåîìàòåðèàëû, ñîïðîâîæäàþùèå âû÷èñ-
ëåíèÿ;

(c) ñîçäàòü àíèìàöèîííûå ìàòåìàòè÷åñêèå ìîäåëè îáúåêòîâ è ÿâëåíèé.

3. Âñòðîèòü êîìïüþòåðíûå âû÷èñëåíèÿ â ñòðóêòóðó ïðàêòè÷åñêèõ çàíÿ-
òèé:

(a) ñîçäàòü êëàññû äëÿ êîìïëåêñíûõ ó÷åáíûõ çàíÿòèé ïî âñåì ôèçèêî
- ìàòåìàòè÷åñêèì ïðåäìåòàì;

(b) âñòðîèòü ïàðàëëåëüíîå ñîïðîâîæäåíèå ïðàêòè÷åñêèõ çàíÿòèé ñòó-
äåíòîâ êîìïüþòåðíûìè âû÷èñëåíèÿìè;

(c) ñîçäàòü ïðîãðàììû àíàëèòè÷åñêîãî òåñòèðîâàíèÿ è ñàìîòåñòèðîâà-
íèÿ ó÷àùèõñÿ.

4. Âñòðîèòü êîìïüþòåðíûå âû÷èñëåíèÿ â ñòðóêòóðó ñïåöêóðñîâ, êóðñîâûõ
è âûïóñêíûõ êâàëèôèêàöèîííûõ ðàáîò:

(a) ñäåëàòü ïîñòðîåíèå êîìïüþòåðíûõ ìàòåìàòè÷åñêèõ ìîäåëåé ó÷à-
ùèìèñÿ îñíîâîé ñïåöèàëüíûõ êóðñîâ;

(b) ñäåëàòü ñîçäàíèå ó÷àùèìèñÿ àâòîðñêèõ ïðîãðàììíûõ è íàó÷íûõ
ïðîäóêòîâ, à òàêæå èíòåðàêòèâíûõ ó÷åáíûõ ïîñîáèé îáÿçàòåëüíûì
ýëåìåíòîì âûïóñêíûõ êâàëèôèêàöèîííûõ ðàáîò.

Ïðè ýòîì îñíîâíîé èäååé âíåäðåíèå èíôîðìàöèîííûõ òåõíîëîãèé â ñòðóê-
òóðó ôèçèêî-ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ ÿâëÿåòñÿ êîìïüþòåðíîå ìîäå-
ëèðîâàíèå â ñèñòåìàõ êîìïüþòåðíîé ìàòåìàòèêè íà Ðèñ.I.9. Ìíîãî÷èñëåí-
íûå èññëåäîâàíèÿ, ïðîâåäåííûå ðàçëè÷íûìè àâòîðàìè (ñì., íàïðèìåð, [ 97],
[102], [12] [112], [107],[16]), ïîêàçûâàþò, ÷òî ñðåäè èçâåñòíûõ ñèñòåì êîì-
ïüþòåðíîé ìàòåìàòèêè Maple ÿâëÿåòñÿ íàèáîëåå ïðèåìëåìîé äëÿ ôèçèêî-
ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ ÑÊÌ, êàê ïî ñòîèìîñòè, òàê è ïî ïðîñòîòå
èíòåðôåéñà, à òàêæå ñîîòâåòñòâèþ ÿçûêà ïðîãðàììèðîâàíèÿ ñòàíäàðòíîìó
ìàòåìàòè÷åñêîìó ÿçûêó.
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.
Ðèñ.I.9 Îðãàíèçàöèÿ ó÷åáíîãî ïðîöåññà ïî ôèçèêî-ìàòåìàòè÷åñêèì
äèñöèïëèíàì íà îñíîâå ÑÊÌ.

Ïðåäñòàâëåííàÿ íà Ðèñ.I.9ñõåìà ó÷åáíîãî ïðîöåññà ïðåäïîëàãàåò ðåøåíèå
ñëåäóþùèõ ó÷åáíî-íàó÷íûõ çàäà÷:

1. (a) ñîçäàíèå êîìïüþòåðíûõ ìîäåëåé èçó÷àåìûõ ÿâëåíèé, ïðèâëå÷åíèå
èíôîðìàöèîííûõ òåõíîëîãèé â ïðîöåññ ïðåïîäàâàíèÿ ïðåäìåòà;

(b) ñîçäàíèå èíòåðàêòèâíûõ ó÷åáíûõ ïîñîáèé è ñèñòåì àíàëèòè÷åñêîãî
òåñòèðîâàíèÿ;

(c) ïðèâëå÷åíèå ìåòîäîâ ñèìâîëüíîé ìàòåìàòèêè äëÿ îïèñàíèÿ ñëîæ-
íûõ ÿâëåíèé;
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(d) çàìåíà àêàäåìè÷åñêîãî ìåòîäà ïðåïîäàâàíèÿ èíòåðàêòèâíûì ñ èñ-
ïîëüçîâàíèåì èíôîðìàöèîííûõ òåõíîëîãèé;

(e) èñïîëüçîâàíèå êîìïüþòåðíûõ òåõíîëîãèé äëÿ ïåðåîðèåíòàöèè èí-
òåðåñîâ ìîëîäåæè ê íàó÷íîìó òâîð÷åñòâó;

I.6.3 Ìåòîäè÷åñêîå è ïðîãðàììíîå îáåñïå÷åíèå âíåäðåíèÿ èíôîð-
ìàöèîííûõ òåõíîëîãèé â ñòðóêòóðó ôèçèêî - ìàòåìàòè÷å-
ñêîãî îáðàçîâàíèÿ

Îðãàíèçàöèÿ âûøåóêàçàííîãî ó÷åáíîãî öèêëà ñ ãëóáîêèì èñïîëüçîâàíèåì
èíôîðìàöèîííûõ òåõíîëîãèé íà îñíîâå ÑÊÌ òðåáóåò áîëüøèõ íàóêîåìêèõ
âëîæåíèé, êàê íà ñòàäèè çàïóñêà ó÷åáíîãî ïðîöåññà, òàê è íà âñåõ åãî äàëü-
íåéøèõ ñòàäèÿõ. Óæå íà ïåðâûõ ñòàäèÿõ ó÷åáíîãî ïðîöåññà òðåáóåòñÿ íà-
ëè÷èå áîëüøîãî êîëè÷åñòâà çàðàíåå ðàçðàáîòàííûõ êîìïüþòåðíûõ ìîäåëåé
èçó÷àåìûõ îáúåêòîâ, êàê äëÿ ëåêöèîííûõ äåìîíñòðàöèé, òàê è äëÿ ñåìèíàð-
ñêèõ è ñàìîñòîÿòåëüíûõ çàíÿòèé ñòóäåíòîâ. Ðàçðàáàòûâàåìûå äëÿ îáåñïå÷å-
íèÿ ó÷åáíîãî ïðîöåññà êîìïüþòåðíûå ìîäåëè äîëæíû óäîâëåòâîðÿòü ðÿäó
îáÿçàòåëüíûõ òðåáîâàíèé:

1. îíè äîëæíû áûòü íàãëÿäíûìè;

2. îíè äîëæíû îòîáðàæàòü âñå îñíîâíûå ñâîéñòâà èññëåäóåìîé ìîäåëè;

3. îíè äîëæíû áûòü èíòåðàêòèâíûìè, ò.å., ïîçâîëÿòü ïîëüçîâàòåëþ ìàíè-
ïóëèðîâàòü èìè ñ ïîìîùüþ âíåøíèõ óñòðîéñòâ;

4. îíè äîëæíû áûòü ìíîãîïàðàìåòðè÷åñêèìè äëÿ îáåñïå÷åíèÿ âîçìîæíî-
ñòè ïðîâåäåíèÿ ÷èñëåííûõ ýêñïåðèìåíòîâ.

Ïðîáëåìà îáåñïå÷åíèÿ íàãëÿäíîñòè ìàòåìàòè÷åñêèõ ñòðóêòóð èãðàåò âàæ-
íóþ ðîëü â âûñøåì îáðàçîâàíèè, òàê êàê óñâîåíèå ôóíäàìåíòàëüíûõ ãåî-
ìåòðè÷åñêèõ ïîíÿòèé ïîäãîòàâëèâàåò ôóíäàìåíò äëÿ ïîíèìàíèÿ ïðîöåññà
ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ è îâëàäåíèÿ ìåòîäàìè êîìïüþòåðíîãî ìî-
äåëèðîâàíèÿ, ÷òî â ñâîþ î÷åðåäü, ñîçäàåò ïðåäïîñûëêè äëÿ èííîâàöèîííîãî
ðàçâèòèÿ ñîâðåìåííîãî îáðàçîâàíèÿ. Çàìåòèì, ÷òî ìíîãîïàðàìåòðè÷íîñòü
ñîçäàâàåìûõ êîìïüþòåðíûõ ìîäåëåé ÿâëÿåòñÿ âàæíåéøèì ôàêòîðîì êîì-
ïüþòåðíûõ ìîäåëåé, ïîçâîëÿþùèì óïðàâëÿòü ìàòåìàòè÷åñêîé ìîäåëüþ, ò.å.,
ïðîâîäèòü êîìïüþòåðíîå ìîäåëèðîâàíèå. Â ñâÿçè ñ ýòèì âàæíóþ ðîëü èãðà-
åò êîìïüþòåðíàÿ âèçóàëèçàöèÿ ìàòåìàòè÷åñêèõ ìîäåëåé, à îñîáåííî, îñíà-
ùåííàÿ äèíàìè÷åñêàÿ âèçóàëèçàöèÿ, îñíîâíûå ïðèíöèïû êîòîðîé ðàçðàáî-
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òàíû â ðàáîòàõ [97], [101], [105], [107],[17]. Ñîçäàíèå òàêèõ ñëîæíûõ êîìïüþ-
òåðíûõ ìîäåëåé âîçìîæíî ôîðìàòå íåçàâèñèìûõ ïàêåòîâ ïðîãðàìì (áèá-
ëèîòåê ïðîãðàìì), êîòîðûå ìîãóò èñïîëüçîâàíû, êàê ïðåïîäàâàòåëÿìè, òàê
è ñòóäåíòàìè âûçîâîì ñîîòâåòñòâóþùèõ áèáëèîòåê è ñîäåðæàùèõñÿ â íèõ
ìíîãîïàðàìåòðè÷åñêèõ êîìàíä, èìåþùèõ ïðîñòîé ñèíòàêñèñ (ñì., íàïðèìåð,
[98], [99], [108],[16]). Íåîáõîäèìî ïîä÷åðêíóòü, ÷òî óâåëè÷åíèå ñòåïåíè íà-
ãëÿäíîñòè è èíòåðàêòèâíîñòè ó÷åáíûõ ìàòåðèàëîâ, ñîçäàííûõ ñðåäñòâàìè
ÈÒ, òðåáóåò âëîæåíèÿ áîëüøèõ èíòåëëåêòóàëüíûõ çàòðàò è âûñîêîé ñòåïå-
íè ïðîôåññèîíàëèçìà ïðåïîäàâàòåëåé.

Ðåøåíèå ïðîáëåìû êîìïüþòåðíîé ðåàëèçàöèè îáúåêòîâ ëèíåéíîé àëãåá-
ðû è àíàëèòè÷åñêîé ãåîìåòðèè è ñîçäàíèÿ íàãëÿäíûõ ãåîìåòðè÷åñêèõ îá-
ðàçîâ (èíòåðïðåòàöèé) îáúåêòîâ, ñòðóêòóð è ñâîéñòâ ïðåäïîëàãàåò ðåøåíèå
òðåõ îñíîâíûõ çàäà÷:

1. ïîñòðîåíèå ìàòåìàòè÷åñêèõ ìîäåëåé îñíîâíûõ àëãåáðàè÷åñêèõ ñòðóê-
òóð, îáúåêòîâ è ñâîéñòâ;

2. ïîñòðîåíèå èõ ãåîìåòðè÷åñêèõ èíòåðïðåòàöèé, ò.å., ñîïîñòàâëåíèå èì
ãåîìåòðè÷åñêèõ ìîäåëåé;

3. ïîñòðîåíèå ìíîãîïàðàìåòðè÷åñêèõ êîìïüþòåðíûõ ìîäåëåé ãðàôè÷åñêèõ
îáðàçîâ îáúåêòîâ.

Çàìåòèì, ÷òî ìíîãîïàðàìåòðè÷íîñòü ñîçäàâàåìûõ êîìïüþòåðíûõ ìîäå-
ëåé ÿâëÿåòñÿ âàæíåéøèì ôàêòîðîì êîìïüþòåðíûõ ìîäåëåé, ïîçâîëÿþùèì
óïðàâëÿòü ìàòåìàòè÷åñêîé ìîäåëüþ, ò.å., ïðîâîäèòü êîìïüþòåðíîå ìîäåëè-
ðîâàíèå. Íàèáîëåå ýôôåêòèâíîå ðåøåíèå ýòèõ çàäà÷ âîçìîæíî â ñèñòåìàõ
êîìïüþòåðíîé ìàòåìàòèêè (ÑÊÌ), ñðåäè êîòîðûõ äëÿ öåëåé îáðàçîâàíèÿ
íàèáîëåå óäîáíà ñèñòåìà Maple. Îñíîâíûìè äîñòîèíñòâàìè ýòîé ñèñòåìû
ïðèìåíèòåëüíî ê çàäà÷àì îáðàçîâàíèÿ ÿâëÿþòñÿ: îòíîñèòåëüíî íåâûñîêàÿ
ñòîèìîñòü (ïî ñðàâíåíèþ ñ MatLab è Mathematica), äðóæåñòâåííûé è èíòåð-
àêòèâíûé èíòåðôåéñ, âåëèêîëåïíûå ãðàôè÷åñêèå âîçìîæíîñòè, â ÷àñòíîñòè,
èíòåðàêòèâíàÿ òðåõìåðíàÿ ãðàôèêà è äèíàìè÷åñêàÿ (àíèìàöèÿ). Â ýòîé ñòà-
òüå ìû ðàññìîòðèì îñíîâíûå ïðèíöèïû ìàòåìàòè÷åñêîãî è êîìïüþòåðíîãî
ìîäåëèðîâàíèÿ îáúåêòîâ ëèíåéíîé àëãåáðû è àíàëèòè÷åñêîé ãåîìåòðèè â
ÑÊÌ Maple. Çàìåòèì, ÷òî äëÿ ðàññìîòðåííûõ çäåñü ïðîãðàììíûõ ïðîöå-
äóð êîíêðåòíàÿ âåðñèÿ Maple, íà÷èíàÿ ñ âåðñèè 6, íå èìååò çíà÷åíèÿ.

Íåîáõîäèìî ïîä÷åðêíóòü, ÷òî óâåëè÷åíèå ñòåïåíè íàãëÿäíîñòè è èíòåð-
àêòèâíîñòè ó÷åáíûõ ìàòåðèàëîâ, ñîçäàííûõ ñðåäñòâàìè ÈÒ, òðåáóåò âëî-
æåíèÿ áîëüøèõ èíòåëëåêòóàëüíûõ çàòðàò è âûñîêîé ñòåïåíè ïðîôåññèî-
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íàëèçìà ïðåïîäàâàòåëåé. Â ïåðâóþ î÷åðåäü, ñêàçàííîå êàñàåòñÿ ïðåäìåòîâ
ôèçèêî-ìàòåìàòè÷åñêîãî öèêëà. Çäåñü öåíòðàëüíîé èäååé ñîçäàíèÿ âûñîêî-
êà÷åñòâåííûõ ýëåêòðîííûõ ó÷åáíûõ ìàòåðèàëîâ ÿâëÿåòñÿ ìàòåìàòè÷åñêîå
ìîäåëèðîâàíèå èçó÷àåìûõ îáúåêòîâ è ÿâëåíèé. Ñîçäàíèå ìàòåìàòè÷åñêîé
ìîäåëè èçó÷àåìîãî îáúåêòà âî ìíîãîì îïðåäåëÿåò íàãëÿäíîñòü è ñòåïåíü
óñâîåíèÿ èçó÷àåìîãî ìàòåðèàëà. Ïîýòîìó îñíîâíûìè îáðàçîâàòåëüíûìè òðå-
áîâàíèÿìè ê ìàòåìàòè÷åñêîé ìîäåëè äîëæíû áûòü: åå ìíîãîïàðàìåòðè÷-
íîñòü, âîçìîæíîñòü ãðàôè÷åñêîé òðåõìåðíîé ðåàëèçàöèè, èíòåðàêòèâíîñòü,
âîçìîæíîñòü ïîñòðîåíèÿ àíèìàöèîííûõ (ãðàôè÷åñêèõ äèíàìè÷åñêèõ) ïðåä-
ñòàâëåíèé.

Ñèñòåìû êîìïüþòåðíîé ìàòåìàòèêè (ÑÊÌ), â ïåðâóþ î÷åðåäü Maple,
ïðåäîñòàâëÿþò óíèêàëüíûå ïðîãðàììíûå è ãðàôè÷åñêèå âîçìîæíîñòè äëÿ
ðåàëèçàöèè ýòîé èäåè [97]. Îäíàêî, ïîïûòêà ïðÿìîãî ïðèìåíåíèÿ ñòàíäàðò-
íûõ ïðîöåäóð ÑÊÌ äàëåêî íå âñåãäà äàåò æåëàåìûé ðåçóëüòàò. Äëÿ ïîëó-
÷åíèÿ êà÷åñòâåííûõ ãðàôè÷åñêèõ è àíèìàöèîííûõ ìîäåëåé îñíîâíûõ ìàòå-
ìàòè÷åñêèõ ñòðóêòóð àíàëèçà ôóíêöèé ïðèõîäèòñÿ ñîçäàâàòü ïîëüçîâàòåëü-
ñêèå ìíîãîïàðàìåòðè÷åñêèå ïðîãðàììíûå ïðîöåäóðû, ïðîñòûå äëÿ íåèñêó-
øåííîãî â ïðîãðàììèðîâàíèè ïîëüçîâàòåëÿ, êîòîðûå óäîáíî îáúåäèíÿòü â
ñïåöèàëèçèðîâàííûå áèáëèîòåêè ïîëüçîâàòåëüñêèõ ïðîöåäóð [16].

I.6.4 Òåõíîëîãèÿ ñîâìåñòíîãî èçó÷åíèÿ ìàòåìàòèêè è êîìïüþòåð-
íîãî ìîäåëèðîâàíèÿ

Îñíîâíûìè ìåòîäàìè ðåàëèçàöèè èäåè èíôîðìàòèçàöèè ïðåäìåòîâ ôèçèêî
- ìàòåìàòè÷åñêîãî öèêëà íà îñíîâå ìàòåìàòè÷åñêîãî è êîìïüþòåðíîãî ìîäå-
ëèðîâàíèÿ ñðåäå êîìïüþòåðíîé ìàòåìàòèêè ÿâëÿþòñÿ ñëåäóþùèå:

1. ïðîôèëüíàÿ íàïðàâëåííîñòü êóðñîâ ìàòåìàòèêè;

2. èñïîëüçîâàíèå ìåòîäà ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ êàê îñíîâíîãî
ìåòîäà èçó÷åíèÿ ñïåöèàëüíûõ ïðåäìåòîâ;

3. âûñòðàèâàíèå âñåé ñèñòåìû ïîäãîòîâêè ñïåöèàëèñòîâ âîêðóã ðåøåíèÿ
íàó÷íî-òåõíè÷åñêèõ ïðîáëåì è ïîäãîòîâêè äèïëîìíîãî ïðîåêòà;

4. âñòðàèâàíèå êîìïüþòåðíîãî ìîäåëèðîâàíèÿ âî âñå ñïåöèàëüíûå êóðñû;

5. îðãàíèçàöèÿ çàíÿòèé ïî ñïåöèàëüíûì ïðåäìåòàì â ôîðìå ëàáîðàòîð-
íûõ êîìïëåêñíûõ íàó÷íûõ èññëåäîâàíèé ñ ïðèìåíåíèåì êîìïüþòåðíîé
ìàòåìàòèêè è ÈÒ;
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6. ãëàâíûì êðèòåðèåì äëÿ ïîëó÷åíèÿ äèïëîìà íåîáõîäèìî ñ÷èòàòü êâàëè-
ôèêàöèîííóþ ðàáîòó ñ îáÿçàòåëüíûì ïðèìåíåíèåì ìåòîäîâ êîìïüþòåð-
íîãî ìîäåëèðîâàíèÿ è âîçìîæíîñòüþ íàó÷íîé ïóáëèêàöèè ëèáî ïðÿìîãî
èñïîëüçîâàíèÿ â ó÷åáíîì ïðîöåññå.

Íåîáõîäèìûìè îðãàíèçàöèîííûìè ìåðîïðèÿòèÿìè äëÿ ìàòåðèàëüíîãî îáåñ-
ïå÷åíèÿ âíåäðåíèÿ èíôîðìàöèîííûõ òåõíîëîãèé â ñòðóêòóðó ôèçèêî - ìà-
òåìàòè÷åñêîãî îáðàçîâàíèÿ ÿâëÿþòñÿ:

1. ïåðåñìîòðåòü ó÷åáíûå ïðîãðàììû ñïåöèàëüíûõ ïðåäìåòîâ;

2. ñîçäàòü ó÷åáíî-ìåòîäè÷åñêîå îáåñïå÷åíèå ñïåöèàëüíûõ êóðñîâ;

3. îðãàíèçîâàòü ïåðåïîäãîòîâêó ïðåïîäàâàòåëåé â îáëàñòè êîìïüþòåðíîãî
ìîäåëèðîâàíèÿ è ÈÒ;

4. îáîðóäîâàòü ñîâðåìåííûå êîìïüþòåðíûå ëàáîðàòîðèè ÈÒ;

5. îáåñïå÷èòü ýòè ëàáîðàòîðèè ëèöåíçèîííûìè ïàêåòàìè Mathematica, Maple,
MatLab, CorelDraw, Del�, WinEdt, MicrosoftO�ce è äðóãèìè;

6. ïåðåîáîðóäîâàòü êëàññû ïîä ñåìèíàðñêèå çàíÿòèÿ â êëàññû äëÿ êîì-
ïëåêñíûõ çàíÿòèé ñ ïðèìåíåíèåì êîìïüþòåðîâ;

7. îðãàíèçîâàòü ñèñòåìó ëåòíèõ íàó÷íûõ øêîë äëÿ ñòóäåíòîâ è àñïèðàíòîâ
ïî ìàòåìàòè÷åñêîìó è êîìïüþòåðíîìó ìîäåëèðîâàíèþ.

Íà Ðèñ.I.10ïîêàçàí âîçìîæíûé âàðèàíò òàêîãî êîìïüþòåðíîãî êëàññà,
ñîñòàâëåííîãî èç ìîäóëåé Ðèñ.I.11, ïîçâîëÿþùèõ ïðîâîäèòü êîìïëåêñíûå
çàíÿòèé ñ ïðèìåíåíèåì êîìïüþòåðîâ.
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.
Ðèñ.I.10 Êîìïüþòåðíûé êëàññ äëÿ
êîìïëåêñíîãî èçó÷åíèÿ ïðåäìåòîâ
ôèçèêî-ìàòåìàòè÷åñêîãî öèêëà: 1 -
ìîäóëè; 2 - ñòîë ïðåïîäàâàòåëÿ;3 -
êîìïüþòåð ïðåïîäàâàòåëÿ; 4 - èí-
òåðàêòèâíàÿ äîñêà; 5 - äèñêóññèîí-
íûé ñòîë; 6 � æàëþçè; 7 � ïðîåêòîð.

.
Ðèñ.I.11 Ðàáî÷åå ìåñòî äëÿ ñòóäåí-
òîâ (ìîäóëü) äëÿ êîìïëåêñíûõ çàíÿ-
òèé ñ ïðèìåíåíèåì êîìïüþòåðà.
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Ãëàâà II

Ìîäåëèðîâàíèå îáúåêòîâ àëãåáðû è
àíàëèòè÷åñêîé ãåîìåòðèè è
ìàòåìàòè÷åñêîãî àíàëèçà â Maple

II.1 Ïðîãðàììíûå ïðîöåäóðû ðåøåíèÿ ñèñòåì ëèíåé-
íûõ àëãåáðàè÷åñêèõ óðàâíåíèé

II.1.1 Ââåäåíèå

Ó÷åáíûé ìîäóëü âûñøåé àëãåáðû ÿâëÿåòñÿ ñîñòàâíîé è áàçîâîé ÷àñòüþ êóð-
ñà âûñøåé ìàòåìàòèêè äëÿ íåìàòåìàòè÷åñêèõ ôàêóëüòåòîâ. Îñíîâíàÿ öåëü
ýòîãî ìîäóëÿ � èçó÷åíèå òåîðèè ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, íåîá-
õîäèìîé, êàê â äðóãèõ ìîäóëÿõ êóðñà âûñøåé ìàòåìàòèêè è ïðåäìåòàõ åñòå-
ñòâåííî - íàó÷íîãî öèêëà, òàê è èìåþùåé ñàìîñòîÿòåëüíóþ öåííîñòü äëÿ ðå-
øåíèÿ ìíîãî÷èñëåííûõ ïðèêëàäíûõ çàäà÷. Êðîìå òîãî, â ýòîò ìîäóëü âêëþ-
÷àåòñÿ èçó÷åíèå îñíîâ ìàòðè÷íîãî èñ÷èñëåíèÿ è òåîðèè îïðåäåëèòåëåé, íåîá-
õîäèìûõ äëÿ èçó÷åíèÿ òåîðèè ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
(ÑËÀÓ) è òàêæå èìåþùèõ ìíîãî÷èñëåííûå ïðèëîæåíèÿ â äðóãèõ ìîäóëÿõ
êóðñà âûñøåé ìàòåìàòèêè è èìåþùèõ ñàìîñòîÿòåëüíóþ öåííîñòü. Ïîýòîìó
èíôîðìàòèçàöèÿ ýòîãî ìîäóëÿ èìååò áîëüøîå çíà÷åíèå äëÿ èçó÷åíèÿ êóðñà
âûñøåé ìàòåìàòèêè.

Â ðàáîòå [151] áûëè ðàññìîòðåíû îñíîâíûå ïðèíöèïû ìàòåìàòè÷åñêîãî è
êîìïüþòåðíîãî ìîäåëèðîâàíèÿ îáúåêòîâ ëèíåéíîé àëãåáðû è àíàëèòè÷åñêîé
ãåîìåòðèè â ñèñòåìå êîìïüþòåðíîé ìàòåìàòèêè (ÑÊÌ) Maple. Â ÷àñòíîñòè,
â óêàçàííîé ðàáîòå áûëà ïðåäñòàâëåíà ïðîãðàììà àâòîìàòèçèðîâàííîãî ðå-
øåíèÿ ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé â ÑÊÌ Maple ñ âûâî-
äîì ðåøåíèé â ñòàíäàðòíîé äëÿ Ðîññèéñêîé ñèñòåìû îáðàçîâàíèÿ ôîðìå.
Îäíàêî, îïèñàííàÿ â [ 151] ïðîãðàììíàÿ ïðîöåäóðà, îáëàäàåò ñóùåñòâåííûì
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íåäîñòàòêîì: ïðè íàëè÷èè íóëåâûõ êîýôôèöèåíòîâ ïåðåä íåèçâåñòíûìè ýòè
ïåðåìåííûå íå ñ÷èòûâàþòñÿ è ñîîòâåòñòâóþùèå íóëè íå ïîïàäàþò â ðàñ-
øèðåííóþ ìàòðèöó ñèñòåìû. Êðîìå òîãî, âñòðîåííûå ïðîãðàììíûå ïðîöå-
äóðû Maple íå ñîäåðæàò ïðîãðàììû íàõîæäåíèÿ ôóíäàìåíòàëüíûõ ðåøå-
íèé ÑËÀÓ, èìåþùèõ áîëüøóþ öåííîñòü â ìíîãî÷èñëåííûõ ïðèëîæåíèÿõ è
ñîñòàâëÿþùèõ îñíîâó ìàòåìàòè÷åñêîé êóëüòóðû. Ðåøåíèå óêàçàííûõ äâóõ
çàäà÷ ïðîãðàììíûìè ñïîñîáàìè â ÑÊÌ Maple ïîòðåáîâàëî çíà÷èòåëüíîãî
óñëîæíåíèÿ ïðîãðàììíûõ ïðîöåäóð. Çäåñü ñëåäóåò îòìåòèòü îáùåå ïðàâè-
ëî ñîçäàíèÿ ïðîãðàììíûõ ïðîäóêòîâ: ÷åì ìåíåå ïðîôåññèîíàëüíûì ÿâëÿ-
åòñÿ ïîëüçîâàòåëü ïðîãðàììíîãî ïðîäóêòà, òåì áîëüøàÿ ñòåïåíü ïðîãðàìì-
íîãî ñåðâèñà òðåáóåòñÿ îò ýòîãî ïðîäóêòà, à, çíà÷èò, è áîëåå ñëîæíûå ñî-
îòâåòñòâóþùèå ïðîãðàììíûå ïðîöåäóðû. Íèæå ìû óêàæåì ïóòè ðåøåíèÿ
ýòèõ çàäà÷ è îïèøåì áèáëèîòåêó ñîîòâåòñòâóþùèõ ïðîãðàììíûõ ïðîöåäóð
Algebra, [152]. Óêàçàííûå íèæå êîäû îïèñàíû â ïðîãðàììå [ 153].1

II.1.2 Ìàòåìàòè÷åñêàÿ ìîäåëü òåîðèè ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé

Èòàê, ðàññìîòðèì ñèñòåìó àëãåáðàè÷åñêèõ ëèíåéíûõ óðàâíåíèé èçm óðàâ-
íåíèé îòíîñèòåëüíî n íåèçâåñòíûõ:

AX = B )
nX

i =1

aki x i = bk; (k = 1; m); (II.1)

ãäåA -îñíîâíàÿ ìàòðèöà ñèñòåìû, B - ìàòðèöà-ñòîëáåö ñâîáîäíûõ ÷ëåíîâ,
X � ìàòðèöà-ñòîëáåö íåèçâåñòíûõ:

A =

0

@
a11 ::: a1n

::: ::: :::
am1 ::: amn

1

A ; B =

0

@
b1
...

bm

1

A ; X =

0

@
x1
...

xn

1

A : (II.2)

Ïîëüçîâàòåëü ââîäèò óêàçàííóþ ñèñòåìó â Maple íå â ìàòðè÷íîé, à â ñòàí-
äàðòíîé ôîðìå óïîðÿäî÷åííîãî ñïèñêà óðàâíåíèé:

Sys := [� 1 � x + � 2 � y + � � � + � n � u = b1; � 1 � x + � 2 � y + � � � + � n � u = b2;
:::; � 1 � x + � 2 � y + � � � + � n � u = bm];

(II.3)
ãäå� i ; � i ; :::; � i ; bj - êîýôôèöèåíòû óðàâíåíèé ( V.5), ò.å., êîíêðåòíûå ÷èñëà,
à x,y,. . . ,u �- èìåíà ïåðåìåííûõ, êîòîðûå â êîíêðåòíîì çàäàíèè ìîãóò áûòü

1Ïðè èñïîëüçîâàíèè áèáëèîòåêè ïðîãðàìì Algebra ññûëêà íà íåå îáÿçàòåëüíà.
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ïðîèçâîëüíûìè. Ïîýòîìó ïåðâîé çàäà÷åé ÿâëÿåòñÿ êîìïüþòåðíîå ðàñïîçíà-
âàíèå ñèñòåìû (III.3) è ïðèâåäåíèå å¼ ê ñòàíäàðòíîìó âèäó (V.5), à òàêæå
íàõîæäåíèå ðàñøèðåííîé ìàòðèöû ñèñòåìû:

~A =

0

B
B
@

a11 a12 � � � a1n

a21 a22 � � � a2n

� � � � � � � � � � � �
am1 am2 � � � amn

�
�
�
�
�
�
�
�

b1

b2

� � �
bm

1

C
C
A (II.4)

Èòàê, îïèøåì áèáëèîòåêó Algebra àâòîìàòèçèðîâàííîãî ðåøåíèÿ ñèñòåì ëè-
íåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé.Äëÿ ñîçäàíèÿ áèáëèîòåêè ââîäèì ïóñòóþ
òàáëèöó ñ óêàçàííûì íàèìåíîâàíèåì.

>restart:
Algebra:=table():

II.1.3 Ïðîöåäóðû ðàñïîçíàâàíèÿ ñèñòåìû ëèíåéíûõ àëãåáðàè÷å-
ñêèõ óðàâíåíèé

Äëÿ ðàñïîçíàâàíèÿ ñèñòåìû ( V.5) áèáëèîòåêàAlgebra èìååò ïðîãðàììíóþ
ïðîöåäóðó Algebra[InfoEq] , êîòîðàÿ ïðåäîñòàâëÿåò èíôîðìàöèþ î îäèíî÷-
íîì ëèíåéíîì óðàâíåíèè â âèäå óïîðÿäî÷åííîãî ñïèñêà, ïåðâûé ýëåìåíò êî-
òîðîãî åñòü óïîðÿäî÷åííûé ñïèñîê èìåí ïåðåìåííûõ óðàâíåíèÿ, âòîðîé ýëå-
ìåíò - óïîðÿäî÷åííûé ñïèñîê êîýôôèöèåíòîâ ïðè ýòèõ ïåðåìåííûõ, òðåòèé
ýëåìåíò - ïðàâóþ ÷àñòü óðàâíåíèÿ:

> Algebra[InfoEq]:=proc(Eq) local n,i,xxx:
n:=Algebra[number_members](Eq):
xxx:=(i)->Algebra[coef_var](Eq,i):
[[seq(xxx(i)[2],i=1..n)],[seq(xxx(i)[1],i=1..n)],
rhs(Eq)]:end proc:

Çäåñü èñïîëüçîâàíà ïðîöåäóðà number_coef, êîòîðàÿ íàõîäèò êîýôôèöè-
åíò ó i-òîé ïåðåìåííîé, ïðè÷åì åñëè êîýôôèöèåíò ðàâåí 1, ò.å., ìíîæèòåëü
ïåðåä ïåðåìåííîé îòñóòñòâóåò, òî ðåçóëüòàò äåéñòâèÿ ïðîãðàììû áóäåò ¾1¿,
â äðóãèõ íåíóëåâûõ ñëó÷àÿõ ðåçóëüòàò ðàâåí ¾2¿:

Ïðîöåäóðà number_membersíàõîäèò êîëè÷åñòâî ïåðåìåííûõ â ëåâîé ÷àñòè óðàâíåíèÿ

> Algebra[number_members]:=(Eq)->nops(lhs(Eq)):
Ïðèìåð. Êîëè÷åñòâî ïåðåìåííûõ óðàâíåíèÿ x+2*y-3*z=7 ðàâíî 3: (x,y,z)

Ïðîäåìîíñòðèðóåì äåéñòâèå ýòîé ïðîöåäóðû:
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> Algebra[number_members](x+2*y-3*z=7);
3

Ïðîöåäóðà number_coef îïðåäåëÿåò ôàêòîð êîýôôèöèåíòà ó i - òîé ïåðåìåííîé, ïðè-

÷åì, åñëè êîýôôèöèåíò íå çàïèñàí â ÷èñëåííîé ôîðìå, òî ïðîãðàììà äàåò çíà÷åíèå 1, â

äðóãèõ íåíóëåâûõ ñëó÷àÿõ ðàâåí ôàêòîð ðàâåí 2
> Algebra[number_coef]:=(Eq,i)->
> nops([op([op(lhs(Eq))])][i]):
Ïðèìåðû:

> Algebra[number_coef](x+2*y-3*z=7,1);
1

Ïðîöåäóðà coef_var ñîçäàåò óïîðÿäî÷åííûé ñïèñîê [k,z] äëÿ i-òîé ïåðåìåííîé â óðàâ-

íåíèè, ãäå k-êîýôôèöèåíò ïåðåä i-òîé ïåðåìåííîé â óðàâíåíèè, z-èìÿ ýòîé ïåðåìåííîé
> Algebra[coef_var]:=proc(Eq,i) local xx,xxx:
> xx:=[op([op([op(lhs(Eq))])][i])]:
> if Algebra[number_coef](Eq,i)=2 then xxx:=xx:
> else xxx:=[1,op(xx)]:end if:xxx:end proc:
Ïðèìåð

> Algebra[coef_var](x+2*y-3*z=7,2);
[2; y]

> Algebra[coef_var](x+2*y-3*z=7,1);
[1; x]

Ïðîöåäóðà InfoEq ïðåäñòàâëÿåò èíôîðìàöèþ î åäèíè÷íîì ëèíåéíîì óðàâíåíèè â âè-

äå óïîðÿäî÷åííîãî ñïèñêà, ïåðâûé ýëåìåíò êîòîðîãî ïðåäñòàâëÿåò ñîáîé óïîðÿäî÷åííûé

ñïèñîê èìåí ïåðåìåííûõ óðàâíåíèÿ, âòîðîé ýëåìåíò - óïîðÿäî÷åííûé ñïèñîê êîýôôèöè-

åíòîâ ïðè ýòèõ ïåðåìåííûõ, òðåòèé ýëåìåíò - ïðàâóþ ÷àñòü óðàâíåíèÿ, ò.å., ôàêòè÷åñêè

çàïèñûâàåò ñòðîêó ðàñøèðåííîé ìàòðèöû, ñîîòâåòñòâóþùåé ýòîìó óðàâíåíèþ.
> Algebra[InfoEq]:=proc(Eq) local n,i,xxx:
> n:=Algebra[number_members](Eq):
> xxx:=(i)->Algebra[coef_var](Eq,i):
> [[seq(xxx(i)[2],i=1..n)],[seq(xxx(i)[1],i=1..n)],rhs(Eq)]:end
proc:
Ïðèìåð:

> Algebra[InfoEq](x+2*y-3*z=7);
[[x; y; z]; [1; 2; � 3]; 7]

Ïðîöåäóðà associate íàõîäèò îáúåäèíåíèå ïîäìíîæåñòâ x, ïðåäñòàâëåííûõ â âèäå

x={{a_1,..,a_r},{b_1,b_2,..,b_s},..,{c_1,..,c_m}}. Êîíå÷íîå ìíîæåñòâî çàïèñûâàåò â

âèäå óïîðÿäî÷åííîãî

ñïèñêà :
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> Algebra[associate]:=proc(x) local elem,u:
> u:=x[1]:
> for elem in x do
> u:=u union elem:
> end do:[op(u)]: end proc:
Ïðèìåð:

> Algebra[associate]([{õ,y,z},{y,u,z},{y,t,w},{r,u,s}]);
[r; s; t; u; w; y; z; õ]

II.1.4 Ôîðìèðîâàíèå ñèñòåìû óðàâíåíèé â ñòàíäàðòíîì âèäå

Ïðîöåäóðà StandartSys ïðåäñòàâëÿåò ñèñòåìó ëèíåéíûõ óðàâíåíèé â ñòàíäàðòíîì âèäå

ñ óíèôèöèðîâàííûìè èìåíàìè ïåðåìåííûõ X i , ãäå i èçìåíÿåòñÿ â ïðåäåëàõ îò 1 äî nnn �

÷èñëà íåèçâåñòíûõ:
> Algebra[StandartSys]:=proc(Eqs)
> local nn,Eq,i,vars,Vars,nnn,k,SB,
> EQS:
> nn:=nops(Eqs):
> Eq:=(i)->Eqs[i]:
> vars:=(i)->{op(Algebra[InfoEq](Eq(i))[1])}:
> Vars:=Algebra[associate]({seq(vars(i),i=1..nn)}):
> nnn:=nops(Vars):
> SB:={seq(Vars[k]=X[k],k=1..nnn)}:
> EQS:=subs(SB,Eqs):
> EQS:
> end proc:
Ïðèìåð:
> Algebra[StandartSys]([x+2*y-z=5,\
> x+y-3*z=7,5*x-3*y+2*z=9,x+y+z=1]);

>[X[1]+2*X[2]-X[3] = 5, X[1]+X[2]-3*X[3] = 7,
5*X[1]-3*X[2]+2*X[3] = 9,
X[1]+X[2]+X[3] = 1]}[[X_{{1}}+2*X_{{2}}-X_{{3}}=5,
X_{{1}}+X_{{2}}-3*X_{{3}}=7, 5*X_{{1}}-3*X_{{2}}+2*X_{{3}}=9,
X_{{1}}+X_{{2}}+X_{{3}}=1]]

Ïðîöåäóðà Algebra[MatrSys] ñîçäàåò óïîðÿäî÷åííûé ñïèñîê, ñîñòîÿùèé
èç äâóõ ìàòðèö - îñíîâíîé ìàòðèöû ñèñòåìû è ðàñøèðåííîé:

Algebra[MatrSys]:=proc(Eqs) local nn,Eq,i,vars,JJ,Vars,nnn,k,SB,
EQS,aa,bb,AA,AB,AAA,BBB:
nn:=nops(Eqs):
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Eq:=(i)->Eqs[i]:
vars:=(i)->{op(Algebra[InfoEq](Eq(i))[1])}:
Vars:=Algebra[associate]({seq(vars(i),i=1..nn)}):
nnn:=nops(Vars):
SB:={seq(Vars[k]=X[k],k=1..nnn)}:
EQS:=subs(SB,Eqs):
aa:=(i,k)->coeff(lhs(EQS[i]),X[k]):
bb:=(i)->rhs(EQS[i]):
AA:=[seq([seq(aa(i,k),k=1..nnn)],i=1..nn)]:
AB:=[seq([seq(aa(i,k),k=1..nnn),bb(i)],i=1..nn)]:
JJ:=[convert(AA, matrix),convert(AB,matrix)]:
JJ:
end:

Ïðèìåð:

> Algebra[MatrSys]([x+2*y-z=5, y-3*z=7,5*x-3*y+2*z=9]);

[

2

6
6
4

1 2 � 1

0 1 � 3

5 � 3 2

3

7
7
5 ;

2

6
6
4

1 2 � 1 5

0 1 � 3 7

5 � 3 2 9

3

7
7
5]

Îïèøåì ñíà÷àëà íåêîòîðûå ïðîìåæóòî÷íûå, ïðîñòûå, óäîáíûå äëÿ ïîëü-
çîâàòåëÿ ïðîöåäóðû. Ïðîãðàììíàÿ ïðîöåäóðà Matrconverb(XX) êîíâåðòè-
ðóåò ñïèñîê XXâ ìàòðèöó XX:

>Algebra[Matrconverb]:=proc(XX) local nn,mm,AAM,MMM:
nn:=nops(XX):
mm:=nops(XX[1]):
MMM:=array(1..nn,1..mm,XX):
AAM:=convert(MMM,matrix):
end:

Ïðîãðàììíàÿ ïðîöåäóðà convert_vec(YY) ïðåîáðàçóåò îäíîìåðíûé ñïè-
ñîê YYâ ìàòðèöó (matrix) :

>Algebra[convert_vec]:=proc(YY) local ZZ,nn:
nn:=nops(YY):
ZZ:=array(1..nn,YY):
convert(ZZ,matrix):
end proc:
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Ñëåäóþùèå äâå ïðîöåäóðû êîíâåðòèðóþò ñïèñêè â âåêòîðû.

>Matrlinalgg(X,Y)
Algebra[Matrlinalgg]:=proc(X,Y) local XX,YY:
XX:=Algebra[Matrconverb](X):
YY:=Algebra[convert_vec](Y):
linalg[linsolve](XX,YY,'_t[]',S):
end proc:

>Algebra[Matrlinalg]:=proc(X,Y) local XX,YY,ZZ:
XX:=Algebra[Matrconverb](X):
YY:=convert(Y,vector):
ZZ:=linalg[linsolve](XX,YY,'_t[]',S):
convert(ZZ,matrix):
end proc:

II.1.5 Ïîëó÷åíèå îáùåãî ðåøåíèÿ ÑËÀÓ â ñòàíäàðòíîì âèäå

Ïðîãðàììíàÿ ïðîöåäóðà Algebra[SolLinGen] íàõîäèò îáùåå ðåøåíèå ñè-
ñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, ïðè÷åì çíà÷åíèÿ ïàðàìåòðà
t=matr ñîîòâåòñòâóåò âûâîä ðåøåíèÿ ñèñòåìû â ìàòðè÷íîì âèäå, â êîòîðîì
ïðîèçâîëüíûå êîíñòàíòû âûâîäÿòñÿ â ôîðìàòå Ci , ãäå i íîìåð ñòðîêè, ñî-
äåðæàùåé òîëüêî ýòó êîíñòàíòó ñ êîýôôèöèåíòîì 1. Â ñëó÷àå, åñëè ñèñòåìà
íå ñîâìåñòíà, òî âìåñòî ðåøåíèÿ êîìàíäà âûâîäèò ñîîáùåíèå î íåñîâìåñòíî-
ñòè ñèñòåìû óðàâíåíèé. Ïðè ëþáîì äðóãîì çíà÷åíèè ïàðàìåòðà t, íàïðèìåð,
123à, - ðåøåíèå âûâîäèòñÿ â ñïèñî÷íîì âèäå: x=x1, y=y1,....:

\begin{maplegroup}
\begin{mapleinput}
\mapleinline{active}{1d}{Algebra[SolLinGen]:=proc(Eqs,t)
local nn,Eq,i,vars,Vars,nnn,k,SB,
EQS,aa,bb,AA,AB,r1,r2,BB,SSS,C,RRR:
nn:=nops(Eqs):
Eq:=(i)->Eqs[i]:
vars:=(i)->\{op(Algebra[InfoEq](Eq(i))[1])\}:
Vars:=Algebra[associate](\{seq(vars(i),i=1..nn)\}):
nnn:=nops(Vars):
SB:=\{seq(Vars[k]=X[k],k=1..nnn)\}:
EQS:=subs(SB,Eqs):
aa:=(i,k)->coeff(lhs(EQS[i]),X[k]):
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bb:=(i)->rhs(EQS[i]):
AA:=convert([seq([seq(aa(i,k),k=1..nnn)],i=1..nn)],Matrix):
AB:=convert([seq([seq(aa(i,k),k=1..nnn),bb(i)],i=1..nn)],Matrix):
BB:=Vector([seq(bb(i),i=1..nn)]):
r1:=linalg[rank](AA):r2:=linalg[rank](AB):
if r1=r2 then
SSS:=LinearAlgebra[LinearSolve](AA,BB,free=`S`):
RRR:=seq(Vars[i]=SSS[i],i=1..nnn):
else
("Ñèñòåìà íå ñîâìåñòíà")
end if:

if t=matr then SB,convert(SSS,Matrix):
else RRR:end if:
end proc:

Ïðèìåð 1:

> Eq1:=[x+2*y-z=5, x+y-3*z=7,5*x-3*y+2*z=9,y+2*z=-2];
Eq1 := [ x + 2 y � z = 5; x + y � 3z = 7; 5x � 3y + 2 z = 9; y + 2 z = � 2]

> Algebra[SolLinGen](Eq1,matr);

f x = X 1; y = X 2; z = X 3g;

2

6
6
4

29
11
6
11

� 14
11

3

7
7
5

> Eq111:=[x+y=0, 2*y+z=0,z=0];
Eq111 := [ x + y = 0; 2y + z = 0; z = 0]

> Algebra[SolLinGen](Eq111,matr);

f x = X 1; y = X 2; z = X 3g;

2

6
6
4

0

0

0

3

7
7
5

Ïðèìåð 2:

> Eq2:=[x-3*y+10*z-t+u=1,x+y+3*z-t-u=3,x-2*y+2*t+2*u=1];
Eq2 := [ x � 3y + 10 z � t + u = 1; x + y + 3 z � t � u = 3; x � 2y + 2 t + 2 u = 1]

> SSEq2:=Algebra[SolLinGen](Eq2,matr);
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SSEq2 := f t = X 1; u = X 2; x = X 3; y = X 4; z = X 5g;

2

6
6
6
6
6
6
6
4

1=3 � S4 + 9=2S5

� 1 + 2 S4 � 7=2S5

7=3 � 2S5

S4

S5

3

7
7
7
7
7
7
7
5

> Algebra[SolLinGen](Eq2,1);
t = 1=3 � S4 + 9=2S5; u = � 1 + 2 S4 � 7=2S5; x = 7=3 � 2S5; y = S4; z = S5

> SSEq2Matr:=SSEq2[2];

SSEq2Matr :=

2

6
6
6
6
6
6
6
4

1=3 � S4 + 9=2S5

� 1 + 2 S4 � 7=2S5

7=3 � 2S5

S4

S5

3

7
7
7
7
7
7
7
5

> subs({S[3]=1,S[5]=0},SSEq2Matr);
2

6
6
6
6
6
6
6
4

1=3 � S4

� 1 + 2 S4

7=3

S4

0

3

7
7
7
7
7
7
7
5

> SSEq2Vec:=convert(SSEq2Matr,Vector);

SSEq2Vec:=

2

6
6
6
6
6
6
6
4

1=3 � S4 + 9=2S5

� 1 + 2 S4 � 7=2S5

7=3 � 2S5

S4

S5

3

7
7
7
7
7
7
7
5
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II.1.6 Ïðîöåäóðû íàõîæäåíèÿ ôóíäàìåíòàëüíîãî ðåøåíèÿ ñèñòå-
ìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

Îòìåòèì, ÷òî õîòÿ â ÑÊÌ Maple èìååòñÿ ìíîæåñòâî êîìàíä äëÿ ðåøåíèÿ
ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, íî â íåé ïî êàêîé-òî íåïî-
íÿòíîé ïðè÷èíå îòñóòñòâóþò ïðîöåäóðû íàõîæäåíèÿ ôóíäàìåíòàëüíîé
ñèñòåìû ðåøåíèé. Íèæå ìû âîñïîëíèì ýòîò ïðîáåë.

> Algebra[Find]:=proc(X,Y) local XX,XY:
> XY:=op(convert(linalg[transpose](X),list));
> if Y in XY then XX:=1:
> else XX:=0: end if:
> end proc:
Ïðèìåð:
> Algebra[Find]([s,h,F[77],5,9,C[2],3],F[77]);
> Algebra[Find]([s,h,F[77],5,9,C[2],3],F[76]);

1
0

Ïðîöåäóðà Finder(s,a) îòûñêèâàåò ýëåìåíò a â ñïèñêås è îïðåäåëÿåò åãî ïîëîæåíèå;

â ñëó÷àå, åñëè ýëåìåíòa íå ñîäåðæèòñÿ â ñïèñêås, êîìàíäà âûâîäèò ïóñòîé ñïèñîê. Íàäî

çàìåòèòü, ÷òî Finder - î÷åíü óäîáíàÿ êîìàíäà, îíà íàõîäèò âñå, ÷òî ìîæíî, åñëè æå

èñêîìîãî ýëåìåíòà íåò, ïèøåò ïóñòóþ ñêîáêó [].

> Algebra[Finder]:= proc(s,a) local ss,i,j,aa:
> aa:=convert(a,symbol):
> ss:=[]:
> for i from 1 to LinearAlgebra[RowDimension](s) do
> for j from 1 to LinearAlgebra[ColumnDimension](s) do
> if(convert(s[i,j],symbol)=aa) then
> ss:=[op(ss),[i,j]]:
> end if:
> end do:
> end do:
> ss:
> end proc:

Ïðèìåð:

> ssss0:=Algebra[Finder](SSEq2Matr,S[5]):ssss0;
[[5; 1]]

> ssss:=Algebra[Finder](SSEq2Matr,S[3]):ssss;
[]

> ssss1:=Algebra[Finder](SSEq2Matr,S[6]):ssss1;
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[]

> delta:=(i,k)->if i=k then 1:else 0:end if:

> delta(4,3);delta(12,12);
0
1

Ïðîöåäóðà List_Num îïðåäåëÿåò ïîëîæåíèå ýëåìåíòîâ â ìàòðèöå-ñòîëáöå è çàïèñû-

âàåò ýòî ïîëîæåíèå â âèäå óïîðÿäî÷åííîãî ñïèñêà:

> Algebra[List_Num]:=proc(A) local i,ss,nn:
> nn:=nops(A):
> ss:=[]:
> for i from 1 to nn do
> if A[i]=1 then
> ss:=[op(ss),i]:
> end if:
> end do:
> ss:
> end proc:
Ïðèìåð:

> f4:=[0,1,0,0,1,1,0,1];
f4 := [0; 1; 0; 0; 1; 1; 0; 1]

> Algebra[List_Num](f4);
[2; 5; 6; 8]

> Algebra[List_Num](SSEq2Vec);
[]

Ïðîãðàììíàÿ ïðîöåäóðà Algebra[SolLinBasic] íàõîäèò ôóíäàìåíòàëüíîå ðåøåíèå

ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, â ìàòðè÷íîì âèäå. Â ñëó÷àå, åñëè ñèñòåìà

íå ñîâìåñòíà, òî âìåñòî ðåøåíèÿ êîìàíäà âûâîäèò ñîîáùåíèå î íåñîâìåñòíîñòè ñèñòåìû

óðàâíåíèé.
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> Algebra[SolLinBasic]:=
> proc(Eqs) local nn,Eq,i,vars,Vars,nnn,k,SB,
> EQS,aa,bb,AA,AB,r1,r2,BB,SSS,S,RRR,SSSM,
> nFC,NC,mmm,j,ii,FSJ,FS:
> nn:=nops(Eqs):
> Eq:=(i)->Eqs[i]:
> vars:=(i)->{op(Algebra[InfoEq](Eq(i))[1])}:
> Vars:=Algebra[associate]({seq(vars(i),i=1..nn)}):
> nnn:=nops(Vars):
> SB:={seq(Vars[k]=X[k],k=1..nnn)}:
> EQS:=subs(SB,Eqs):
> aa:=(i,k)->coeff(lhs(EQS[i]),X[k]):
> bb:=(i)->rhs(EQS[i]):
> AA:=convert([seq([seq(aa(i,k),k=1..nnn)],i=1..nn)],
> Matrix):
> AB:=convert([seq([seq(aa(i,k),k=1..nnn),bb(i)],i=1..nn)],
> Matrix):
> BB:=Vector([seq(bb(i),i=1..nn)]):
> r1:=linalg[rank](AA):r2:=linalg[rank](AB):
> if r1=r2 then
> SSS:=LinearAlgebra[LinearSolve](AA,BB,free=`S`):
> SSSM:=convert(SSS,Matrix):
> nFC:=[seq(nops(Algebra[Finder](SSSM,S[i])),i=1..nnn)]:
> NC:=Algebra[List_Num](nFC):
> mmm:=nops(NC):
> ii:=(j)->NC[j]:
> FSJ:=(j)->subs({seq(S[ii(k)]=delta(k,j),k=1..mmm)},
> SSSM):
> FS:=convert([seq(FSJ(j),j=1..mmm)],Matrix):
> else
> ("Ñèñòåìà íå ñîâìåñòíà")
> end if:
> FS:
> end proc:
Ïðèìåð:

> Algebra[SolLinBasic](Eq2);
2

6
6
6
6
6
6
6
4

� 2=3 29
6

1 � 9=2

7=3 1=3

1 0

0 1

3

7
7
7
7
7
7
7
5
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Ïðèìåð:

> Eq3:=[x+2*y-3*z+u-6*t+8*n=1,x-y+2*z-t-n=0,2*x+y-z+3*u-t=1];

> Eq3S:=Algebra[SolLinBasic](Eq3);

Eq3S :=

2

6
6
6
6
6
6
6
6
6
6
4

� 10
19 � 12

19
36
19

� 18
19 � 14

19
42
19

1 0 0

� 28
19 � 7

19
40
19

0 1 0

0 0 1

3

7
7
7
7
7
7
7
7
7
7
5

> Eq3S[4,2];

�
7
19

> [seq([seq(Eq3S[i,k],i=1..6)],k=1..3)];

[[�
10
19

; �
18
19

; 1; �
28
19

; 0; 0]; [�
12
19

; �
14
19

; 0; �
7
19

; 1; 0]; [
36
19

;
42
19

; 0;
40
19

; 0; 1]]

> %[2];

[�
12
19

; �
14
19

; 0; �
7
19

; 1; 0]

Ïðîöåäóðà Algebra[SolLinBasic] âûâîäèò ôóíäàìåíòàëüíîå ðåøåíèå â âèäå ìàòðè-

öû, êàæäûé ñòîëáåö êîòîðîé ïðåäñòàâëÿåò ëèíåéíî íåçàâèñèìîå ðåøåíèå:
> Algebra[SolLinBasics]:=proc(Eqs) local mmm,nnn,i,k,SSSS:
> SSSS:=Algebra[SolLinBasic](Eqs):
> mmm:=LinearAlgebra[RowDimension](SSSS):
> nnn:=LinearAlgebra[ColumnDimension](SSSS):
> [seq([seq(SSSS[i,k],i=1..mmm)],k=1..nnn)]:
> end proc:
Ïðèìåð:

> Algebra[SolLinBasics](Eq3);

[[�
10
19

; �
18
19

; 1; �
28
19

; 0; 0]; [�
12
19

; �
14
19

; 0; �
7
19

; 1; 0]; [
36
19

;
42
19

; 0;
40
19

; 0; 1]]

Íàêîíåö, ñîõðàíèì áèáëèîòåêó ¾Algebra¿ â ôàéëå ¾SolLin.m¿.

> save(Algebra,`SolLin.m`):
Ñîçäàííàÿ áèáëèîòåêà ïðîöåäóð ïðèñïîñîáëåíà äëÿ ñòóäåíòîâ íåìàòåìà-

òè÷åñêèõ ôàêóëüòåòîâ, óäîáíà è ïðîñòà â ðàáîòå. Îíà ìîæåò áûòü èñïîëü-
çîâàíà è ïðåïîäàâàòåëÿìè äëÿ ïðîâåðêè ðàáîò ñòóäåíòîâ, à òàêæå äëÿ ãåíå-
ðàöèè çàäàíèé. Êðîìå òîãî, áèáëèîòåêà ìîæåò áûòü èñïîëüçîâàíà è èññëå-
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äîâàòåëÿìè íåìàòåìàòè÷åñêîãî ïðîôèëÿ äëÿ ïðîâåäåíèÿ èññëåäîâàòåëüñêèõ
ðàáîò.

II.2 Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå òðåõìåðíûõ ëèíåé-
íûõ îáúåêòîâ

II.2.1 Àëãåáðàè÷åñêèé ýòàï ìîäåëèðîâàíèÿ

Êàê èçâåñòíî, ëèíåéíàÿ àëãåáðà è àíàëèòè÷åñêàÿ ãåîìåòðèÿ òðàäèöèîííî
òåñíî ñâÿçàíû ìåæäó ñîáîé, ÷òî âûçâàíî, êàê èñòîðè÷åñêèìè êîðíÿìè ýòèõ
ðàçäåëîâ ìàòåìàòèêè, òàê è îïðåäåëÿþùåé çàâèñèìîñòüþ ñòðóêòóð àíàëè-
òè÷åñêîé ãåîìåòðèè ñòðóêòóðàìè è ìåòîäàìè ëèíåéíîé àëãåáðû. Îñîáåííî
òåñíîé ýòà ñâÿçü ïðîÿâëÿåòñÿ â îáëàñòè âåêòîðíîé àëãåáðû. Â ñâîþ î÷å-
ðåäü, âñå íàãëÿäíûå èíòåðïðåòàöèè àëãåáðàè÷åñêîé ñòðóêòóðû âåêòîðíûõ
ïðîñòðàíñòâ, ôàêòè÷åñêè, ÿâëÿþòñÿ ãåîìåòðè÷åñêèìè. Ïðîáëåìà îáåñïå÷å-
íèÿ íàãëÿäíîñòè ýòèõ ñòðóêòóð èãðàåò âàæíóþ ðîëü â âûñøåì îáðàçîâàíèè,
òàê êàê óñâîåíèå ôóíäàìåíòàëüíûõ ãåîìåòðè÷åñêèõ ïîíÿòèé ïîäãîòàâëèâà-
åò ôóíäàìåíò äëÿ ïîíèìàíèÿ ïðîöåññà ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ è
îâëàäåíèÿ ìåòîäàìè êîìïüþòåðíîãî ìîäåëèðîâàíèÿ, ÷òî â ñâîþ î÷åðåäü,
ñîçäàåò ïðåäïîñûëêè äëÿ èííîâàöèîííîãî ðàçâèòèÿ ñîâðåìåííîãî îáðàçîâà-
íèÿ. Ðåøåíèå ïðîáëåìû êîìïüþòåðíîé ðåàëèçàöèè îáúåêòîâ ëèíåéíîé àë-
ãåáðû è àíàëèòè÷åñêîé ãåîìåòðèè è ñîçäàíèÿ íàãëÿäíûõ ãåîìåòðè÷åñêèõ
îáðàçîâ (èíòåðïðåòàöèé) îáúåêòîâ, ñòðóêòóð è ñâîéñòâ ïðåäïîëàãàåò ðåøå-
íèå òðåõ îñíîâíûõ çàäà÷:

1. ïîñòðîåíèå ìàòåìàòè÷åñêèõ ìîäåëåé îñíîâíûõ àëãåáðàè÷åñêèõ ñòðóê-
òóð, îáúåêòîâ è ñâîéñòâ;

2. ïîñòðîåíèå èõ ãåîìåòðè÷åñêèõ èíòåðïðåòàöèé, ò.å., ñîïîñòàâëåíèå èì
ãåîìåòðè÷åñêèõ ìîäåëåé;

3. ïîñòðîåíèå ìíîãîïàðàìåòðè÷åñêèõ êîìïüþòåðíûõ ìîäåëåé ãðàôè÷åñêèõ
îáðàçîâ îáúåêòîâ.

Çàìåòèì, ÷òî ìíîãîïàðàìåòðè÷íîñòü ñîçäàâàåìûõ êîìïüþòåðíûõ ìîäå-
ëåé ÿâëÿåòñÿ âàæíåéøèì ôàêòîðîì êîìïüþòåðíûõ ìîäåëåé, ïîçâîëÿþùèì
óïðàâëÿòü ìàòåìàòè÷åñêîé ìîäåëüþ, ò.å., ïðîâîäèòü êîìïüþòåðíîå ìîäåëè-
ðîâàíèå.
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Ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé èìååò àäåêâàòíóþ ãåîìåò-
ðè÷åñêóþ èíòåðïðåòàöèþ (ñì., íàïðèìåð, [ 154]): êàæäîå ëèíåéíîå àëãåáðà-
è÷åñêîå óðàâíåíèå â n-ìåðíîì ïðîñòðàíñòâå îïðåäåëÿåò ãèïåðïëîñêîñòü, à
ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îïðåäåëÿåò âçàèìíîå ðàñïîëî-
æåíèå ýòèõ ãèïåðïëîñêîñòåé. Åñëè ñèñòåìà óðàâíåíèé íå èìååò ðåøåíèÿ, òî
ãèïåðïëîñêîñòè íå ïåðåñåêàþòñÿ, ò.å., ïàðàëëåëüíû; â ñëó÷àå ñóùåñòâîâàíèÿ
ðåøåíèÿ ãèïåðïëîñêîñòè ïåðåñåêàþòñÿ ïî k-ìåðíûì ïëîñêîñòÿì, âêëþ÷àÿ
1-ìåðíûå (ïðÿìûå) è 0-ìåðíûå (òî÷êè). Â ñëó÷àå òðåõìåðíûõ ïðîñòðàíñòâ,
êîòîðûå, ôàêòè÷åñêè, è âàæíû äëÿ îáùåãî ñðåäíåãî è íåìàòåìàòè÷åñêî-
ãî âûñøåãî îáðàçîâàíèÿ, ÷èñëî ðàçëè÷íûõ òèïîâ âçàèìíîãî ðàñïîëîæåíèÿ
ïëîñêîñòåé èëè ïðÿìûõ çíà÷èòåëüíî ñîêðàùàåòñÿ.

Êàê èçâåñòíî, ïðÿìàÿ â åâêëèäîâîì ïðîñòðàíñòâå E3 îïðåäåëÿåòñÿ îïîð-
íîé òî÷êîé 0 è íåíóëåâûì íàïðàâëÿþùèì âåêòîðîì q 6= 0 êàê ãåîìåòðè÷å-
ñêîå ìåñòî òî÷åê E3:

d(M0; q) =
n

M 2 E3

�
�
�
���!
M0M = �q

o
; ãäå ïàðàìåòð � ïðèíèìàåò çíà÷åíèÿ

íà âñåì ìíîæåñòâå äåéñòâèòåëüíûõ ÷èñåë R. Ïëîñêîñòü â åâêëèäîâîì ïðî-
ñòðàíñòâå òàêæå îïðåäåëÿåòñÿ îïîðíîé òî÷êîé 0 è íåíóëåâûì íîðìàëüíûì
âåêòîðîì N 6= 0, êàê ãåîìåòðè÷åñêîå ìåñòî òî÷åêE3:

�( M0; N ) =
n

M 2 E3

�
�
�
�

N;
���!
M0M

�
= 0

o
:

Ñîîòâåòñòâåííî ýòèì îïðåäåëåíèÿì, ïðè çàäàííîì äåêàðòîâîì ðåïåðå
Rf O;e1; e2; e3g , ãäå ei � âåêòîðû îðòîíîðìèðîâàííîãî áàçèñà: (ei ; ek) =
� ik ;

�
i; k = 1; 3

�
; ïðÿìàÿ d(M0,q) îïèñûâàåòñÿ ïàðàìåòðè÷åñêèìè (èëè êà-

íîíè÷åñêèìè) óðàâíåíèÿìè:

d(M0; q) : x i = x i
0 + �q i ;

�
i = 1; 3

�
; (II.5)

ãäåx i
0; qi ; x i - êîîðäèíàòû îïîðíîé òî÷êè M 0, íàïðàâëÿþùåãî âåêòîðà q,

è òåêóùåé òî÷êè ïðÿìîé M, ñîîòâåòñòâåííî. Ïëîñêîñòü æå â åâêëèäîâîì
ïðîñòðàíñòâå E3 îïèñûâàåòñÿ îáùèì óðàâíåíèåì: �( M0; N ) : (r � r0; N ) =
0 )

A i (x i � x i
0) = 0 ) A(x � x0) + B(y � y0) + C(z � z0) = 0 ; (II.6)

ãäåA i � êîîðäèíàòû íîðìàëüíîãî âåêòîðà N = ( A; B; C ).
Ïðè ïîñòðîåíèè ìàòåìàòè÷åñêèõ ìîäåëåé ëèíåéíûõ îáúåêòîâ â òðåõìåð-

íîì åâêëèäîâîì ïðîñòðàíñòâå ïðèíöèïèàëüíî âàæíûìè ÿâëÿþòñÿ òðè òåî-
ðåìû (ñì. [ 154] è áîëåå ïîäðîáíî [ 155]):

Òåîðåìà 1 . Äâå ïðÿìûå , d(M1; q1) è d(M1; q1), â åâêëèäîâîì ïðîñòðàíñòâå
E3:
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1. ïåðåñåêàþòñÿ â åäèíñòâåííîé òî÷êå ïðè óñëîâèè:

(q1; q2;
���!
M1M2) 6= 0; (II.7)

2. ïàðàëëåëüíû ïðè óñëîâèÿõ:

(q1; q2;
���!
M1M2); (II.8)

[q1; q2] � q1 � q2 6= 0; (II.9)

3. ñîâïàäàþò ïðè óñëîâèÿõ (V.8) è:

[q1; q2] � q1 � q2 = 0; (II.10)

4. èëè ñêðåùèâàþòñÿ ïðè óñëîâèè:

(q1; q2;
���!
M1M2) = 0 : (II.11)

Òåîðåìà 2 . Äâå ïëîñêîñòè, � 1(1; N 1) è � 2(2; N 2), â åâêëèäîâîì ïðîñòðàí-
ñòâå E3:

1. ïåðåñåêàþòñÿ ïî åäèíñòâåííîé ïðÿìîé ïðè óñëîâèè:

[q1; q2] 6= 0; (II.12)

2. ïàðàëëåëüíû ïðè óñëîâèÿõ:

[q1; q2] = 0; (II.13)

M2 =2 � 1(M1; N 1); (II.14)

3. èëè ñîâïàäàþò ïðè óñëîâèÿõ (V.13) è:

M2 2 � 1(M1; N1): (II.15)

Òåîðåìà 3 . Ïðÿìàÿ d(M0; q) è ïëîñêîñòü �( 1; N ) â åâêëèäîâîì ïðî-
ñòðàíñòâå E3:

1. ïåðåñåêàþòñÿ â åäèíñòâåííîé òî÷êå ïðè óñëîâèè:

(q; N) 6= 0; (II.16)

2. ïàðàëëåëüíû ïðè óñëîâèÿõ:

(q; N ) = 0 ; (II.17)

M0 =2 �( M1; N ); (II.18)
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3. è ñîâïàäàþò ïðè óñëîâèÿõ (II.17) è:

M0 2 �( M1; N ): (II.19)

Ôàêòè÷åñêè óðàâíåíèÿ (V.6), (II.6) è ïåðå÷èñëåííûå òðè òåîðåìû ñ àëãåá-
ðàè÷åñêîé òî÷êè çðåíèÿ ïîëíîñòüþ îïèñûâàþò çàäà÷ó î âçàèìíîì ðàñïîëî-
æåíèè ëèíåéíûõ îáúåêòîâ 2. Îäíàêî, ñ ãåîìåòðè÷åñêîé òî÷êè çðåíèÿ çàäà÷à
î âçàèìíîì ðàñïîëîæåíèè ëèíåéíûõ îáúåêòîâ åùå äàëåêî íå çàâåðøåíà.

II.2.2 Ãåîìåòðè÷åñêèé ýòàï ìîäåëèðîâàíèè

Ïðè ïîëó÷åíèè îòâåòà î ðåàëèçàöèè îäíîãî èç ïåðå÷èñëåííûõ òèïîâ âçàèì-
íîãî ðàñïîëîæåíèÿ ëèíåéíûõ îáúåêòîâ â òåîðåìàõ 1-3 (4 òèïà äëÿ ïðÿìûõ,
3 - äëÿ ïëîñêîñòåé è 3 � äëÿ ïëîñêîñòåé è ïðÿìûõ) íåîáõîäèìî äàëåå ðåøèòü
êîíêðåòíóþ ãåîìåòðè÷åñêóþ çàäà÷ó. Òàêèìè çàäà÷àìè ÿâëÿþòñÿ:

1. íàõîæäåíèå êîîðäèíàò òî÷êè ïåðåñå÷åíèÿ ïðÿìûõ;

2. âû÷èñëåíèå óãëà ìåæäó ïðÿìûìè;

3. âû÷èñëåíèå ðàññòîÿíèÿ ìåæäó ïàðàëëåëüíûìè ïðÿìûìè;

4. íàõîæäåíèå óãëà ìåæäó ñêðåùèâàþùèìèñÿ ïðÿìûìè;

5. íàõîæäåíèå ïðÿìîé ïåðåñå÷åíèÿ ïëîñêîñòåé;

6. âû÷èñëåíèå óãëà ìåæäó ïëîñêîñòÿìè;

7. âû÷èñëåíèå ðàññòîÿíèÿ ìåæäó ïàðàëëåëüíûìè ïëîñêîñòÿìè;

8. íàõîæäåíèå êîîðäèíàò òî÷êè ïåðåñå÷åíèÿ ïðÿìîé è ïëîñêîñòè;

9. âû÷èñëåíèå óãëà ìåæäó ïðÿìîé è ïëîñêîñòüþ;

10. âû÷èñëåíèå ðàññòîÿíèÿ ìåæäó ïàðàëëåëüíûìè ïðÿìîé è ïëîñêîñòüþ.

Ðåøåíèå êàæäîé èç ïåðå÷èñëåííûõ âûøå ñòàíäàðòíûõ ãåîìåòðè÷åñêèõ çà-
äà÷ îáåñïå÷èâàåòñÿ ðÿäîì îïðåäåëåíèé è àëãîðèòìîâ, êîòîðûå äîïîëíÿþò
ìàòåìàòè÷åñêóþ ìîäåëü è ïîçâîëÿþò äàòü åé ÷åòêóþ ãåîìåòðè÷åñêóþ èíòåð-
ïðåòàöèþ. Ïðèâåäåì ïðèìåð ìîäåëèðîâàíèÿ âçàèìíîãî ðàñïîëîæåíèÿ ïðÿ-
ìîé è ïëîñêîñòè â ïðîñòðàíñòâå â ñëó÷àå èõ âçàèìíîãî ïåðåñå÷åíèÿ (Ðèñ.
1). Íà ýòîì ðèñóíêå ïîêàçàíî îïðåäåëåíèå óãëà � ìåæäó ïðÿìîé d è ïëîñ-
êîñòüþ Ï êàê óãëà ìåæäó ïðÿìîé d è åå îðòîãîíàëüíîé ïðîåêöèåé d1 íà

2 Ïîä ëèíåéíûìè îáúåêòàìè ïîíèìàþòñÿ ôèãóðû, îïèñûâàåìûå ñèñòåìàìè ëèíåéíûõ óðàâíåíèé.
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ïëîñêîñòü Ï. ïðè ýòîì ÷èñëåííîå çíà÷åíèå óãëà îïðåäåëÿåòñÿ âûðàæåíèåì:
sin� = (qN)

jqjjN j .

Ðèñ. 1. Îïðåäåëåíèå óãëà � ìåæäó ïðÿìîé d è ïëîñ-
êîñòüþ Ï.

II.2.3 Ýòàï êîìïüþòåðíîãî ìîäåëèðîâàíèÿ

Ïîñëå çàâåðøåíèÿ ýòàïà ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ïåðåõîäèì ê êîì-
ïüþòåðíîìó ìîäåëèðîâàíèþ â ïàêåòå Maple.

Êîìïüþòåðíîå ìîäåëèðîâàíèå âçàèìíîãî ðàñïîëîæåíèÿ ïëîñêîñòåé

Çàìåòèì, ÷òî íåñìîòðÿ íà âíåøíþþ ïðîñòîòó ðàññìîòðåííûõ âûøå ìàòå-
ìàòè÷åñêèõ ìîäåëåé, èõ êîìïüþòåðíîå ìîäåëèðîâàíèå äîñòàòî÷íî ñëîæíî,
ïîñêîëüêó îñíîâíûì òðåáîâàíèåì ê ïðîãðàììíûì ïðîäóêòàì, èñïîëüçóåìûì
â ó÷åáíîì ïðîöåññå èëè â íàó÷íîé äåÿòåëüíîñòè íåïðîôåññèîíàëüíûìè ìà-
òåìàòèêàìè, ÿâëÿåòñÿ âûñîêàÿ ñòåïåíü íàãëÿäíîñòè è ïðîñòîòû èõ ïðèìå-
íåíèÿ. Äðóãèìè ñëîâàìè, îáåñïå÷åíèå ñåðâèñíîãî îáñëóæèâàíèÿ ÏÎ ñîçäàåò
÷àùå ãîðàçäî áîëüøå ïðîáëåì, ÷åì ïðèíöèïèàëüíîå àëãîðèòìè÷åñêîå ðå-
øåíèå ïðîáëåìû. Ñîçäàäèì ïðîãðàììíóþ ïðîöåäóðó EqLine3(Eqs,t) ïîë-
íîãî èññëåäîâàíèÿ è ãåîìåòðè÷åñêîãî ìîäåëèðîâàíèÿ âçàèìíîãî ðàñïîëî-
æåíèÿ äâóõ ïëîñêîñòåé, çàäàííûõ îáùèìè óðàâíåíèÿìè Eqs â áèáëèîòåêå

51



Ãëàâà II. Ìîäåëèðîâàíèå îáúåêòîâ âûñøåé ìàòåìàòèêè â MAPLE

Anal_Geom(ñì. [ 156], [157]), ïîçâîëÿþùóþ îïðåäåëèòü âçàèìíî ðàñïîëîæå-
íèå ïëîñêîñòåé â ïðîñòðàíñòâå3:

>restart:
AnalGeo:=table():

>AnalGeo[EqLine3]:=proc(Eqs,t)
local n,m,A,B1,B,F,k1,k2,SS,SST,EQS,M0,M1,q,N1,N2,Q1,
Q2,M2,M3,M4,M5,GP1,GP2,GL,z1,z2,P1,P2,W1,W2:
n:=LinearAlgebra[ColumnDimension](convert(Eqs,Matrix)):
A:=convert([seq([coeffs(lhs(Eqs[i]))],i=1..n)],Matrix):
m:=LinearAlgebra[RowDimension](A):
B1:=seq(rhs(Eqs[i]),i=1..n):
B:=Vector([B1]):
F:=convert([seq([coeffs(lhs(Eqs[i])),rhs(Eqs[i])],i=1..n)],
Matrix):
k1:=linalg[rank](A):
k2:=linalg[rank](F):
if k1=2 and k2=2 then
SS:=LinearAlgebra[LinearSolve](A,B,free='C'):
if
SS[1]=C[1] then SST:=subs(C[1]=t,SS):
elif SS[2]=C[2] then SST:=subs(C[2]=t,SS):
elif SS[3]=C[3] then SST:=subs(C[3]=t,SS):
end if:
EQS:=[SST[1],SST[2],SST[3]]:
M0:=convert(subs(t=0,SST),list):
M1:=convert(subs(t=2,SST),list):
N1:=convert(linalg[row](A,1),Vector):
N2:=convert(linalg[row](A,2),Vector):
q:=convert(coeff(SST,t),Vector):
Q1:=convert(linalg[crossprod](q,N1),list):
Q2:=convert(linalg[crossprod](q,N2),list):
M2:=convert(linalg[matadd](M0,Q1,1,1),list):
M3:=convert(linalg[matadd](M1,Q1,1,1),list):
M4:=convert(linalg[matadd](M0,Q2,1,1),list):
M5:=convert(linalg[matadd](M1,Q2,1,1),list):
GL:=plots[spacecurve](EQS,t=0..2,color=red,thickness=2):

3Ïðè èñïîëüçîâàíèè áèáëèîòåêè ïðîãðàìì Anal_Geomññûëêà íà íåå îáÿçàòåëüíà.
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GP1:=plots[polygonplot3d]([M0,M2,M3,M1]):
GP2:=plots[polygonplot3d]([M0,M4,M5,M1]):
plots[display](GL,GP1,GP2,axes=BOXED,
title="Ïëîñêîñòè ïåðåñåêàþòñÿ ïî êðàñíîé ïðÿìîé"):
elif k1=1 and k2=1 then
("Ïëîñêîñòè ñîâïàäàþò")
else
z1:=LinearAlgebra[LinearSolve](Matrix([[linalg[row](A,1)],
[linalg[row](A,1)]]),Vector([B[1],B[1]]),free=`Z`):
z2:=LinearAlgebra[LinearSolve](Matrix([[linalg[row](A,2)],
[linalg[row](A,2)]]),Vector([B[2],B[2]]),free=`U`):
P1:=subs({Z[1]=0,Z[2]=0,Z[3]=0},z1):
P2:=subs({U[1]=0,U[2]=0,U[3]=0},z2):
if
z1[1]=Z[1] and z1[2]=Z[2] then W1:=subs({Z[1]=u,Z[2]=v},z1[3]):
GP1:=plot3d([u,v,W1],u=0..2,v=0..2,color=green):
W2:=subs({U[1]=u,U[2]=v},z2[3]): GP2:=plot3d([u,v,W2],
u=0..2,v=0..2,color=red):
elif
z1[1]=Z[1] and z1[3]=Z[3] then W1:=subs({Z[1]=u,Z[3]=v},z1[3]):
GP1:=plot3d([u,W1,v],u=0..2,v=0..2,color=green):
W2:=subs({U[1]=u,U[3]=v},z2[3]): GP2:=plot3d([u,W2,v],u=0..2,
v=0..2,color=red):
else
W1:=subs({Z[2]=u,Z[3]=v},z1[1]): GP1:=plot3d([W1,u,v],u=0..2,
v=0..2,color=green):
W2:=subs({U[2]=u,U[3]=v},z2[1]): GP2:=plot3d([W2,u,v],u=0..2,
v=0..2,color=red):
end if:
plots[display](GP1,GP2,axes=BOXED,title="Ïëîñêîñòè ïàðàëëåëüíû"):
end if:
end proc:
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Ïðèìåðû

Ñëó÷àé ïåðåñåêàþùèõñÿ ïëîñêîñòåé

Ïîêàæåì ïðèìåð ââîäà ýòîé ïðîãðàììíîé ïðîöåäóðû äëÿ èññëåäîâàíèÿ âçà-
èìíîãî ðàñïîëîæåíèÿ äâóõ ïëîñêîñòåé, çàäàííûõ ïàðîé îáùèõ óðàâíåíèé:

f 2 � x � 2 � y + z = 21; x + 2 � y � z = � 9g :

>EqLine3([2*x-2*y+z=21,x+2*y-z=-9],t); è åå èñïîëíåíèÿ (Ðèñ. Ðèñ.II.13).
Êàê âèäíî èç ýòîãî ðèñóíêà èñïîëíåíèå êîìàíäû äàåò èçîáðàæåíèå äâóõ
ïëîñêîñòåé, ëèíèþ èõ ïåðåñå÷åíèÿ è íàçâàíèå ðèñóíêà, ñîäåðæàùåå èíôîð-
ìàöèþ î âçàèìíîì ðàñïîëîæåíèè ïëîñêîñòåé. Çàìåòèì òàêæå, ÷òî â ðåçóëü-
òàòå èñïîëíåíèÿ êîìàíäû îáðàçóåòñÿ èíòåðàêòèâíûé 3D-îáúåêò, êîòîðûé
ìîæíî ëåãêî ïîâåðòåòü è ðàññìîòðåòü â ðàçëè÷íûõ ðàêóðñàõ. Òàêæå çàìå-
òèì, ÷òî 3D-ãðàôèêà â â âåðñèè Maple17 ïðîñòî âåëèêîëåïíà.

Ðèñ.II.12 Èñïîëíåíèå êîìàíäû EqLine3([2*x-2*y+z=21,x+2*y-z=-9],t).
Ïëîñêîñòè ïåðåñåêàþòñÿ ïî êðàñíîé ïðÿìîé.

Ñëó÷àé ïàðàëëåëüíûõ ïëîñêîñòåé

EqLine3([x-2*y-3*z=0,x-2*y-3*z=4],t);
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Ðèñ.II.13 Èñïîëíåíèå êîìàíäû EqLine3([x-2*y-3*z=0,x-2*y-3*z=4],t).
Ïëîñêîñòè ïàðàëëåëüíû.

Ñëó÷àé ñîâïàäàþùèõ ïëîñêîñòåé

>EqLine3([x+2*y+z=0,x+2*y+z=0],t);

"Ïëîñêîñòè ñîâïàäàþò"

Êîìïüþòåðíîå ìîäåëèðîâàíèå âçàèìíîãî ðàñïîëîæåíèÿ ïðÿìûõ â ïðîñòðàí-
ñòâå

Ñîçäàäèì òåïåðü â áèáëèîòåêåAnal_Geomïðîãðàììíóþ ïðîöåäóðó
graph3D(M1,q1,M2,q2,a,b,A,B,c1,c2,c3) ïîëíîãî èññëåäîâàíèÿ è ãåîìåò-
ðè÷åñêîãî ìîäåëèðîâàíèÿ âçàèìíîãî ðàñïîëîæåíèÿ äâóõ ïðÿìûõ, çàäàííûõ
ïàðîé îïîðíûõ òî÷åê M1; M2 è ïàðîé íàïðàâëÿþùèõ âåêòîðîâ q1; q2 (a,b
- êîýôôèöèåíòû, A,B � îáîçíà÷åíèå ïðÿìûõ, c1,c2,c3 � öâåòîâûå îïöèè
ïðÿìûõ è èõ îáùåãî ïåðïåíäèêóëÿðà, åñëè òàêîâîé ñóùåñòâóåò):

>AnalGeo[d]:=proc(M,q,t)local ddd:
ddd:=linalg[matadd](M,q,1,t): end proc:
AnalGeo[dAB]:=proc(A,B,t) local AB:
AB:=linalg[matadd](A,B,-1,1):
linalg[matadd](A,AB,1,t):end proc:
AnalGeo[graph_d]:=proc(M,q,a,b,c) local dd,t:
dd:=(t)->d(M,q,t):
plots[spacecurve](dd(t),t=a..b,thickness=2,
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color=c,scaling=CONSTRAINED):
end proc:

>AnalGeo[TT]:=proc(M1,q1,t1,M2,q2,t2) local delta_d,Eq1,Eq2:
delta_d:=linalg[matadd](d(M1,q1,t1),d(M2,q2,t2),1,-1):
Eq1:=linalg[innerprod](q1,delta_d):
Eq2:=linalg[innerprod](q2,delta_d):
solve({Eq1,Eq2},{t1,t2}):end proc:

>AnalGeo[M1_M2]:=proc(M1,q1,M2,q2)
local t1,t2,delta_d,Eq1,Eq2,t1t2:
delta_d:=linalg[matadd](d(M1,q1,t1),d(M2,q2,t2),1,-1):
Eq1:=linalg[innerprod](q1,delta_d):
Eq2:=linalg[innerprod](q2,delta_d):
t1t2:=solve({Eq1,Eq2},{t1,t2}):
[subs(t1t2,d(M1,q1,t1)),subs(t1t2,d(M2,q2,t2))]:
end proc:

>AnalGeo[d_cross]:=proc(M1,q1,M2,q2,t) local A,B:
A:=M1_M2(M1,q1,M2,q2)[1]:
B:=M1_M2(M1,q1,M2,q2)[2]:
dAB(A,B,t):end proc:

>AnalGeo[cross_par]:=proc(M1,q1,M2,q2) local a,b:
a:=M1_M2(M1,q1,M2,q2)[1]:
b:=M1_M2(M1,q1,M2,q2)[2]:
[M1_M2(M1,q1,M2,q2)[1],M1_M2(M1,q1,M2,q2)[2],
linalg[matadd](a,b,-1,1)]:
end proc:

>AnalGeo[lincomb]:=proc(a,b,lambda,mu) local n,i:
n:=nops(a):
[seq(lambda*a[i]+mu*b[i],i=1..n)]:
end proc:
>AnalGeo[scalar_prod]:=proc(a,b)local n,i:
n:=nops(a):
simplify(sum(a[i]*b[i],i=1..n)):
end proc:
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>AnalGeo[graph3D]:=proc(M1,q1,M2,q2,a,b,A,B,c1,c2,c3)
local gd1,gd2,
M3,MM3,m3,GM3,q3,gdcr,M4,MM4,m4,GM4,GM5,GM6,Ra1,Ra2,Rb1,Rb2,
x_min,x_max,y_min,y_max,z_min,z_max:
Ra1:=lincomb(M1,q1,1,a):
Ra2:=lincomb(M2,q2,1,a):
Rb1:=lincomb(M1,q1,1,b):
Rb2:=lincomb(M2,q2,1,b):
x_min:=min(Ra1[1],Ra2[1],Rb1[1],Rb2[1]):
y_min:=min(Ra1[2],Ra2[2],Rb1[2],Rb2[2]):
z_min:=min(Ra1[3],Ra2[3],Rb1[3],Rb2[3]):
x_max:=max(Ra1[1],Ra2[1],Rb1[1],Rb2[1]):
y_max:=max(Ra1[2],Ra2[2],Rb1[2],Rb2[2]):
z_max:=max(Ra1[3],Ra2[3],Rb1[3],Rb2[3]):
gd1:=graph_d(M1,q1,a,b,c1):
gd2:=graph_d(M2,q2,a,b,c2):
M3:=cross_par(M1,q1,M2,q2)[1]:
M4:=cross_par(M1,q1,M2,q2)[2]:
MM3:=convert(M3,list):
MM4:=convert(M4,list):
m3:=convert(M(op(MM3)),name):
m4:=convert(N(op(MM4)),name):
q3:=cross_par(M1,q1,M2,q2)[3]:
gdcr:=graph_d(M3,q3,0,1,c3):
GM3:=plots[textplot3d]([op(MM3),m3],align = {ABOVE,RIGHT},
color=NAVY,font=[TIMES,ROMAN,8]);
GM4:=plots[textplot3d]([op(MM4),m4],align = {ABOVE,RIGHT},
color=NAVY,font=[TIMES,ROMAN,8]);
GM5:=plots[textplot3d]([M1[1]+0.2,M1[2]+0.2,M1[3]+0.2,`A`],
align = {ABOVE,LEFT},color=c1,font=[TIMES,ROMAN,10]);
GM6:=plots[textplot3d]([M2[1]+0.2,M2[2]+0.2,M2[3]+0.2,`B`],
align = {BELOW,RIGHT},color=c2,font=[TIMES,ROMAN,10]);
plots[display](gd1,gd2,gdcr,GM3,GM4,GM5,GM6,axes=BOXED,
labels=[X,Y,Z],title=
`Ñêðåùèâàþùèåñÿ ïðÿìûå a è b;
ïðÿìàÿ MN - êðàò÷àéøèé ïåðïåíäèêóëÿð`,
view=[x_min..x_max,y_min..y_max,z_min..z_max]):
end proc:

57



Ãëàâà II. Ìîäåëèðîâàíèå îáúåêòîâ âûñøåé ìàòåìàòèêè â MAPLE

Ïðèâåäåì ïðèìåð ââîäà è èñïîëíåíèÿ ïðîãðàììû èññëåäîâàíèÿ âçàèìíî-
ãî ðàñïîëîæåíèÿ äâóõ ïðÿìûõ (Ðèñ. Ðèñ.II.14):

> graph3D([0,1,-2],[-2,0,1],[-1,-1,2],[1,2,-1],-2,2,a,b,
blue,COLOR(RGB,0,0.5,0.5),black);

Ðèñ. Ðèñ.II.14. Èñïîëíåíèå êîìàíäû
graph3D([0,1,-2],[-2,0,1],[-1,-1,2],[1,2,-1],-2,2,a,b,

blue,COLOR(RGB,0,0.5,0.5),black)

Êàê âèäíî, ïðîãðàììíàÿ ïðîöåäóðà èçîáðàæàåò ïðÿìûå ñ èõ íàçâàíèÿìè,
íàõîäèò êðàò÷àéøèé ïåðïåíäèêóëÿð è òî÷êè åãî ïåðåñå÷åíèÿ ñ äàííûìè
ïðÿìûìè. Ñ ïîìîùüþ îïöèè COLOR(RGB,0,0.5,0.5)ìû ïðèäàëè ïðÿìîé b
öâåò ìîðñêîé âîëíû, ïðè÷åì ñäåëàëè åãî áîëåå íàñûùåííûì.

II.3 Ïðèâåäåíèå óðàâíåíèé êðèâûõ âòîðîãî ïîðÿäêà ê
êàíîíè÷åñêîìó âèäó

II.3.1 Ìàòåìàòè÷åñêàÿ ìîäåëü òåîðèè êðèâûõ âòîðîãî ïîðÿäêà

Îáùåå óðàâíåíèå êðèâîé âòîðîãî ïîðÿäêà è êëàññèôèêàöèÿ êðèâûõ âòîðîãî
ïîðÿäêà

Ìàòåìàòè÷åñêóþ òåîðèþ êðèâûõ âòîðîãî ïîðÿäêà ìîæíî íàéòè ïðàêòè÷åñêè
â ëþáûõ ó÷åáíèêàõ ïî àíàëèòè÷åñêîé ãåîìåòðèè.
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Îïðåäåëåíèå ÎII.1. Ëèíèÿ, îïðåäåëÿåìàÿ â ïðÿìîóãîëüíîé ñèñòåìå êî-
îðäèíàò óðàâíåíèåì

Ax 2 + 2Bxy + Cy2 + 2Dx + 2Ey + F = 0; (II.20)

ãäåA; B; C îäíîâðåìåííî íå îáðàùàþòñÿ â íóëü, íàçûâàåòñÿ êðèâîé âòî-
ðîãî ïîðÿäêà, à óðàâíåíèå ( II.20) � åå îáùèì óðàâíåíèåì.

Ñîâåðøåííî î÷åâèäíî, ÷òî âñÿêàÿ îêðóæíîñòü (x � a)2+( y� b)2 = R2 åñòü
êðèâàÿ âòîðîãî ïîðÿäêà ( II.20) ïðè A = C; B = 0, òàê êàê ïîñëå âîçâåäåíèÿ
â êâàäðàò èìååì: x2 + y2 � 2ax � 2by+ a2 + b2 � R2 = 0:

Îáðàòíî, åñëè â ( II.20)

A = C; B = 0;
F
A

< 0, òî ( II.20) åñòü óðàâíåíèå îêðóæíîñòè. Â ñàìîì äåëå,

óìíîæèâ ( II.20) íà
1
A

, ïîëó÷èì óðàâíåíèå:

x2 + y2 � 2ax � 2by� c = 0
�

a = �
D
A

; b= �
E
A

; c = �
F
a

> 0
�

;

êîòîðîå ìîæåò áûòü çàïèñàíî â âèäå

(x � a)2 + ( y � b)2 = c + a2 + b2:

Íàøåé öåëüþ ÿâëÿåòñÿ âûáîð òàêîé íîâîé ïðÿìîóãîëüíîé ñèñòåìû êîîð-
äèíàò
<f O0;~i 0;~j 0;~k 0g, îòíîñèòåëüíî êîòîðîé óðàâíåíèå êðèâîé ( II.20) èìååò íàè-
ìåíüøåå ÷èñëî ÷èñëîâûõ ïàðàìåòðîâ (êàíîíè÷åñêîå óðàâíåíèå). Ïåðåõîä
îñóùåñòâëÿåòñÿ ïî ôîðìóëàì äâèæåíèÿ

x = x0cos� � y0sin� + a
y = x0sin� + y0cos� + b

�
: (II.21)

Ïîäñòàâèâ âìåñòî x è y â (II.20) èõ âûðàæåíèÿ (II.21), ïîëó÷èì

A(x02 cos2 � + y02 sin2 � + a2 � 2x0y0cos� sin� + 2ax0cos� � 2ay0sin� )+

+2B(x02 cos� sin� + x0y0cos2 � + bx0cos� � x0y0sin2 � � y02 sin� cos� � by0sin� +

+ ax0sin� + ay0cos� + ab)+ C(x02 sin2 � + y02 cos2 � + b2+2x0y0cos� sin� +2bx0sin� +

+2by0cos� ) + 2 D(x0cos� � y0sin� + � ) + 2 E(x0sin� + y0cos� + b) + F = 0:

Ïðèâåäÿ ïîäîáíûå ÷ëåíû, èìååì

A0x02 + 2B 0x0y0+ C0y02 + 2D 0x0+ 2E 0y0+ F 0= 0; (II.22)
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ãäå íîâûå êîýôôèöèåíòû âûðàæàþòñÿ ñëåäóþùèì îáðàçîì:

A0= A cos2 � + 2B cos� sin� + C sin2 �

B 0= B cos 2� +
1
2

(C � A) sin 2�

C0= A sin2 � � 2B sin� cos� + C cos2 �
D 0= a(A cos� + B sin� ) + b(B cos� + C sin� ) + D cos� + E sin�
E 0= a(bcos� � A sin� ) + b(C cos� � B sin� ) � D sin� + E cos�
F 0= Aa2 + 2Bab+ Cb2 + 2Da + 2Eb + F

9
>>>>>>>>=

>>>>>>>>;

:

(II.23)
Îòìåòèì ñëåäóþùèé ôàêò:

Îïðåäåëèòåëü � =

�
�
�
�

A B
B C

�
�
�
� ; ñîñòàâëåííûé èç êîýôôèöèåíòîâ

ïðè âòîðîé ñòåïåíè åñòü èíâàðèàíò îòíîñèòåëüíî ïðåîáðàçîâà-
íèé êîîðäèíàò ( II.21).

Â ñàìîì äåëå, ïîäñòàâèâ â âûðàæåíèå � 0 = A0C0 � B 02 çíà÷åíèÿ A0; B 0; C0

èç (II.23), ïîëó÷èì

� 0= A0C0� B 02 = ( AC� B 2) sin4 � +( AC� B 2) cos4 � +2( AC� B 2) sin2 � cos2 � =

= ( AC � B 2)(sin2 � + cos2 � )2 = � : (II.24)

Åñëè â óðàâíåíèè B 6= 0, òî â ïðåîáðàçîâàíèÿõ ( II.21) óãîë � ïîäáåðåì
òàêèì, ÷òîáû êîýôôèöèåíò B 0 â (II.22) îáðàòèëñÿ â íóëü. Äëÿ ýòîãî äîñòà-
òî÷íî, ÷òîáû

B cos 2� +
1
2

(C � A) sin 2� = 0;

ò.å.
ctg 2� =

1
2B

(A � C): (II.25)

Ðàñïîðÿäèìñÿ ñåé÷àñ âûáîðîì ïàðàìåòðîâ a è b äëÿ óïðîùåíèÿ óðàâ-
íåíèÿ ( II.22), ãäå B 0 = 0. Ñ ýòîé öåëüþ äàëüíåéøåå ðàññìîòðåíèå ðàçî-
áüåì íà äâà ñëó÷àÿ â çàâèñèìîñòè îò òîãî, îòëè÷åí îò íóëÿ îïðåäåëèòåëü
� = AC � B 2 â óðàâíåíèè (II.20) èëè îí ðàâåí íóëþ.

(A) Ïóñòü � = AC � B 2 6= 0. Çàìåòèâ, ÷òî îïðåäåëèòåëü, ñîñòàâëåííûé
èç êîýôôèöèåíòîâ ïðè a è b äëÿ D 0 è E 0 â (II.23)

�
�
�
�

A cos� + B sin� B cos� + C sin�
B cos� � A sin� C cos� � B sin�

�
�
�
� = AC � B 2 6= 0; (II.26)
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âûáåðåì a è b òàêèì îáðàçîì, ÷òîáû D 0 = 0 è E 0 = 0. Äëÿ ýòîãî, ñîãëàñíî
(II.23), íåîáõîäèìî ðåøèòü ñèñòåìó óðàâíåíèé îòíîñèòåëüíî íåèçâåñòíûõ a
è b (çíà÷åíèå � ôèêñèðîâàíî ðàâåíñòâîì ( II.25))

a(A cos� + B sin� ) + b(B cos� + C sin� ) = � D cos� � E sin�
a(B cos� � A sin� ) + b(C cos� � B sin� ) = D sin� � E cos�

�
:

Â ñèëó (II.26) äëÿ a è b ïî ôîðìóëàì Êðàìåðà èìååì åäèíñòâåííîå ðåøåíèå.
Ïîäñòàâèâ íàéäåííûå çíà÷åíèÿ �; a; b; â A0; C0; F 0 èç (II.23), ìû ïîëó÷èì

â øòðèõîâàííîé ñèñòåìå êîîðäèíàò ñ íà÷àëîì â òî÷êå O0(a; b) ñëåäóþùåå
óðàâíåíèå:

px02 + qy02 = r: (II.27)

Ïîêàæåì, ÷òî íà÷àëî êîîðäèíàò O0(a; b) ÿâëÿåòñÿ öåíòðîì ñèììåòðèè
êðèâîé (II.27), à øòðèõîâàííûå îñè êîîðäèíàò � îñÿìè ñèììåòðèè. Â ñà-
ìîì äåëå, åñëè â óðàâíåíèè ( II.27) âìåñòî êîîðäèíàòû x0 ïîäñòàâèòü � x0, òî
óðàâíåíèå íå èçìåíèòñÿ. Íå èçìåíèòñÿ îíî è ïîñëå çàìåíû y0 íà � y0. Ýòî
çíà÷èò, ÷òî òî÷êà O0 (ïåðåñå÷åíèå îñåéO0x0 è O0y0) åñòü öåíòð ñèììåòðèè
êðèâîé (II.27). Ëèíèþ âòîðîãî ïîðÿäêà, èìåþùóþ åäèíñòâåííûé öåíòð ñèì-
ìåòðèè íàçûâàþò öåíòðàëüíîé , îñòàëüíûå íîñÿò íàçâàíèå íåöåíòðàëüíûõ.

Åñëèr 6= 0, òî öåíòðàëüíàÿ êðèâàÿ íàçûâàåòñÿíåâûðîæäåííîé , ïðè r = 0
� âûðîæäåííîé .

(A:1) Íåâûðîæäåííûå öåíòðàëüíûå êðèâûå. Ïðåäñòàâèâ óðàâíåíèå (II.27)
â âèäå

x2

�
r
p

� +
y2

�
r
q

� = 1

(ðàäè óïðîùåíèÿ çàïèñè øòðèõè ó ïåðåìåííûõ îïóñòèì) è îáîçíà÷èâ
r
p

= � 1a2;
r
q

= � 2b2 (a; b > 0; � 1 � 1; � 2 = � 1);

ïîëó÷èì
x2

� 1a2 +
y2

� 2b2 = 1: (II.28)

Ïðè � 1 = 1, � 2 = 1 èìååì êàíîíè÷åñêîå óðàâíåíèå ýëëèïñà

x2

a2 +
y2

b2 = 1: (II.29)

Êîãäà a = b, ýëëèïñ ïðåäñòàâëÿåò ñîáîé îêðóæíîñòü. Ïðè � 1 = 1, � 2 = � 1
èìååì êàíîíè÷åñêîå óðàâíåíèå ãèïåðáîëû

x2

a2 �
y2

b2 = 1: (II.30)
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Ïðè � 1 = � 1, � 2 = 1 îïÿòü èìååì óðàâíåíèå ãèïåðáîëû, â êîòîðîì ïî ñðàâ-
íåíèþ ñ II.30 ðîëü ïåðåìåííîé x èãðàåòy è íàîáîðîò. Ýòîò ñëó÷àé ïðèíöè-
ïèàëüíî íå îòëè÷àåòñÿ îò ïðåäûäóùåãî.

Ïðè � 1 = � 1, � 2 = � 1 âåùåñòâåííûõ òî÷åê íå ñóùåñòâóåò (ìíèìûé ýë-
ëèïñ). Î÷åâèäíî, ÷òî ïåðâûé è ÷åòâåðòûé ñëó÷àé ñîîòâåòñòâóþò ñèòóàöèè,
êîãäà � > 0, âòîðîé è òðåòèé, êîãäà� < 0.

(A:2) Âûðîæäåííûå öåíòðàëüíûå êðèâûå. Ïðè r = 0 óðàâíåíèå II.27 çà-
ïèñûâàåòñÿ â âèäå

� 1
x2

a2 + � 2
y2

b2 = 0
�

� 1a2 =
1
p

; � 2b2 =
1
q

�
: (II.31)

Ïðè � 1 = 1; � 2 = 1 (� > 0) èìååì îäíó òî÷êó O0(0; 0). Ïðè � 1 = 1; � 2 =
� 1 (� < 0) ëåâàÿ ÷àñòüII.31 ðàñïàäàåòñÿ íà äâà ñîìíîæèòåëÿ

� x
a

+
y
b

� � x
a

�
y
b

�
= 0:

Ïîýòîìó èìååì ïàðó ïåðåñåêàþùèõñÿ ïðÿìûõ
x
a

+
y
b

= 0;
x
a

�
y
b

= 0 (II.32)

Ïðè � 1 = � 1; � 2 = 1 (� < 0) ñèòóàöèÿ òà æå ñàìàÿ. Ýòîò ñëó÷àé íè÷åì
ïðèíöèïèàëüíûì îò ïðåäûäóùåãî íå îòëè÷àåòñÿ.

Íàêîíåö, ïðè � 1 = � 1; � 2 = � 1 (� > 0) âîçâðàùàåìñÿ ê ïåðâîé ñèòóàöèè.
(B): Ïóñòü � = AC � B 2 = 0. Âçÿâ a = 0; b = 0 â (II.31), ïîñëå âûáî-

ðà óãëà ïîâîðîòà îñåé, � , â âèäå (II.25) ìû ïîëó÷èì, ÷òî B 0 = 0. Èç - çà
èíâàðèàíòíîñòè � èìååì � 0 = A0C0 = 0. Ïóñòü A0 = 0 (åñëèC0 = 0, òî
âñå ðàññóæäåíèÿ ïîâòîðÿþòñÿ áóêâàëüíî, òîëüêî ðîëü x áóäåò èãðàòüy), è,

ñëåäîâàòåëüíî,C06= 0. Óðàâíåíèå (II.22) ïðèíèìàåò ïîñëå óìíîæåíèÿ íà
1
C0

ñëåäóþùèé âèä:
y02 + 2px0+ 2qy0+ r = 0: (II.33)

Ïîñëå ïåðåíîñà íà÷àëà êîîðäèíàò â òî÷êó

O00
�

q2 � r
2p

; � q
�

x00= x0+
r � q2

2p
; y00= y0+ q

(ñëó÷àép = 0 áóäåò ðàññìîòðåí íèæå) èìååì

y002 = 2px00: (II.34)

Ïîëó÷èëè êàíîíè÷åñêîå óðàâíåíèå íåöåíòðàëüíîé íåâûðîæäåííîé êðèâîé
âòîðîãî ïîðÿäêà � ïàðàáîëû .
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Åñëè â (II.33) p = 0, òî ïîñëå ïåðåíîñà íà÷àëà êîîðäèíàò â òî÷êó O00(0; � q) :
x00= x0; y00= y0+ q èìååì êàíîíè÷åñêîå óðàâíåíèå âûðîæäåííîé íåöåíòðàëü-
íîé êðèâîé âòîðîãî ïîðÿäêà

(y00)2 = �a2 (�a2 = q2 � r; � = � 1): (II.35)

Ïðè � = 1 óðàâíåíèå (II.25) îïèñûâàåò ïàðó ïàðàëëåëüíûõ ïðÿìûõ (ïðè
a = 0 ñëèâøèõñÿ), ïðè � = � 1 � ïàðó ìíèìûõ ïàðàëëåëüíûõ ïðÿìûõ.

Íà ýòîì êëàññèôèêàöèÿ âñåõ âîçìîæíûõ àëãåáðàè÷åñêèõ ëèíèé âòîðîãî
ïîðÿäêà çàêîí÷åíà.

II.3.2 Èññëåäîâàíèå ôîðìû è ñâîéñòâ ýëëèïñà

Ïåðåéäåì ê ðàññìîòðåíèþ ñâîéñòâ è óñòàíîâëåíèþ ôîðìû ýëëèïñà (II.29).
Ïðè ýòîì ìû áóäåì ïðåäïîëàãàòü, ÷òî b < a (ïðè b > a ðîëè ïåðåìåííûõ
x è y ìåíÿþòñÿ ìåñòàìè), è íàçûâàòü a � áîëüøîé ïîëóîñüþ ýëëèïñà, b �
ìàëîé ïîëóîñüþ ýëëèïñà.

Ââåäåì ïàðàìåòð c > 0, îïðåäåëèâ åãî èç ðàâåíñòâàc2 = a2 � b2, è ðàñ-
ñìîòðèì íà îñè Ox äâå òî÷êèF1(� c; 0) è F2(c; 0) òàê, ÷òî íà÷àëî êîîðäèíàò
äåëèò îòðåçîêF1F2 ïîïîëàì. Âû÷èñëèì ñåé÷àñ ðàññòîÿíèÿ r1 è r2 îò òî÷åê
F1 è F2 äî ïðîèçâîëüíîé òî÷êè ýëëèïñà M (x; y) : r1 =

p
(x + c)2 + y2; r2 =p

(x � c)2 + y2: Èç óðàâíåíèÿ ( II.29), ïîäñòàâèâ âìåñòî b2 åãî âûðàæåíèå
b2 = a2 � c2, ïîëó÷èì

y2 = a2 � c2 � x2 +
c2

a2x2

è âíåñåì åãî ïîä êîðíè äëÿ r1 è r2

r1 =

r

2cx + a2 +
c2

a2x2 =

r �
a +

c
a

x
� 2

=
�
�
�a +

c
a

x
�
�
�

r2 =

r

� 2cx + a2 +
c2

a2x2 =

r �
a �

c
a

x
� 2

=
�
�
�a �

c
a

x
�
�
�

9
>>=

>>;
:

Èç óðàâíåíèÿ ( II.29) ñëåäóåò, ÷òîjxj � a, è òàê êàêc < a, òî
�
�
�
c
a

x
�
�
� < a .

Òàêèì îáðàçîì, a +
c
a

x > 0 è a �
c
a

x > 0: Ïîýòîìó äëÿ r1 è r2 îêîí÷àòåëüíî
èìååì

r1 = a + ex; r2 = a � ex; (II.36)

ãäå ïàðàìåòð e =
c
a

< 1 íàçûâàþò ýêñöåíòðèñèòåòîì ýëëèïñà. Ñêëàäûâàÿ

ðàâåíñòâà (II.36), ïîëó÷èì, ÷òî

r1 + r2 = 2a
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äëÿ ëþáîé òî÷êè ýëëèïñà. Ýòî ñâîéñòâî ïîçâîëÿåò îïðåäåëèòü ýëëèïñ òàêèì
îáðàçîì:

Ýëëèïñ � ýòî ãåîìåòðè÷åñêîå ìåñòî òî÷åê ïëîñêîñòè, ñóììà
ðàññòîÿíèé îò êîòîðûõ äî äâóõ äàííûõ òî÷åê F1 è F2 (íàçûâà-
åìûõ ôîêóñàìè ýëëèïñà) åñòü âåëè÷èíà ïîñòîÿííàÿ (áîëüøàÿ
÷åì ðàññòîÿíèå ìåæäó ôîêóñàìè).

×èñëà r1 è r2 èç (II.36) ÷àñòî íàçûâàþò ôîêàëüíûìè ðàäèóñàìè ýëëèïñà.
Èññëåäóåì ôîðìó ýëëèïñà ïî åãî êàíîíè÷åñêîìó óðàâíåíèþ. Íàìè óæå

óñòàíîâëåíî, ÷òî îñè êîîðäèíàò ÿâëÿþòñÿ îñÿìè ñèììåòðèè, à íà÷àëî êî-

îðäèíàò � öåíòðîì ñèììåòðèè. Ïîñêîëüêó
x2

a2 � 1 è
y2

b2 � 1, òî ýëëèïñ

ðàñïîëîæåí â ïðÿìîóãîëüíèêå jxj � a; jyj � b.
Äëÿ èññëåäîâàíèÿ ôîðìû ýëëèïñà â ñèëó ñèììåòðèè äîñòàòî÷íî ðàññìîò-

ðåòü òó åãî ÷àñòü, ÷òî ëåæèò â ïåðâîé êîîðäèíàòíîé ÷åòâåðòè:

y =
b
a

p
a2 � x2:

Ïîëó÷èâ ãðàôèê ýòîé ëèíèè è äîñòðîèâ åå ñèììåòðè÷íî â îñòàëüíûõ ÷åò-
âåðòÿõ, ïîëó÷èì ëèíèþ ýëëèïñà ( Ðèñ.II.15)

.
Ðèñ.II.15 Ýëëèïñ.

Ïðè èçó÷åíèè ýëëèïñà îñîáóþ ðîëü èãðàþò äâå ïðÿìûå, ïåðïåíäèêóëÿð-
íûå ê îñè Ox, ñ óðàâíåíèÿìè x = �

a
e

( Ðèñ.II.15) � äèðåêòðèñûýëëèïñà.
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Äëÿ ýëëèïñà
e < 1;

a
e

> a , è, ñëåäîâàòåëüíî, äèðåêòðèñû ðàñïîëîæåíû âíå ýëëèïñà. Äëÿ
äèðåêòðèñ èìååò ìåñòî òåîðåìà, êîòîðóþ ìîæíî âçÿòü çà íîâîå îïðåäåëåíèå
ýëëèïñà.

Òåîðåìà ÒII.1. Îòíîøåíèå ðàññòîÿíèÿ îò ëþáîé òî÷êè ýëëèïñà äî ôî-
êóñà ê ðàññòîÿíèþ åå äî ñîîòâåòñòâóþùåé äèðåêòðèñû åñòü âåëè÷èíà ïî-
ñòîÿííàÿ, ðàâíàÿ ýêñöåíòðèñèòåòó ýëëèïñà.

Äîêàçàòåëüñòâî: hh Äåéñòâèòåëüíî, ïóñòüM (x; y) � òî÷êà ýëëèïñà, d1

è d2 � ðàññòîÿíèÿ äî ñîîòâåòñòâóþùèõ äèððåêòðèñû. Â ñèëó ñèììåòðèè
äîñòàòî÷íî äîêàçàòü òåîðåìó äëÿ îäíîãî èç ôîêóñîâ (íàïðèìåð, äëÿ F2).

Òî÷êà M 0èìååò êîîðäèíàòû (x; 0), à D 0
2 �

� a
e

; 0
�

. Ïîýòîìó d2 = j
���!
M 0D 0

2j =
a
e

� x: Ïîñêîëüêó r2 = a � ex, òî

r2

d2
=

(a � ex)e
a � ex

= e:

ii

Â çàêëþ÷åíèè îñòàíîâèìñÿ íà ïàðàìåòðè÷åñêîì óðàâíåíèè ýëëèïñà. Ñ
ýòîé öåëüþ ðàññìîòðèì îêðóæíîñòü x2 + y2 = a2 è ïðîèçâåäåì òî÷å÷íîå
ñæàòèå ïëîñêîñòè âäîëü îðäèíàò òî÷åê

x = X y =
a
b
Y: (II.37)

Ïîäñòàâèâ â óðàâíåíèå îêðóæíîñòè, ïîëó÷èì óðàâíåíèå ýëëèïñà

X 2

a2 +
Y 2

b2 = 1:

Ïóñòü îêðóæíîñòü çàäàíà â ïàðàìåòðè÷åñêîé ôîðìå:

x = acost; y = asint; (t 2 [0; 2� ]):

Èç (II.37) íàõîäèì X = acost; Y =
b
a

y = bcost (t 2 [0; 2� ]): Ïîýòîìó ïàðà-

ìåòðè÷åñêîå óðàâíåíèå ýëëèïñà ñ ïîëóîñÿìè a è b èìåþò âèä

x = acost
y = bsint

�
(0 � t < 2� ): (II.38)

Â ñëåäóþùåì ðàçäåëå ìû èçó÷èì ãèïåðáîëó è ïàðàáîëó.
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II.3.3 Èññëåäîâàíèå ôîðìû è ñâîéñòâ ãèïåðáîëû

Ïåðåéäåì ê ðàññìîòðåíèþ ãåîìåòðè÷åñêèõ ñâîéñòâ è ôîðìû ãèïåðáîëû

x2

a2 �
y2

b2 = 1 ( a; b > 0): (II.39)

Ââåäåì ïàðàìåòð c > 0 ñ ïîìîùüþ ðàâåíñòâà c2 = a2 + b2, òàê ÷òî c > a,
è ðàññìîòðèì íà îñè Ox äâå òî÷êè F1(� c; 0) è F2(c; 0), êîòîðûå íàçîâåì
ëåâûì è ïðàâûì ôîêóñàìè ãèïåðáîëû. Âû÷èñëèì ôîêàëüíûå ðàññòîÿíèÿ
j
��!
F1M j; j

��!
F2M j äî ïðîèçâîëüíîé òî÷êè ãèïåðáîëû M (x; y) : j

��!
F1M j = r1 =p

(x + c)2 + y2; j
��!
F2M j = r2 =

p
(x � c)2 + y2: Èç (II.39) íàõîäèì

y2 =
c2

a2x2 � x2 � c2 + a2

è ïîäñòàâëÿåì â âûðàæåíèå äëÿ r1 è r2. Èìååì

r1 =

r �
a +

c
a

x
� 2

= ja + exj

r2 =

r �
a �

c
a

x
� 2

= ja � exj

9
>>=

>>;
(II.40)

ãäåe =
c
a

� ïàðàìåòð, íàçûâàåìûé ýêñöåíòðèñèòåòîì ãèïåðáîëû. Çàìåòèì,

÷òî äëÿ ãèïåðáîëû e > 1, òàê êàêc > a:
Èññëåäóåì ðàçëè÷íûå âîçìîæíîñòè, ïðåäñòàâëÿåìûå ðàâåíñòâàìè ( II.40).

Èç (II.39) ñëåäóåò, ÷òî
x2

a2 � 1, ò.å. jxj � a. Ïîýòîìó â çàâèñèìîñòè îò òîãî,

ëåæèò ëèM (x; y) â ïðàâîé ïîëóïëîñêîñòè (x > 0), èëè â ëåâîé (x < 0)
âûðàæåíèÿ äëÿ (II.40) ðàçëè÷íûå.

Åñëè x > 0, òî a + ex > 0 è a � ex < 0, òàê êàê,e > 1; x > a; ex > a:
Ïîýòîìó â ïðàâîé ïîëóïëîñêîñòè âûïîëíåíî

r1 = a + ex; r2 = � a + ex: (II.41)

Åñëèx < 0, òî a + ex < 0, òàê êàê,jexj > a è a � ex > 0. Ïîýòîìó â â ëåâîé
ïîëóïëîñêîñòè âûïîëíåíî

r1 = � a � ex; r2 = a � ex: (II.42)

Èç ýòèõ ðàññóæäåíèé âûòåêàåò, ÷òî ãèïåðáîëà ñîñòîèò èç äâóõ ñèììåòðè÷-
íûõ âåòâåé, ðàñïîëîæåííûõ ñîîòâåòñòâåííî â ïðàâîé è ëåâîé ïîëóïëîñêî-
ñòÿõ. Èç (II.41) è (II.42) äëÿ îáåèõ âåòâåé âûâîäèì èíâàðèàíòíîå ðàâåíñòâî

jr1 � r2j = 2a: (II.43)
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Íà îñíîâàíèè ( II.43) ìîæíî äàòü íîâîå îïðåäåëåíèå ãèïåðáîëû:

Ãèïåðáîëà åñòü ãåîìåòðè÷åñêîå ìåñòî òî÷åê ïëîñêîñòè, ìîäóëü
ðàçíîñòè ðàññòîÿíèé îò êîòîðûõ äî äâóõ ôèêñèðîâàííûõ òî÷åê
F1, F2, íàçûâàåìûõ ôîêóñàìè ãèïåðáîëû åñòü âåëè÷èíà ïîñòî-
ÿííàÿ (íå ðàâíàÿ íóëþ è ìåíüøàÿ ðàññòîÿíèÿ ìåæäó ôîêóñàìè)
.

Ïðè óñòàíîâëåíèè ôîðìû ãèïåðáîëû îòìåòèì, ÷òî îñè Ox è Oy ÿâëÿþòñÿ
îñÿìè ñèììåòðèè , à èõ ïåðåñå÷åíèå � öåíòðîì ñèììåòðèè (öåíòð ãèïåðáî-

ëû). Ïîñêîëüêó
x2

a2 � 1 (jxj � a), òî âåòâè ãèïåðáîëû ëåæàò íà ïëîñêîñòè âíå

ïîëîñû � a < x < a: Òî÷êè ïåðåñå÷åíèÿ âåòâåé ñ îñüþOx (y = 0; A1(� a; 0))
íàçûâàþòñÿ âåðøèíàìè ãèïåðáîëû. Äëÿ ãèïåðáîëû, çàäàííîé óðàâíåíèåì
(II.39) îñü Ox íàçûâàåòñÿäåéñòâèòåëüíîé îñüþãèïåðáîëû, à îñü Oy � ìíè-

ìîé îñüþ ãèïåðáîëû (ïåðåñå÷åíèÿ íåò èç - çà ðàâåíñòâà�
y2

b2 = 1). Â ñè-

ëó ñèììåòðèé äîñòàòî÷íî èññëåäîâàòü ôîðìó ãèïåðáîëû â ïåðâîé ÷åòâåðòè,

y =
b
a

p
x2 � a2, à çàòåì ðàñïðîñòðàíèòü íà âñþ ïëîñêîñòü. Íàðÿäó ñ óêàçàí-

íîé âåòâüþ ãèïåðáîëû öåëåñîîáðàçíî ðàññìîòðåòü ëó÷, èñõîäÿùèé èç íà÷àëà

êîîðäèíàò, ñ óðàâíåíèåì Y =
b
a

x.

Ïóñòü M � òî÷êà ãèïåðáîëû ñ àáñöèññîé x, N � òî÷êà, óêàçàííîé ïðÿìîé
ñ òîé æå àáñöèññîé. Äëÿ ðàçíîñòè îðäèíàò èìååì

Y � y =
b
a

(x �
p

x2 � a2):

Ïðè íåîãðàíè÷åííîì âîçðàñòàíèè x äàííàÿ ðàçíîñòü ìîíîòîííî ñòðåìèòñÿ
ê íóëþ, òàê êàê

lim
x!1

(Y � y) =
b
a

lim
x!1

(x �
p

x2 � a2) =
b
a

lim
x!1

x2 � x2 + a2

(x +
p

x2 � a2)
= 0:

Ïîýòîìó ïðÿìûå y = �
b
a

x ÿâëÿþòñÿ àñèìïòîòàìè ãèïåðáîëû

x2

a2 �
y2

b2 = 1:

Äëÿ ïîñòðîåíèÿ àñèìïòîò ñòðîèì ïðÿìîóãîëüíèê ñî ñòîðîíàìè x = � a; y =
� b. Àñèìïòîòû � ïðÿìûå, ñîäåðæàùèå äèàãîíàëè ïðÿìîóãîëüíèêà. Ïðè ïî-
ñòðîåíèè ãèïåðáîëû óäîáíî ïîñòðîèòü ñíà÷àëà àñèìïòîòû, à çàòåì âåòâè
ãèïåðáîëû ( Ðèñ.II.16).

67



Ãëàâà II. Ìîäåëèðîâàíèå îáúåêòîâ âûñøåé ìàòåìàòèêè â MAPLE

.
Ðèñ.II.16 Ãèïåðáîëà.

Äëÿ ãèïåðáîëû ââîäÿòñÿ äâå ïðÿìûå, ïåðïåíäèêóëÿðíûå ê îñè Ox, ñ óðàâ-
íåíèÿìè x = �

a
e

, è íàçûâàåìûå äèðåêòðèñàìè ãèïåðáîëû. Â ñèëó íåðàâåí-

ñòâàe > 1 äèðåêòðèñû ëåæàò ìåæäó âåðøèíàìè ãèïåðáîëû. Òàê æå, êàê è
äëÿ ýëëèïñà, èìååò ìåñòî óòâåðæäåíèå:

r1

d1
=

r2

d2
= e;

ãäåd1 è d2 � ðàññòîÿíèÿ îò òî÷êè ãèïåðáîëû äî ñîîòâåòñòâóþùèõ äèðåê-
òðèñ ( Ðèñ.II.16). Äîêàçàòåëüñòâî ñîâåðøåííî àíàëîãè÷íî òîìó, ÷òî ïðîâå-
äåíî äëÿ ýëëèïñà, è ïîýòîìó ìû ïðèâîäèòü åãî íå áóäåì. Ïðèâåäåì ëèøü
ôîðìóëèðîâêó òåîðåìû, êîòîðàÿ ÿâëÿåòñÿ ôàêòè÷åñêè åùå îäíèì îïðåäåëå-
íèåì ãèïåðáîëû.

Òåîðåìà ÒII.2. Îòíîøåíèå ðàññòîÿíèÿ îò ëþáîé òî÷êè ãèïåðáîëû äî
ôîêóñà ê ðàññòîÿíèþ åå äî ñîîòâåòñòâóþùåé äèðåêòðèñû åñòü âåëè÷èíà
ïîñòîÿííàÿ, ðàâíàÿ ýêñöåíòðèñèòåòó ãèïåðáîëû e > 1.

Îòìåòèì, ÷òî ãèïåðáîëà
y2

b2 �
x2

a2 = 1:
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íàçûâàåòñÿñîïðÿæåííîé ïî îòíîøåíèþ ê ãèïåðáîëå ( II.39). Äåéñòâèòåëüíîé
îñüþ ñîïðÿæåííîé ãèïåðáîëû ÿâëÿåòñÿ îñü Oy, àñèìïòîòû îñòàþòñÿ ïðåæ-
íèìè.

II.3.4 Èññëåäîâàíèå ôîðìû è ñâîéñòâ ïàðàáîëû

Ïåðåéäåì ê óñòàíîâëåíèþ ãåîìåòðè÷åñêèõ ñâîéñòâ è âèäà ôîðìû ïàðàáîëû

y2 = 2px (p > 0): (II.44)

Ïðåæäå âñåãî îòìåòèì, ÷òî êðèâàÿ ëåæèò â ïðàâîé ïîëóïëîñêîñòè (x � 0)

è ïðîõîäèò ÷åðåç íà÷àëî êîîðäèíàò. Ðàññìîòðèì òî÷êó F
� p

2
; 0

�
, íàçûâàå-

ìóþ ôîêóñîì ïàðàáîëû , è ïðÿìóþ, ïåðïåíäèêóëÿðíóþ ê îñè Ox, ñ óðàâíå-
íèåì x = �

p
2

, íàçûâàåìóþ äèðåêòðèñîé ïàðàáîëû. Ïóñòü M (x; y) � ïðîèç-

âîëüíàÿ òî÷êà ïàðàáîëû. Âû÷èñëèì ðàññòîÿíèå

�
�
�
��!
FM

�
�
� = r =

r �
x �

p
2

� 2
+ y2;

ïîäñòàâèâ y2 èç ñîîòíîøåíèÿ ( II.44). Ïîëó÷èì

r =

r �
x +

p
2

� 2
=

�
�
�x +

p
2

�
�
� = x +

p
2

: (II.45)

Ðàññòîÿíèåd îò M äî äèðåêòðèñûx = �
p
2

òàêæå ðàâíî x +
p
2

. Ïîýòîìó äëÿ

ïàðàáîëû
r
d

= 1: Òàêèì îáðàçîì:

Ïàðàáîëà åñòü ãåîìåòðè÷åñêîå ìåñòî òî÷åê, äëÿ êîòîðûõ ðàñ-
ñòîÿíèå äî ôèêñèðîâàííîé òî÷êè F (ôîêóñà ïàðàáîëû) ðàâíî
ðàññòîÿíèþ äî ôèêñèðîâàííîé ïðÿìîé (äèðåêòðèñû ïàðàáîëû).

Òàê êàê äëÿ ýëëèïñà è ãèïåðáîëû îòíîøåíèå
r
d

åñòü ïîñòîÿííîå ÷èñëî, ðàâíîå

e � ýêñöåíòðèñèòåòó, òî è äëÿ ïàðàáîëû îòíîøåíèå
r
d

= e � íàçûâàþò

ýêñöåíòðèñèòåòîì, ò.å. äëÿ ïàðàáîëû e = 1:
Èç ïðèâåäåííîãî ðàññóæäåíèÿ ñëåäóåò, ÷òî ýëëèïñ, ãèïåðáîëà è ïàðàáîëà

îáëàäàþò îáùèì ãåîìåòðè÷åñêèì ñâîéñòâîì:
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Îòíîøåíèå ðàññòîÿíèÿ r îò ëþáîé òî÷êè M êàæäîé èç ýòèõ
êðèâûõ äî ôîêóñà ê ðàññòîÿíèþ d îò ýòîé òî÷êè M äî ñîîòâåò-
ñòâóþùåé äèðåêòðèñû åñòü âåëè÷èíà ïîñòîÿííàÿ, ðàâíàÿ ýêñ-
öåíòðèñèòåòóe êðèâîé.

.
Ðèñ.II.17 Ïàðàáîëà.

Ôîðìà ïàðàáîëû ëåãêî óñòàíàâëèâàåòñÿ ñ èñïîëüçîâàíèåì ñèììåòðèè îò-
íîñèòåëüíî îñè Ox è ìîíîòîííîãî âîçðàñòàíèÿ ôóíêöèè y =

p
2px (( Ðèñ.II.17))

II.3.5 Ïîëÿðíûå óðàâíåíèÿ êðèâûõ âòîðîãî ïîðÿäêà

Äëÿ âûâîäà åäèíîãî óðàâíåíèÿ ýëëèïñà, ãèïåðáîëû è ïàðàáîëû â ïîëÿðíîé
ñèñòåìå êîîðäèíàò âîñïîëüçóåìñÿ óñòàíîâëåííûì åäèíûì äëÿ ýòèõ êðèâûõ
ñâîéñòâîì

r
d

= e:

Ïóñòü çàäàíà êàêàÿ - ëèáî èç ïåðå÷èñëåííûõ êðèâûõ. Ïîìåñòèì ïîëþñ ïî-
ëÿðíîé ñèñòåìû êîîðäèíàò â ôîêóñ F , à ïîëÿðíóþ îñü � ïî ïåðïåíäèêóëÿðó
îò äèðåêòðèñû ê ôîêóñó (Ðèñ.II.17).
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Ïóñòü B � òî÷êà ïåðåñå÷åíèÿ êðèâîé ñ ïåðïåíäèêóëÿðîì ê ïîëÿðíîé îñè,
èñõîäÿùèì èç ôîêóñà F , à p � äëèíà âåêòîðà

��!
FB , íàçûâàåìàÿ ôîêàëüíûì

ïàðàìåòðîì . Ñîãëàñíî ñâîéñòâó
r
d

= e èìååì, ÷òî

p�
�
�
��!
CB

�
�
�

=
p�

�
�
�!
EF

�
�
�

= e:

Ïîýòîìó
�
�
�
�!
EF

�
�
� =

p
e
, à òàêæå

d =
�
�
�
��!
DM

�
�
� =

�
�
�
��!
EN

�
�
� =

�
�
�
�!
EF

�
�
� + r cos' =

p
e

+ r cos':

Ïîäñòàâëÿÿ äàííîå âûðàæåíèå â îòíîøåíèå
r
d

= e; ïîëó÷èì

r
p
e

+ r cos'
= e:

îòêóäà ñëåäóåò ïîëÿðíîå óðàâíåíèå äëÿ ðàññìàòðèâàåìûõ êðèâûõ âòîðîãî
ïîðÿäêà ( e < 1 � ýëëèïñ, e > 1 � ãèïåðáîëà, e = 1 � ïàðàáîëà):

r =
p

1 � ecos'
: (II.46)

Îòìåòèì, ÷òî ïðè e > 1 èç - çà óñëîâèÿr > 0 óðàâíåíèå (II.46) îïèñûâàåò
òîëüêî îäíó âåòâü ãèïåðáîëû, âíóòðè êîòîðîé ëåæèò ôîêóñ.

Ýëëèïñ, ãèïåðáîëó è ïàðàáîëó íàçûâàþò êîíè÷åñêèìè ñå÷åíèÿìè , ïîòî-
ìó ÷òî èõ ìîæíî ïîëó÷èòü ïóòåì ñå÷åíèÿ ïëîñêîñòÿìè êðóãîâîãî êîíóñà.
Åñëè ïëîñêîñòü ïåðåñåêàåò òîëüêî îäíó ïîëîñòü êîíóñà è ïàðàëëåëüíà îä-
íîé èç îáðàçóþùèõ êîíóñà, òî ïîëó÷èì ïàðàáîëó. Åñëè ñåêóùàÿ ïëîñêîñòü
ïåðåñåêàåò òîëüêî îäíó ïîëîñòü êîíóñà è íå ïàðàëëåëüíà íè îäíîé îáðàçóþ-
ùåé êîíóñà, òî êîíè÷åñêîå ñå÷åíèå áóäåò ýëëèïñîì. Êîãäà ñåêóùàÿ ïëîñêîñòü
ïåðïåíäèêóëÿðíà îñè êîíóñà, ïîëó÷àåì îêðóæíîñòü.

Íàêîíåö, åñëè ñåêóùàÿ ïëîñêîñòü íå ïðîõîäèò ÷åðåç âåðøèíó è ïàðàë-
ëåëüíà îñè êîíóñà, òî ïîëó÷èì ãèïåðáîëó.

II.4 Êîìïüþòåðíîå ìîäåëèðîâàíèå òåîðèè êðèâûõ âòî-
ðîãî ïîðÿäêà

> restart:
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> AnalGeo:=table():

II.4.1 Èçîáðàæåíèå êîîðäèíàòíûõ îñåé

>AnalGeo[Axes1]:=proc(X,Y,alpha,X0)
local ttr,x_max,y_max,x_min,
y_min,x_end,y_end,XY,XX,YY,TXT,xx,yy,xx1,
yy1,ddx,ddy,ddd,ii,xgr,ygr:
x_min:=floor(X[1]):
x_max:=ceil(X[2]):
ddx:=x_max-x_min:
y_min:=floor(Y[1]):
y_max:=ceil(Y[2]):
ddy:=y_max-y_min:
ddd:=max([ddx,ddy]):
ttr:=(xx1,yy1)->[xx1*cos(alpha)-yy1*sin(alpha)+X0[1],
xx1*sin(alpha)+yy1*cos(alpha)+X0[2]]:
XX:=plot([op(ttr(xx1,0)),xx1=x_min..x_min+ddd],
thickness=1,color=black):
YY:=plot([op(ttr(0,yy1)),yy1=y_min..y_min+ddd],
thickness=1,color=black):
xgr:=plots[display](plot([op(ttr(x_min,xx)),xx=0..0.015*ddd],
color=black,thickness=1),
seq(plot([op(ttr(x_min+ii,xx)),xx=0..0.015*ddd],color=black,
thickness=1),ii=1..ddd)):
ygr:=plots[display](plot([op(ttr(xx,y_min)),xx=0..0.015*ddd],
color=black,thickness=1),
seq(plot([op(ttr(xx,y_min+ii)),xx=0..0.015*ddd],color=black,
thickness=1),ii=0..ddd)):
x_end:=x_min+ddd:y_end:=y_min+ddd:
TXT:=plots[textplot]({[op(ttr(0.015*ddd,-0.015*ddd)),`O`],
[op(ttr(x_end,-0.02*ddd)),`x`],
[op(ttr(0.05*ddd,y_end)),`y`]},align={below,right}):
plots[display](XX,YY,xgr,ygr,TXT,axes=NONE,scaling=CONSTRAINED):
end proc:

AnalGeo[Axes0]:=proc(X,Y,alpha,X0) local ttr,XY,XX,
YY,TXT,xx,yy,xx1,yy1,ddx,ddy,ddd:
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ttr:=(xx1,yy1)->[xx1*cos(alpha)-yy1*sin(alpha)+X0[1],
xx1*sin(alpha)+yy1*cos(alpha)+X0[2]]:
XX:=plot([op(ttr(xx1,0)),xx1=X[1]..X[2]],thickness=1,color=black):
YY:=plot([op(ttr(0,yy1)),yy1=Y[1]..Y[2]],thickness=1,color=black):
ddx:=(X[2]-X[1]):
ddy:=(Y[2]-Y[1]):
ddd:=max([ddx,ddy]):
TXT:=plots[textplot]({[op(ttr(0.015*ddd,-0.015*ddd)),`O1`],
[op(ttr(X[2],-0.015*ddd)),`x1`],
[op(ttr(0.015*ddd,Y[2])),`y1`]},align={below,right}):
plots[display](XX,YY,TXT,axes=NONE,scaling=CONSTRAINED):
end proc:

II.4.2 Èçîáðàæåíèå ïàð ïðÿìûõ íà êîîðäèíàòíîé ïëîñêîñòè

>AnalGeo[CrossDir]:=proc(a,b,alpha,X0,c1,c2)
local X,t,Eq1,Eq2,ttr,Eq1_1,Eq2_1,gd1,gd2,M1_1,
M1_2,M2_1,M2_2,X_min,X_max,Y_min,Y_max,CRD,CRD1:
ttr:=(X)->[X[1]*cos(alpha)-X[2]*sin(alpha)+X0[1],
X[1]*sin(alpha)+X[2]*cos(alpha)+X0[2]]:
Eq1:=(a,b,t)->[b*t,a*t]: Eq2:=(a,b,t)->[b*t,-a*t]:
Eq1_1:=(a,b,t,alpha,X0)->ttr(Eq1(a,b,t)):
Eq2_1:=(a,b,t,alpha,X0)->ttr(Eq2(a,b,t)):
M1_1:=Eq1_1(a,b,-1,alpha,X0):
M1_2:=Eq1_1(a,b,1,alpha,X0):
M2_1:=Eq2_1(a,b,-1,alpha,X0):
M2_2:=Eq2_1(a,b,1,alpha,X0):
X_min:=min(0,X0[1],M1_1[1],M1_2[1],M2_1[1],M2_2[1]):
X_max:=max(0,X0[1],M1_1[1],M1_2[1],M2_1[1],M2_2[1]):
Y_min:=min(0,X0[2],M1_1[2],M1_2[2],M2_1[2],M2_2[2]):
Y_max:=max(0,X0[2],M1_1[2],M1_2[2],M2_1[2],M2_2[2]):
CRD:=AnalGeo[Axes1]([X_min,X_max],[Y_min,Y_max],0,[0,0]):
CRD1:=AnalGeo[Axes0]([X_min-X0[1],X_max-X0[1]],
[Y_min-X0[2],Y_max-X0[2]],alpha,X0):
gd1:=(a,b,alpha,X0)->plot([op(Eq1_1(a,b,t,alpha,X0)),
t=-1..1],thickness=1,color=c1):
gd2:=(a,b,alpha,X0)->plot([op(Eq2_1(a,b,t,alpha,X0)),
t=-1..1],thickness=1,color=c2):
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plots[display](gd1(a,b,alpha,X0),gd2(a,b,alpha,X0),
CRD,CRD1):
end proc:

>AnalGeo[ParalDir]:=proc(a,alpha,X0,c1,c2)
local X,t,Eq1,Eq2,ttr,Eq1_1,Eq2_1,gd1,gd2,M1_1,
M1_2,M2_1,M2_2,X_min,X_max,Y_min,Y_max,CRD,CRD1:
ttr:=(X)->[X[1]*cos(alpha)-X[2]*sin(alpha)+X0[1],
X[1]*sin(alpha)+X[2]*cos(alpha)+X0[2]]:
Eq1:=(a,t)->[t,a]: Eq2:=(a,t)->[t,-a]:
Eq1_1:=(a,t,alpha,X0)->ttr(Eq1(a,t)):
Eq2_1:=(a,t,alpha,X0)->ttr(Eq2(a,t)):
M1_1:=Eq1_1(a,-1,alpha,X0):
M1_2:=Eq1_1(a,1,alpha,X0):
M2_1:=Eq2_1(a,-1,alpha,X0):
M2_2:=Eq2_1(a,1,alpha,X0):
X_min:=min(0,X0[1],M1_1[1],M1_2[1],M2_1[1],M2_2[1]):
X_max:=max(0,X0[1],M1_1[1],M1_2[1],M2_1[1],M2_2[1]):
Y_min:=min(0,X0[2],M1_1[2],M1_2[2],M2_1[2],M2_2[2]):
Y_max:=max(0,X0[2],M1_1[2],M1_2[2],M2_1[2],M2_2[2]):
CRD:=AnalGeo[Axes1]([X_min,X_max],[Y_min,Y_max],0,[0,0]):
CRD1:=AnalGeo[Axes0]([X_min-X0[1],X_max-X0[1]],
[Y_min-X0[2],Y_max-X0[2]],alpha,X0):
gd1:=(a,alpha,X0)->plot([op(Eq1_1(a,t,alpha,X0)),
t=-1..1],thickness=1,color=c1):
gd2:=(a,alpha,X0)->plot([op(Eq2_1(a,t,alpha,X0)),
t=-1..1],thickness=1,color=c2):
plots[display](gd1(a,alpha,X0),gd2(a,alpha,X0),CRD,CRD1):
end proc:

AnalGeo[Point]:=proc(alpha,X0,c1)local X,ttr,X_min,
X_max,Y_min,Y_max,CRD,CRD1,gp:
ttr:=(X)->[X[1]*cos(alpha)-X[2]*sin(alpha)+X0[1],
X[1]*sin(alpha)+X[2]*cos(alpha)+X0[2]]:
X_min:=min(0,X0[1],-X0[1]):
X_max:=max(0,X0[1],-X0[1]):
Y_min:=min(0,X0[2],-X0[2]):
Y_max:=max(0,X0[2],-X0[2]):
CRD:=AnalGeo[Axes1]([X_min,X_max],[Y_min,Y_max],0,[0,0]):

74



II.4. Êîìïüþòåðíîå ìîäåëèðîâàíèå òåîðèè êðèâûõ âòîðîãî ïîðÿäêà

CRD1:=AnalGeo[Axes0]([X_min,X_max],[Y_min,Y_max],alpha,X0):
gp:=plots[pointplot](X0,color=c1,symbol=circle,symbolsize=16):
plots[display](CRD,CRD1,gp):
end proc:

II.4.3 Èçîáðàæåíèå ôèãóð âòîðîãî ïîðÿäêà

>AnalGeo[Ell]:=proc(a,b,alpha,X0,c1,c2)
local pp,ee,t,cc,eq2,eq21,X,ttr,
F1,F2,AA1,AA2,BB1,BB2,ells,DD1,DD2,AA12,
BB12,X0A1,X0A2,X0B1,X0B2,
dd,LX,LY,PP,TT,dd1,dd2,gdd1,gdd2:
#####
ttr:=(X)->[X[1]*cos(alpha)-X[2]*sin(alpha)+X0[1],
X[1]*sin(alpha)+X[2]*cos(alpha)+X0[2]]:
if a^2>b^2 then
pp:=b^2/a:ee:=sqrt(a^2-b^2)/a:
cc:=sqrt(a^2-b^2):dd:=evalf(a^2/cc):
else
pp:=a^2/b:ee:=sqrt(b^2-a^2)/b:
cc:=sqrt(b^2-a^2):dd:=evalf(b^2/cc):
end if:
if a^2>b^2 then
F1:=ttr([-cc,0]):F2:=ttr([cc,0]):
else
F1:=ttr([0,-cc]):F2:=ttr([0,cc]):
end if:
AA1:=ttr([-a,0]):AA2:=ttr([a,0]):
BB1:=ttr([0,-b]):BB2:=ttr([0,b]):
AA12:=[AA2[1]-AA1[1],AA2[2]-AA1[2]]:
BB12:=[BB2[1]-BB1[1],BB2[2]-BB1[2]]:
if a^2>b^2 then
DD1:=ttr([-dd,0]):DD2:=ttr([dd,0]):
else
DD1:=ttr([0,-dd]):DD2:=ttr([0,dd]):
end if:
#LX:=AnalGeo[Axes0]([-a,a],[-dd,dd],alpha,X0):
#LY:=AnalGeo[Axes0]([0,0],[-b,b],alpha,X0):
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if a^2>b^2 then
LX:=AnalGeo[Axes0]([-dd,dd],[-b,b],alpha,X0):
#LY:=AnalGeo[Axes1]([-0.2*BB2[1]+1.2*BB1[1],
-0.2*BB1[1]+1.2*BB2[1]],[-0.2*AA2[1]+1.2*AA1[1],
-0.2*AA1[1]+1.2*AA2[1]],alpha,X0):
else
LX:=AnalGeo[Axes0]([-a,a],[-dd,dd],alpha,X0):
#LY:=AnalGeo[Axes1]([-0.2*AA2[1]+1.2*AA1[1],
-0.2*AA1[1]+1.2*AA2[1]],[-0.2*BB2[1]+1.2*BB1[1],
-0.2*BB1[1]+1.2*BB2[1]],alpha,X0):
end if:
LY:=AnalGeo[Axes1]([-dd,dd],[-dd,dd],0,[0,0]):
if a^2>b^2 then
eq2:=(pp,ee,t)->[pp*cos(t)/(1-ee*cos(t))-cc,
pp*sin(t)/(1-ee*cos(t))]:
dd1:=(t)->[DD1[1]+BB12[1]*t,DD1[2]+BB12[2]*t]:
dd2:=(t)->[DD2[1]+BB12[1]*t,DD2[2]+BB12[2]*t]:
else
eq2:=(pp,ee,t)->[pp*sin(t)/(1-ee*cos(t)),
pp*cos(t)/(1-ee*cos(t))-cc]:
dd1:=(t)->[DD1[1]+AA12[1]*t,DD1[2]+AA12[2]*t]:
dd2:=(t)->[DD2[1]+AA12[1]*t,DD2[2]+AA12[2]*t]:
end if:
eq21:=(pp,ee,t,alpha,X0)->ttr(eq2(pp,ee,t)):
ells:=plot([op(eq21(pp,ee,t,alpha,X0)),t=0..2*Pi],
color=c1,thickness=2,scaling=CONSTRAINED,
numpoints=500,axes=normal,scaling=CONSTRAINED):
gdd1:=plot([op(dd1(t)),t=-1/2..1/2],thickness=1,
color=black):
gdd2:=plot([op(dd2(t)),t=-1/2..1/2],thickness=1,
color=black):
TT:=plots[textplot]([[F1[1]+0.5,F1[2],"F1"],
[F2[1]+0.5,F2[2],"F2"],
[AA1[1]+0.3,AA1[2],"A1"],[AA2[1]+0.3,AA2[2],"A2"],
[BB1[1]+0.3,BB1[2],"B1"],[BB2[1]-0.3,BB2[2],"B2"],
[DD1[1]+0.4,DD1[2],"d1"],[DD2[1]+0.4,DD2[2],"d2"]],
title="Ý Ë Ë È Ï Ñ",font=[TIMES,ROMAN,10],color=c2):
PP:=plots[pointplot]([F1,F2,AA1,AA2,BB1,BB2,X0,DD1,DD2],
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color=black,symbol=circle,symbolsize=14,color=c2):
plots[display](LX,LY,ells,gdd1,gdd2,TT,PP,scaling=CONSTRAINED):
end proc:

AnalGeo[Hyp]:=proc(a,b,q,alpha,X0,c1,c2,d)
local pp,ee,t,cc,eq2,eq21,X,ttr,
F1,F2,AA1,AA2,BB1,BB2,DD1,DD2,AA12,
BB12,X0A1,X0A2,X0B1,X0B2,
x_min,x_max,y_min,y_max,l_x,l_y,f,f_k,
TTXY,dd,LX,LY,PP,TT,dd1,dd2,gdd1,gdd2,
eq1,hypb,eq22,g21,g22,M1,M2,M3,M4,p1,p2,
p3,p4,xt1,xt2,asimp1,asimp2,ppg,PPG,TTit:
ttr:=(X)->[X[1]*cos(alpha)-X[2]*sin(alpha)+
X0[1],X[1]*sin(alpha)+X[2]*cos(alpha)+X0[2]]:
M1:=ttr([-a,-b]):M2:=ttr([a,-b]):M3:=ttr([a,b]):
M4:=ttr([-a,b]):
ppg:=plots[polygonplot]([M1,M2,M3,M4],
color=COLOR(RGB,0.75,0.75,0.75),scaling=CONSTRAINED):
PPG:=plots[textplot]([[M1[1]+0.2,M1[2]+0.2,"M1"],
[M2[1]+0.2,M2[2]+0.2,"M2"],
[M3[1]+0.2,M3[2]+0.2,"M3"],
[M4[1]+0.2,M4[2]+0.2,"M4"]],font=[TIMES,ROMAN,10],
color=c2,scaling=CONSTRAINED):
if q=1 then
pp:=b^2/a:ee:=sqrt(a^2+b^2)/a:
cc:=sqrt(a^2+b^2):dd:=a^2/cc:
else
pp:=a^2/b:ee:=sqrt(b^2+a^2)/b:
cc:=sqrt(b^2+a^2):dd:=b^2/cc:
end if:
if q=1 then
F1:=ttr([-cc,0]):F2:=ttr([cc,0]):
else
F1:=ttr([0,-cc]):F2:=ttr([0,cc]):
end if:
p1:=ttr([-(1+d)*cc,-cc*b*(1+d)/a]):
p2:=ttr([(1+d)*cc,cc*b*(1+d)/a]):
p3:=ttr([(1+d)*cc,-cc*b*(1+d)/a]):
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p4:=ttr([-(1+d)*cc,cc*b*(1+d)/a]):
xt1:=ttr([cc*(1+d),0])[1]:
xt2:=ttr([-cc*(1+d),0])[1]:
asimp1:=plot([p1[1]+(p2[1]-p1[1])*t,
p1[2]+(p2[2]-p1[2])*t,t=0..1],
style=point,symbol=point,color=black,
scaling=CONSTRAINED):
asimp2:=plot([p3[1]+(p4[1]-p3[1])*t,
p3[2]+(p4[2]-p3[2])*t,t=0..1],
style=point,symbol=point,color=black,
scaling=CONSTRAINED):
AA1:=ttr([-a,0]):AA2:=ttr([a,0]):
BB1:=ttr([0,-b]):BB2:=ttr([0,b]):
AA12:=[AA2[1]-AA1[1],AA2[2]-AA1[2]]:
BB12:=[BB2[1]-BB1[1],BB2[2]-BB1[2]]:
x_min:=min(F1[1],F2[1],AA1[1],AA2[1],
BB1[1],BB2[1]):
x_max:=max(F1[1],F2[1],AA1[1],AA2[1],
BB1[1],BB2[1]):
l_x:=x_max-x_min:
y_min:=min(F1[2],F2[2],AA1[2],AA2[2],
BB1[2],BB2[2]):
y_max:=max(F1[2],F2[2],AA1[2],AA2[2],
BB1[2],BB2[2]):l_y:=y_max-y_min:
TTXY:=plots[textplot]([[2*(x_max+l_x*0.1),
-2*(l_y*0.05),"x"],[-2*(l_x*0.05),
2*(l_y*0.1+y_max),"y"]],color=black,
font=[TIMES,ROMAN,10]):
if q=1 then
DD1:=ttr([-dd,0]):DD2:=ttr([dd,0]):
else
DD1:=ttr([0,-dd]):DD2:=ttr([0,dd]):
end if:
#Èçîáðàæåíèå íîâûõ îñåé êîîðäèíàò
LX:=plot([(F2[1]-F1[1])*t+F1[1],(F2[2]-F1[2])*t+F1[2],
t=-0.2..1.2],color=black):
if q=1 then
LY:=plot([(BB2[1]-BB1[1])*t+BB1[1],(BB2[2]-BB1[2])*t+BB1[2],
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t=-1..2],color=black):
else
LY:=plot([(AA2[1]-AA1[1])*t+AA1[1],(AA2[2]-AA1[2])*t+AA1[2],
t=-1..2],color=black):
end if:
if q=1 then
#--------------------------------
#Ãëàâíàÿ îñü OX
#Óðàâíåíèÿ ëåâîé(eq1) è ïðàâîé(eq2) âåòâåé
#?ãèïåðáîëû â ïîëÿðíûõ êîîðäèíàòàõ
#--------------------------------
eq1:=(pp,ee,t)->[-pp*cos(t)/(1-ee*cos(t))-cc,
pp*sin(t)/(1-ee*cos(t))]:
eq2:=(pp,ee,t)->[pp*cos(t)/(1-ee*cos(t))+cc,
pp*sin(t)/(1-ee*cos(t))]:
#---------------------------------------
#Óðàâíåíèÿ äèðåêòðèññ äëÿ ñëó÷àÿ ãëàâíîé îñè OX
#----------------------------------------
dd1:=(t)->[DD1[1]+BB12[1]*t,DD1[2]+BB12[2]*t]:
dd2:=(t)->[DD2[1]+BB12[1]*t,DD2[2]+BB12[2]*t]:
else
#Ãëàâíàÿ îñü OY
#Óðàâíåíèÿ íèæíåé(eq1) è âåðõíåé(eq2) âåòâåé
#ãèïåðáîëû â ïîëÿðíûõ êîîðäèíàòàõ
eq1:=(pp,ee,t)->[pp*sin(t)/(1-ee*cos(t)),
-pp*cos(t)/(1-ee*cos(t))-cc]:
eq2:=(pp,ee,t)->[pp*sin(t)/(1-ee*cos(t)),
pp*cos(t)/(1-ee*cos(t))+cc]:
#---------------------------------------
#Óðàâíåíèÿ äèðåêòðèññ äëÿ ñëó÷àÿ ãëàâíîé îñè OY
dd1:=(t)->[DD1[1]+AA12[1]*t,DD1[2]+AA12[2]*t]:
dd2:=(t)->[DD2[1]+AA12[1]*t,DD2[2]+AA12[2]*t]:
end if:
#Ïðåîáðàçîâàííûå óðàâíåíèÿ ëåâîé/íèæíåé(eq21)
#è ïðàâîé/âåðõíåé(eq22) âåòâåé ãèïåðáîëû
eq21:=(pp,ee,t,alpha,X0)->ttr(eq2(pp,ee,t)):
eq22:=(pp,ee,t,alpha,X0)->ttr(eq1(pp,ee,t)):
f:=evalf(arctan(b/a),4):
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if q=1 then
f_k:=evalf(arctan(b*sqrt(cc^2*(1+d)^2-a^2)/(a*cc*d))):
else
f_k:=evalf(arctan(a*sqrt(cc^2*(1+d)^2-b^2)/(b*cc*d))):
end if:
g21:=plot([op(eq21(pp,ee,t,alpha,X0)),t=f_k..2*Pi-f_k],
color=c1,thickness=2,
scaling=CONSTRAINED,
numpoints=500,axes=Normal):
g22:=plot([op(eq22(pp,ee,t,alpha,X0)),t=f_k..2*Pi-f_k],
color=c1,thickness=2,
scaling=CONSTRAINED,
numpoints=500,axes=Normal):
hypb:=plots[display](g21,g22):
TT:=plots[textplot]([[F1[1]+0.5,F1[2],"F1"],
[F2[1]+0.5,F2[2],"F2"],
[X0[1]+0.3,X0[2],"O1"],
[X0[1]+(AA2[1]-X0[1])*1.2+0.3,X0[2]+(AA2[2]-X0[2])*1.2,"x1"],
[X0[1]+(BB2[1]-X0[1])*1.2+0.3,X0[2]+
(BB2[2]-X0[2])*1.2+0.3,"y1"],
[AA1[1]+0.3,AA1[2],"A1"],[AA2[1]+0.3,AA2[2],"A2"],
[BB1[1]+0.3,BB1[2],"B1"],[BB2[1]-0.3,BB2[2],"B2"],
[DD1[1]+0.4,DD1[2],"d1"],[DD2[1]+0.4,DD2[2],"d2"]],
title="ÃÈÏÅÐÁÎËÀ",font=[TIMES,ROMAN,10],color=c2):
PP:=plots[pointplot]([F1,F2,AA1,AA2,BB1,BB2,X0,DD1,DD2],
color=black,symbol=circle,symbolsize=14,color=c2):
gdd1:=plot([dd1(t)[1],dd1(t)[2],t=-1..1],thickness=1,
color=COLOR(RGB,0,0,0),style=line):
gdd2:=plot([op(dd2(t)),t=-1..1],thickness=1,
color=COLOR(RGB,0,0,0)):
plots[display](LX,LY,PP,TT,TTXY,ppg,PPG,
hypb,asimp1,asimp2,gdd1,gdd2,
scaling=CONSTRAINED,labels=["",""]):
#PPG:
#[M1,M2,M3,M4]:
#[x1,y1],ee,cc,t1,t2,f_k:
end proc:
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>AnalGeo[Parbol]:=proc(p,q,alpha,X0,c1,c2)
local pp,ee,t,cc,eq,eq21,X,ttr,
F1,O1,ells,DD1,BB1,BB2,CC1,CC2,DF,BB12,PP1,PP2,PP3,
PP4,X0A1,X0A2,X0B1,X0B2,
x_min,x_max,y_min,y_max,l_x,l_y,TTXY,dd,LX,LY,PP,TT,
dd1,dd2,gdd1,prb,rho:
ttr:=(X)->[X[1]*cos(alpha)-X[2]*sin(alpha)+X0[1],
X[1]*sin(alpha)+X[2]*cos(alpha)+X0[2]]:
dd:=-p/2:
if q=1 then
F1:=ttr([p/2,0]):
DD1:=ttr([dd,0]):
BB1:=ttr([p,0]):
BB2:=ttr([3/2*p,0]):
CC1:=ttr([3/2*p,-sqrt(3)*p]):
CC2:=ttr([3/2*p,sqrt(3)*p]):
PP1:=ttr([-p/2,-sqrt(3)*p]):
PP2:=ttr([-p/2,sqrt(3)*p]):
PP3:=ttr([0,-sqrt(3)*p]):
PP4:=ttr([0,sqrt(3)*p]):
else
F1:=ttr([0,p/2]):
DD1:=ttr([0,dd]):
BB1:=ttr([0,p]):
BB2:=ttr([0,3/2*p]):
CC1:=ttr([-sqrt(3)*p,3/2*p]):
CC2:=ttr([sqrt(3)*p,3/2*p]):
PP1:=ttr([-sqrt(3)*p,-p/2]):
PP2:=ttr([sqrt(3)*p,-p/2]):
PP3:=ttr([-sqrt(3)*p,0]):
PP4:=ttr([sqrt(3)*p,0]):
end if:
rho:=evalf(sqrt((CC2[1]-CC1[1])\symbol{94}2+
(CC2[2]-CC1[2])\symbol{94}2)):
O1:=ttr([0,0]):
DF:=[F1[1]-DD1[1],F1[2]-DD1[2]]:
x_min:=min(CC1[1],CC2[1],DD1[1],PP1[1],PP2[1]):
x_max:=max(CC1[1],CC2[1],DD1[1],PP1[1],PP2[1]):
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l_x:=x_max-x_min:
y_min:=min(CC1[2],CC2[2],DD1[2],PP1[2],PP2[2]):
y_max:=max(CC1[2],CC2[2],DD1[2],PP1[2],PP2[2]):
l_y:=y_max-y_min:
TTXY:=plots[textplot]([[x_max+l_x*0.01,-l_y*0.05,"x"],
[-l_x*0.05,l_y*0.01+y_max,"y"]],color=black,
font=[TIMES,ROMAN,10],align=\{left,above\}):
LX:=plot([(DD1[1]-BB1[1])*t+DD1[1],
(DD1[2]-BB1[2])*t+DD1[2],t=-1.5..1],
color=black):
LY:=plot([(CC2[1]-CC1[1])*t+O1[1],
(CC2[2]-CC1[2])*t+O1[2],t=-0.5..0.5],
color=black):
if q=1 then
eq:=(p,t)->[p*cos(t)/(1-cos(t))+p/2,p*sin(t)/(1-cos(t))]:
dd1:=(t)->ttr([-p/2,t]):
else
eq:=(p,t)->[p*sin(t)/(1-cos(t)),p*cos(t)/(1-cos(t))+p/2]:
dd1:=(t)->ttr([t,-p/2]):
end if:
eq21:=(p,t,alpha,X0)->ttr(eq(p,t)):
prb:=plot([op(eq21(p,t,alpha,X0)),
t=Pi/3..2*Pi-Pi/3],color=c1,thickness=2,
scaling=CONSTRAINED,
numpoints=500,axes=normal,scaling=CONSTRAINED):
gdd1:=plot([dd1(t)[1],dd1(t)[2],t=-rho/2..rho/2],
thickness=1,color=black):
if q=1 then
TT:=plots[textplot]([[F1[1]+0.1,F1[2],"F1"],
[O1[1]+0.1,O1[2],"O1"],[BB2[1]+0.1,BB2[2],"x1"],
[PP4[1]+0.1,PP4[2],"y1"],
[DD1[1]+0.1,DD1[2],"d1"]],title="ÏÀÐÀÁÎËÀ",
font=[TIMES,ROMAN,10],color=c2,
align=\{right,above\}): else
TT:=plots[textplot]([[F1[1]+0.1,F1[2],"F1"],
[O1[1]+0.1,O1[2],"O1"],[BB2[1]+0.1,BB2[2],"x1"],
[PP3[1]+0.1,PP3[2],"y1"],
[DD1[1]+0.1,DD1[2],"d1"]],title="ÏÀÐÀÁÎËÀ",
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font=[TIMES,ROMAN,10],color=c2,
align=\{right,above\}): end if:
PP:=plots[pointplot]([F1,O1,X0,DD1],color=black,
symbol=circle,symbolsize=14,
color=c2):
plots[display](LX,TTXY,LY,prb,gdd1,TT,PP,
scaling=CONSTRAINED):
#[DD1,dd1(t)]:
#eq2(pp,ee,t):
#eq21(p,t,alpha,X0):
end proc:

>AnalGeo[Axes11]:=proc(X,Y,alpha,X0) local ttr,x_max,
y_max,x_min,y_min,XY,XX,YY,TXT,xx,yy,xx1,
yy1,ddx,ddy,ddd,ii,xgr,ygr:
x_min:=floor(X[1]):x_max:=ceil(X[2]):
ddx:=x_max-x_min:y_min:=floor(Y[1]):
y_max:=ceil(Y[2]):ddy:=y_max-y_min:
ddd:=max([ddx,ddy]):
ttr:=(xx1,yy1)->[xx1*cos(alpha)-yy1*sin(alpha)+X0[1],
xx1*sin(alpha)+yy1*cos(alpha)+X0[2]]:
XX:=plot([op(ttr(xx1,0)),xx1=x_min..x_min+ddd],
thickness=1,color=black):
YY:=plot([op(ttr(0,yy1)),yy1=y_min..y_min+ddd],
thickness=1,color=black):
xgr:=plots[display](plot([op(ttr(x_min,xx)),xx=0..0.015*ddd],
color=black,thickness=1),
seq(plot([op(ttr(x_min+ii,xx)),xx=0..0.015*ddd],color=black,
thickness=1),ii=1..ddd)):
ygr:=plots[display](plot([op(ttr(xx,y_min)),xx=0..0.015*ddd],
color=black,thickness=1),
seq(plot([op(ttr(xx,y_min+ii)),xx=0..0.015*ddd],color=black,
thickness=1),ii=0..ddd)):
TXT:=plots[textplot](\{[op(ttr(0.015*ddd,-0.015*ddd)),`O`],
[op(ttr(X[2],-0.015*ddd)),`x`],
[op(ttr(0.015*ddd,Y[2])),`y`]\},align=\{below,right\}):
plots[display](XX,YY,xgr,ygr,TXT,axes=NONE,scaling=CONSTRAINED):
end proc:
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>AnalGeo[Axes01]:=proc(X,Y,cosa,sina,X0)
local ttr,XY,XX,YY,TXT,xx,yy,xx1,yy1,ddx,ddy,ddd:
ttr:=(xx1,yy1)->[xx1*evalf(cosa)-yy1*evalf(sina)+
X0[1],xx1*evalf(sina)+yy1*evalf(cosa)+X0[2]]:
XX:=plot([op(ttr(xx1,0)),xx1=X[1]..X[2]],thickness=1,color=black):
YY:=plot([op(ttr(0,yy1)),yy1=Y[1]..Y[2]],thickness=1,color=black):
ddx:=(X[2]-X[1]):
ddy:=(Y[2]-Y[1]):
ddd:=max([ddx,ddy]):
TXT:=plots[textplot](\{[op(ttr(0.015*ddd,-0.015*ddd)),`O1`],
[op(ttr(X[2],-0.015*ddd)),`x1`],
[op(ttr(0.015*ddd,Y[2])),`y1`]\},align=\{below,right\}):
plots[display](XX,YY,TXT,axes=NONE,scaling=CONSTRAINED):
end proc:

>AnalGeo[Ell1]:=proc(a,b,cosa,sina,X0,c1,c2)
local pp,ee,t,cc,eq2,eq21,X,ttr,
F1,F2,AA1,AA2,BB1,BB2,ells,DD1,DD2,AA12,BB12,O1,
X0A1,X0A2,X0B1,X0B2,
dd,LX,LY,PP,TT,dd1,dd2,gdd1,gdd2:
ttr:=(X)->[X[1]*cosa-X[2]*sina+X0[1],X[1]*sina+
X[2]*cosa+X0[2]]:
if evalf(a^2)>evalf(b^2) then
pp:=b^2/a:ee:=sqrt(a^2-b^2)/a:
cc:=sqrt(a^2-b^2):dd:=a^2/cc:
else
pp:=a^2/b:ee:=sqrt(b^2-a^2)/b:
cc:=sqrt(b^2-a^2):dd:=b^2/cc:
end if:
if evalf(a^2)>evalf(b^2) then
F1:=ttr([-cc,0]):F2:=ttr([cc,0]):
else
F1:=ttr([0,-cc]):F2:=ttr([0,cc]):
end if:
AA1:=ttr([-a,0]):AA2:=ttr([a,0]):
BB1:=ttr([0,-b]):BB2:=ttr([0,b]):
O1:=ttr([0,0]):
AA12:=[AA2[1]-AA1[1],AA2[2]-AA1[2]]:
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BB12:=[BB2[1]-BB1[1],BB2[2]-BB1[2]]:
if evalf(a^2)>evalf(b^2) then
DD1:=ttr([-dd,0]):DD2:=ttr([dd,0]):
else
DD1:=ttr([0,-dd]):DD2:=ttr([0,dd]):
end if:
if evalf(a^2)>evalf(b^2) then
LX:=AnalGeo[Axes01]([-dd,dd],[-b,b],cosa,sina,X0):
else
LX:=AnalGeo[Axes01]([-a,a],[-dd,dd],cosa,sina,X0):
#LY:=AnalGeo[Axes1]([-0.2*AA2[1]+1.2*AA1[1],-0.2*AA1[1]+
1.2*AA2[1]],[-0.2*BB2[1]+1.2*BB1[1],-0.2*BB1[1]+
1.2*BB2[1]],alpha,X0):
end if:
LY:=AnalGeo[Axes11]([-dd,dd],[-b,b],1,0,[0,0]):
if evalf(a^2)>evalf(b^2) then
eq2:=(pp,ee,t)->[pp*cos(t)/(1-ee*cos(t))-cc,
pp*sin(t)/(1-ee*cos(t))]:
dd1:=(t)->[DD1[1]+BB12[1]*t,DD1[2]+BB12[2]*t]:
dd2:=(t)->[DD2[1]+BB12[1]*t,DD2[2]+BB12[2]*t]:
else
eq2:=(pp,ee,t)->[pp*sin(t)/(1-ee*cos(t)),
pp*cos(t)/(1-ee*cos(t))-cc]:
dd1:=(t)->[DD1[1]+AA12[1]*t,DD1[2]+AA12[2]*t]:
dd2:=(t)->[DD2[1]+AA12[1]*t,DD2[2]+AA12[2]*t]:
end if:
eq21:=(pp,ee,t,cosa,sina,X0)->ttr(eq2(pp,ee,t)):
ells:=plot([op(eq21(pp,ee,t,cosa,sina,X0)),t=0..2*Pi],
color=c1,thickness=2,scaling=CONSTRAINED,
numpoints=500,axes=normal,scaling=CONSTRAINED):
gdd1:=plot([op(dd1(t)),t=-1/2..1/2],thickness=1,
color=black):
gdd2:=plot([op(dd2(t)),t=-1/2..1/2],thickness=1,
color=black):
TT:=plots[textplot]([[F1[1],F1[2],"F1"],[F2[1],F2[2],"F2"],
[AA1[1],AA1[2],"A1"],[AA2[1],AA2[2],"A2"],[BB1[1],BB1[2],"B1"],
[BB2[1],BB2[2],"B2"],[DD1[1],DD1[2],"d1"],[DD2[1],DD2[2],"d2"]],
title="? ? ? ? ? ?",font=[TIMES,ROMAN,10],color=c2):
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PP:=plots[pointplot]([F1,F2,AA1,AA2,BB1,BB2,X0,DD1,DD2],
color=black,symbol=circle,symbolsize=14,color=c2):
plots[display](LX,LY,ells,gdd1,gdd2,TT,PP,scaling=CONSTRAINED):
end proc:

II.4.4 Êîìàíäà èçîáðàæåíèÿ ãèïåðáîëû

>AnalGeo[Axes11]:=proc(X,Y,cosa,sina,X0)
local ttr,x_max,y_max,x_min,y_min,XY,XX,YY,
TXT,xx,yy,xx1,yy1,ddx,ddy,ddd,ii,xgr,ygr:
x_min:=floor(X[1]):x_max:=ceil(X[2]):
ddx:=x_max-x_min:y_min:=floor(Y[1]):
y_max:=ceil(Y[2]):ddy:=y_max-y_min:
ddd:=max([ddx,ddy]):
ttr:=(xx1,yy1)->[xx1*cosa-yy1*sina+X0[1],
xx1*sina+yy1*cosa+X0[2]]:
XX:=plot([op(ttr(xx1,0)),xx1=x_min..x_min+ddd],
thickness=1,color=black):
YY:=plot([op(ttr(0,yy1)),yy1=y_min..y_min+ddd],
thickness=1,color=black):
xgr:=plots[display](plot([op(ttr(x_min,xx)),
xx=0..0.015*ddd],color=black,thickness=1),
seq(plot([op(ttr(x_min+ii,xx)),xx=0..0.015*ddd],
color=black,thickness=0),ii=1..ddd)):
ygr:=plots[display](plot([op(ttr(xx,y_min)),
xx=0..0.015*ddd],color=black,thickness=1),
seq(plot([op(ttr(xx,y_min+ii)),xx=0..0.015*ddd],
color=black,thickness=0),ii=0..ddd)):
TXT:=plots[textplot]({[op(ttr(0.015*ddd,-0.015*ddd)),`O`],
[op(ttr(X[2],-0.015*ddd)),`x`],
[op(ttr(0.015*ddd,Y[2])),`y`]},align={below,right}):
plots[display](XX,YY,xgr,ygr,TXT,axes=NONE,
scaling=CONSTRAINED):
end proc:

>AnalGeo[Axes01]:=proc(X,Y,cosa,sina,X0)
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local ttr,XY,XX,YY,TXT,xx,yy,xx1,yy1,ddx,ddy,ddd:
ttr:=(xx1,yy1)->[xx1*evalf(cosa)-yy1*evalf(sina)+X0[1],
xx1*evalf(sina)+yy1*evalf(cosa)+X0[2]]:
XX:=plot([op(ttr(xx1,0)),xx1=X[1]..X[2]],thickness=1,
color=black):
YY:=plot([op(ttr(0,yy1)),yy1=Y[1]..Y[2]],thickness=1,
color=black):
ddx:=(X[2]-X[1]):ddy:=(Y[2]-Y[1]):
ddd:=max([ddx,ddy]):
TXT:=plots[textplot]({[op(ttr(0.015*ddd,-0.015*ddd)),`O1`],
[op(ttr(X[2],-0.015*ddd)),`x1`],
[op(ttr(0.015*ddd,Y[2])),`y1`]},align={below,right}):
plots[display](XX,YY,TXT,axes=NONE,scaling=CONSTRAINED):
end proc:

>AnalGeo[Hyp1]:=proc(a,b,q,cosa,sina,X0,c1,c2,d)
local pp,ee,t,cc,eq2,eq21,X,xx,ttr,F1,F2,AA1,
AA2,BB1,BB2,DD1,DD2,AA12,BB12,X0A1,X0A2,X0B1,X0B2,
x_min,x_max,y_min,y_max,l_x,l_y,f,f_k,TTXY,dd,
coord0,coord1,PP,TT,dd1,dd2,gdd1,gdd2,
eq1,hypb,eq22,g21,g22,M1,M2,M3,M4,asimp1,
asimp2,ppg,PPG,TTit:
ttr:=(X)->[X[1]*cosa-X[2]*sina+X0[1],X[1]*
sina+X[2]*cosa+X0[2]]:
M1:=ttr([-a,-b]): M2:=ttr([a,-b]): M3:=ttr([a,b]):
M4:=ttr([-a,b]):
ppg:=plots[polygonplot]([M1,M2,M3,M4],
color=COLOR(RGB,0.75,0.75,0.75),scaling=CONSTRAINED):
PPG:=plots[textplot]([[M1[1]+0.2,M1[2]+0.2,"M1"],
[M2[1]+0.2,M2[2]+0.2,"M2"],
[M3[1]+0.2,M3[2]+0.2,"M3"],
[M4[1]+0.2,M4[2]+0.2,"M4"]],font=[TIMES,ROMAN,10],
color=c2,scaling=CONSTRAINED):
if q=1 then
pp:=b^2/a:ee:=sqrt(a^2+b^2)/a:
cc:=sqrt(a^2+b^2):dd:=a^2/cc:
else
pp:=a^2/b:ee:=sqrt(b^2+a^2)/b:
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cc:=sqrt(b^2+a^2):dd:=b^2/cc:
end if:
if q=1 then
F1:=ttr([-cc,0]):F2:=ttr([cc,0]):
else
F1:=ttr([0,-cc]):F2:=ttr([0,cc]):
end if:
if q=1 then
asimp1:=plot([op(ttr([xx,b*xx/a])),xx=-(1+d)*cc..(1+d)*cc],
style=point,symbol=point,color=black,scaling=CONSTRAINED):
asimp2:=plot([op(ttr([xx,-b*xx/a])),xx=-(1+d)*cc..(1+d)*cc],
style=point,symbol=point,color=black,scaling=CONSTRAINED):
else
asimp1:=plot([op(ttr([a/b*xx,xx])),xx=-(1+d)*cc..(1+d)*cc],
style=point,symbol=point,color=black,scaling=CONSTRAINED):
asimp2:=plot([op(ttr([-a/b*xx,xx])),xx=-(1+d)*cc..(1+d)*cc],
style=point,symbol=point,color=black,scaling=CONSTRAINED):
end if:
AA1:=ttr([-a,0]):
AA2:=ttr([a,0]):
BB1:=ttr([0,-b]):
BB2:=ttr([0,b]):
AA12:=[AA2[1]-AA1[1],AA2[2]-AA1[2]]:
BB12:=[BB2[1]-BB1[1],BB2[2]-BB1[2]]:
x_min:=min(F1[1],F2[1],AA1[1],AA2[1],BB1[1],BB2[1]):
x_max:=max(F1[1],F2[1],AA1[1],AA2[1],BB1[1],BB2[1]):
l_x:=x_max-x_min:
y_min:=min(F1[2],F2[2],AA1[2],AA2[2],BB1[2],BB2[2]):
y_max:=max(F1[2],F2[2],AA1[2],AA2[2],BB1[2],BB2[2]):
l_y:=y_max-y_min:
if q=1 then
DD1:=ttr([-dd,0]):
DD2:=ttr([dd,0]):
else
DD1:=ttr([0,-dd]):
DD2:=ttr([0,dd]):
end if:
#Èçîáðàæåíèå íîâûõ îñåé êîîðäèíàò
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if q=1 then
coord1:=AnalGeo[Axes11]([-(1+d)*cc,(1+d)*cc],[-b/a*cc*(1+d),
b/a*cc*(1+d)],1,0,[0,0]):
coord0:=AnalGeo[Axes01]([-(1+d)*cc,(1+d)*cc],[-b/a*cc*(1+d),
b/a*cc*(1+d)],cosa,sina,X0):
#LY:=plot([(BB2[1]-BB1[1])*t+BB1[1],(BB2[2]-BB1[2])*t+BB1[2],
t=-1..2],color=black):
else
coord1:=AnalGeo[Axes11]([-a/b*cc*(1+d),a/b*cc*(1+d)],
[-(1+d)*cc,(1+d)*cc],1,0,[0,0]):
coord0:=AnalGeo[Axes01]([-a/b*cc*(1+d),a/b*cc*(1+d)],
[-(1+d)*cc,(1+d)*cc],cosa,sina,X0):
#LY:=plot([(AA2[1]-AA1[1])*t+AA1[1],(AA2[2]-AA1[2])*t+AA1[2],
t=-1..2],color=black):
end if:
#LX:=AnalGeo[Axes11]([-(1+d)*cc,(1+d)*cc],[-b,b],0,[0,0]):
if q=1 then
#--------------------------------
#Ãëàâíàÿ îñü OX
#Óðàâíåíèÿ ëåâîé(eq1) è ïðàâîé(eq2) âåòâåé ãèïåðáîëû â
#ïîëÿðíûõ êîîðäèíàòàõ
#---------------------------------
eq1:=(pp,ee,t)->[-pp*cos(t)/(1-ee*cos(t))-cc,
pp*sin(t)/(1-ee*cos(t))]:
eq2:=(pp,ee,t)->[pp*cos(t)/(1-ee*cos(t))+cc,
pp*sin(t)/(1-ee*cos(t))]:
#---------------------------------------
#Óðàâíåíèÿ äèðåêòðèññ äëÿ ñëó÷àÿ ãëàâíîé îñè OX
dd1:=(t)->[DD1[1]+BB12[1]*t,DD1[2]+BB12[2]*t]:
dd2:=(t)->[DD2[1]+BB12[1]*t,DD2[2]+BB12[2]*t]:
else
#---------------------------------------
#Ãëàâíàÿ îñü OY
#Óðàâíåíèÿ íèæíåé(eq1) è âåðõíåé(eq2)
#âåòâåé ãèïåðáîëû â ïîëÿðíûõ êîîðäèíàòàõ
#---------------------------------------
eq1:=(pp,ee,t)->[pp*sin(t)/(1-ee*cos(t)),
-pp*cos(t)/(1-ee*cos(t))-cc]:
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eq2:=(pp,ee,t)->[pp*sin(t)/(1-ee*cos(t)),
pp*cos(t)/(1-ee*cos(t))+cc]:
#---------------------------------------
#Óðàâíåíèÿ äèðåêòðèññ äëÿ ñëó÷àÿ ãëàâíîé îñè OY
#----------------------------------------
dd1:=(t)->[DD1[1]+AA12[1]*t,DD1[2]+AA12[2]*t]:
dd2:=(t)->[DD2[1]+AA12[1]*t,DD2[2]+AA12[2]*t]:
#
end if:
#Ïðåîáðàçîâàííûå óðàâíåíèÿ ëåâîé/íèæíåé(eq21) è
#ïðàâîé/âåðõíåé(eq22) âåòâåé ãèïåðáîëû
eq21:=(pp,ee,t,cosa,sina,X0)->ttr(eq2(pp,ee,t)):
eq22:=(pp,ee,t,cosa,sina,X0)->ttr(eq1(pp,ee,t)):
f:=evalf(arctan(b/a),4):
if q=1 then
f_k:=evalf(arctan(b*sqrt(cc^2*(1+d)^2-a^2)/(a*cc*d))):
else
f_k:=evalf(arctan(a*sqrt(cc^2*(1+d)^2-b^2)/(b*cc*d))):
end if:
g21:=plot([op(eq21(pp,ee,t,cosa,sina,X0)),t=f_k..2*Pi-f_k],
color=c1,thickness=2,
scaling=CONSTRAINED,
numpoints=500,axes=Normal):
g22:=plot([op(eq22(pp,ee,t,cosa,sina,X0)),t=f_k..2*Pi-f_k],
color=c1,thickness=2,
scaling=CONSTRAINED,
numpoints=500,axes=Normal):
hypb:=plots[display](g21,g22):
TT:=plots[textplot]([[F1[1]+0.5,F1[2],"F1"],
[F2[1]+0.5,F2[2],"F2"],
[AA1[1]+0.3,AA1[2],"A1"],[AA2[1]+0.3,AA2[2],"A2"],
[BB1[1]+0.3,BB1[2],"B1"],[BB2[1]-0.3,BB2[2],"B2"],
[DD1[1]+0.4,DD1[2],"d1"],[DD2[1]+0.4,DD2[2],"d2"]],
title="ÃÈÏÅÐÁÎËÀ",font=[TIMES,ROMAN,10],color=c2):
PP:=plots[pointplot]([F1,F2,AA1,AA2,BB1,BB2,X0,DD1,DD2],
color=black,symbol=circle,symbolsize=14,color=c2):
gdd1:=plot([dd1(t)[1],dd1(t)[2],t=-1..1],thickness=1,
color=COLOR(RGB,0,0,0),style=line):
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gdd2:=plot([op(dd2(t)),t=-1..1],thickness=1,
color=COLOR(RGB,0,0,0)):
plots[display](coord0,coord1,PP,TT,ppg,PPG,hypb,
asimp1,asimp2,gdd1,gdd2,
scaling=CONSTRAINED):
end proc:

Êîìàíäà èçîáðàæåíèÿ îñè

>AnalGeo[Axes11]:=proc(X,Y,cosa,sina,X0)
local ttr,x_max,y_max,x_min,y_min,XY,XX,YY,TXT,
xx,yy,xx1,yy1,ddx,ddy,ddd,ii,xgr,ygr,x_end,y_end:
x_min:=floor(X[1]):x_max:=ceil(X[2]):
ddx:=x_max-x_min:y_min:=floor(Y[1]):
y_max:=ceil(Y[2]):ddy:=y_max-y_min:
ddd:=max([ddx,ddy]):ttr:=(xx1,yy1)->
[xx1*cosa-yy1*sina+X0[1],xx1*sina+yy1*cosa+X0[2]]:
XX:=plot([op(ttr(xx1,0)),xx1=x_min..x_min+ddd],
thickness=1,color=black):
YY:=plot([op(ttr(0,yy1)),yy1=y_min..y_min+ddd],
thickness=1,color=black):
xgr:=plots[display](plot([op(ttr(x_min,xx)),
xx=0..0.015*ddd],color=black,thickness=1),
seq(plot([op(ttr(x_min+ii,xx)),xx=0..0.015*ddd],
color=black,thickness=0),ii=1..ddd)):
ygr:=plots[display](plot([op(ttr(xx,y_min)),
xx=0..0.015*ddd],color=black,thickness=1),
seq(plot([op(ttr(xx,y_min+ii)),xx=0..0.015*ddd],
color=black,thickness=0),ii=0..ddd)):
x_end:=x_min+ddd:y_end:=y_min+ddd:
TXT:=plots[textplot]({[op(ttr(0.015*ddd,-0.015*ddd)),`O`],
[op(ttr(x_end,-0.02*ddd)),`x`],
[op(ttr(0.05*ddd,y_end)),`y`]},align={below,right}):
plots[display](XX,YY,xgr,ygr,TXT,axes=NONE,scaling=CONSTRAINED):
end proc:

>AnalGeo[Axes01]:=proc(X,Y,cosa,sina,X0)
local ttr,XY,XX,YY,TXT,xx,yy,xx1,yy1,ddx,ddy,ddd:
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ttr:=(xx1,yy1)->[xx1*evalf(cosa)-yy1*evalf(sina)+X0[1],
xx1*evalf(sina)+yy1*evalf(cosa)+X0[2]]:
XX:=plot([op(ttr(xx1,0)),xx1=X[1]..X[2]],thickness=1,color=black):
YY:=plot([op(ttr(0,yy1)),yy1=Y[1]..Y[2]],thickness=1,color=black):
ddx:=(X[2]-X[1]):
ddy:=(Y[2]-Y[1]):
ddd:=max([ddx,ddy]):
TXT:=plots[textplot]({[op(ttr(0.015*ddd,-0.015*ddd)),`O1`],
[op(ttr(X[2],-0.015*ddd)),`x1`],
[op(ttr(0.015*ddd,Y[2])),`y1`]},align={below,right}):
plots[display](XX,YY,TXT,axes=NONE,scaling=CONSTRAINED):
end proc:

Êîìàíäà èçîáðàæåíèÿ ïàðàáîëû

>AnalGeo[Parbol1]:=proc(p,q,cosa,sina,X0,c1,c2)
local pp,ee,t,cc,eq,eq21,X,ttr,F1,O1,ells,
DD1,BB1,BB2,CC1,CC2,DF,BB12,PP1,PP2,PP3,PP4,X0A1,X0A2,X0B1,X0B2,
dd,coord0,coord1,PP,TT,dd1,dd2,gdd1,prb,rho:
ttr:=(X)->[X[1]*cosa-X[2]*sina+X0[1],X[1]*sina+X[2]*cosa+X0[2]]:
dd:=-p/2:
if q=1 then
F1:=ttr([p/2,0]):DD1:=ttr([dd,0]):
BB1:=ttr([p,0]):BB2:=ttr([3/2*p,0]):
CC1:=ttr([3/2*p,-sqrt(3)*p]):CC2:=ttr([3/2*p,sqrt(3)*p]):
PP1:=ttr([-p/2,-sqrt(3)*p]):PP2:=ttr([-p/2,sqrt(3)*p]):
PP3:=ttr([0,-sqrt(3)*p]):PP4:=ttr([0,sqrt(3)*p]):
else
F1:=ttr([0,p/2]):DD1:=ttr([0,dd]):
BB1:=ttr([0,p]):BB2:=ttr([0,3/2*p]):
CC1:=ttr([-sqrt(3)*p,3/2*p]):CC2:=ttr([sqrt(3)*p,3/2*p]):
PP1:=ttr([-sqrt(3)*p,-p/2]):PP2:=ttr([sqrt(3)*p,-p/2]):
PP3:=ttr([-sqrt(3)*p,0]):PP4:=ttr([sqrt(3)*p,0]):
end if:
rho:=evalf(sqrt((CC2[1]-CC1[1])^2+(CC2[2]-CC1[2])^2)):
O1:=ttr([0,0]):
DF:=[F1[1]-DD1[1],F1[2]-DD1[2]]:
if p>=0 then
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coord1:=AnalGeo[Axes11]([-3/2*p,3/2*p],
[-sqrt(3)*p,sqrt(3)*p],1,0,[0,0]):
coord0:=AnalGeo[Axes01]([-3/2*p,3/2*p],
[-sqrt(3)*p,sqrt(3)*p],cosa,sina,X0):
else
coord1:=AnalGeo[Axes11]([3/2*p,-3/2*p],
[sqrt(3)*p,-sqrt(3)*p],1,0,[0,0]):
coord0:=AnalGeo[Axes01]([3/2*p,-3/2*p],
[sqrt(3)*p,-sqrt(3)*p],cosa,sina,X0):
end if:
#LX:=plot([(DD1[1]-BB1[1])*t+DD1[1],
(DD1[2]-BB1[2])*t+DD1[2],t=-1.5..1],color=black):
if q=1 then
eq:=(p,t)->[p*cos(t)/(1-cos(t))+p/2,p*sin(t)/(1-cos(t))]:
dd1:=(t)->ttr([-p/2,t]):
else
eq:=(p,t)->[p*sin(t)/(1-cos(t)),p*cos(t)/(1-cos(t))+p/2]:
dd1:=(t)->ttr([t,-p/2]):
end if:
eq21:=(p,t,cosa,sina,X0)->ttr(eq(p,t)):
prb:=plot([op(eq21(p,t,cosa,sina,X0)),t=Pi/3..2*Pi-Pi/3],
color=c1,thickness=2,scaling=CONSTRAINED,
numpoints=500,axes=normal,scaling=CONSTRAINED):
gdd1:=plot([dd1(t)[1],dd1(t)[2],t=-rho/2..rho/2],
thickness=1,color=black):
if q=1 then
TT:=plots[textplot]([[F1[1]+0.1,F1[2],"F1"],
[DD1[1]+0.1,DD1[2],"d1"]],title="ÏÀÐÀÁÎËÀ",font=[TIMES,ROMAN,10],
color=c2,align={right,above}): else
TT:=plots[textplot]([[F1[1]+0.1,F1[2],"F1"],
[DD1[1]+0.1,DD1[2],"d1"]],title="ÏÀÐÀÁÎËÀ",font=[TIMES,ROMAN,10],
color=c2,align={right,above}): end if:
PP:=plots[pointplot]([F1,O1,X0,DD1],color=black,symbol=circle,
symbolsize=14,color=c2):
plots[display](coord1,coord0,prb,gdd1,TT,PP,scaling=CONSTRAINED):
end proc:

Êîìàíäà èçîáðàæåíèå ïåðåñåêàþùèõñÿ ïðÿìûõ
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>AnalGeo[CrossDir1]:=proc(a,b,cosa,sina,X0,c1,c2)
local X,t,Eq1,Eq2,ttr,Eq1_1,Eq2_1,gd1,gd2,M1_1,
M1_2,M2_1,M2_2,X_min,X_max,Y_min,Y_max,CRD,CRD1,TT:
ttr:=(X)->[X[1]*cosa-X[2]*sina+X0[1],X[1]*sina+X[2]*cosa+X0[2]]:
Eq1:=(a,b,t)->[b*t,a*t]: Eq2:=(a,b,t)->[b*t,-a*t]:
Eq1_1:=(a,b,t,cosa,sina,X0)->ttr(Eq1(a,b,t)):
Eq2_1:=(a,b,t,cosa,sina,X0)->ttr(Eq2(a,b,t)):
M1_1:=Eq1_1(a,b,-1,cosa,sina,X0):
M1_2:=Eq1_1(a,b,1,cosa,sina,X0):
M2_1:=Eq2_1(a,b,-1,cosa,sina,X0):
M2_2:=Eq2_1(a,b,1,cosa,sina,X0):
X_min:=min(0,X0[1],M1_1[1],M1_2[1],M2_1[1],M2_2[1]):
X_max:=max(0,X0[1],M1_1[1],M1_2[1],M2_1[1],M2_2[1]):
Y_min:=min(0,X0[2],M1_1[2],M1_2[2],M2_1[2],M2_2[2]):
Y_max:=max(0,X0[2],M1_1[2],M1_2[2],M2_1[2],M2_2[2]):
CRD:=AnalGeo[Axes11]([X_min,X_max],[Y_min,Y_max],1,0,[0,0]):
CRD1:=AnalGeo[Axes01]([X_min-X0[1],X_max-X0[1]],[Y_min-X0[2],
Y_max-X0[2]],cosa,sina,X0):
gd1:=(a,b,cosa,sina,X0)->plot([op(Eq1_1(a,b,t,cosa,sina,X0)),
t=-1..1],color=c1,thickness=1):
gd2:=(a,b,cosa,sina,X0)->plot([op(Eq2_1(a,b,t,cosa,sina,X0)),
t=-1..1],color=c2,thickness=1):
TT:=plots[textplot]([[M1_1[1],M1_1[2],"d1"],
[M2_1[1],M2_1[2],"d2"]],
title="Ï À Ð À Ï Å Ð Å Ñ Å Ê À Þ Ù È Õ Ñ ß Ï Ð ß Ì Û Õ",
font=[TIMES,ROMAN,10],color=c2,align=above):
plots[display](gd1(a,b,cosa,sina,X0),
gd2(a,b,cosa,sina,X0),CRD,CRD1,TT):
end proc:

Êîìàíäà èçîáðàæåíèÿ ïàðàëëåëüíûõ ïðÿìûõ

>AnalGeo[ParalDir1]:=proc(a,cosa,sina,X0,x,c1,c2)
local X,t,Eq1,Eq2,ttr,Eq1_1,Eq2_1,gd1,gd2,M1_1,
M1_2,M2_1,M2_2,X_min,X_max,Y_min,Y_max,CRD,CRD1,TT:
ttr:=(X)->[X[1]*cosa-X[2]*sina+X0[1],X[1]*sina+X[2]*cosa+X0[2]]:
if x=1 then
Eq1:=(a,t)->[t,a]: Eq2:=(a,t)->[t,-a]:
Eq1_1:=(a,t,cosa,sina,X0)->ttr(Eq1(a,t)):
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Eq2_1:=(a,t,cosa,sina,X0)->ttr(Eq2(a,t)):
M1_1:=Eq1_1(a,-1,cosa,sina,X0):
M1_2:=Eq1_1(a,1,cosa,sina,X0):
M2_1:=Eq2_1(a,-1,cosa,sina,X0):
M2_2:=Eq2_1(a,1,cosa,sina,X0):
else
Eq1:=(a,t)->[a,t]: Eq2:=(a,t)->[-a,t]:
Eq1_1:=(a,t,cosa,sina,X0)->ttr(Eq1(a,t)):
Eq2_1:=(a,t,cosa,sina,X0)->ttr(Eq2(a,t)):
M1_1:=Eq1_1(-1,a,cosa,sina,X0):
M1_2:=Eq1_1(1,a,cosa,sina,X0):
M2_1:=Eq2_1(-1,a,cosa,sina,X0):
M2_2:=Eq2_1(1,a,cosa,sina,X0):
end if:
X_min:=min(0,X0[1],M1_1[1],M1_2[1],M2_1[1],M2_2[1]):
X_max:=max(0,X0[1],M1_1[1],M1_2[1],M2_1[1],M2_2[1]):
Y_min:=min(0,X0[2],M1_1[2],M1_2[2],M2_1[2],M2_2[2]):
Y_max:=max(0,X0[2],M1_1[2],M1_2[2],M2_1[2],M2_2[2]):
CRD:=AnalGeo[Axes11]([X_min,X_max],[Y_min,Y_max],1,0,[0,0]):
CRD1:=AnalGeo[Axes01]([X_min-X0[1],X_max-X0[1]],[Y_min-X0[2],
Y_max-X0[2]],cosa,sina,X0):
gd1:=(a,cosa,sina,X0)->plot([op(Eq1_1(a,t,cosa,sina,X0)),
t=-1..1],thickness=1,color=c1):
gd2:=(a,cosa,sina,X0)->plot([op(Eq2_1(a,t,cosa,sina,X0)),
t=-1..1],thickness=1,color=c2):
TT:=plots[textplot]([[M1_1[1],M1_1[2],"d1"],
[M2_1[1],M2_1[2],"d2"]],
title="Ï À Ð À Ï À Ð À Ë Ë Å Ë Ü Í Û Õ Ï Ð ß Ì Û Õ",
font=[TIMES,ROMAN,10],color=c2,align=above):
plots[display](gd1(a,cosa,sina,X0),
gd2(a,cosa,sina,X0),CRD,CRD1,TT):
end proc:

Êîìàíäà èçîáðàæåíèå òî÷êè (X=0,Y=0)

>AnalGeo[Point1]:=proc(cosa,sina,X0,c1)
local X,ttr,X_min,X_max,Y_min,Y_max,CRD,CRD1,gp:
ttr:=(X)->[X[1]*cosa-X[2]*sina+X0[1],X[1]*sina+X[2]*cosa+X0[2]]:
if X0[1]<>0 and X0[2]<>0 then
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X_min:=min(0,X0[1],-X0[1]):
X_max:=max(0,X0[1],-X0[1],1):
Y_min:=min(0,X0[2],-X0[2]):
Y_max:=max(0,X0[2],-X0[2],1):
elif
X0[1]=0 and X0[2]<>0 then
X_min:=-1:X_max:=1:Y_min:=min(0,X0[2],-X0[2]):
Y_max:=max(0,X0[2],-X0[2],1):
elif
X0[1]<>0 and X0[2]=0 then
X_min:=min(0,-1,X0[1],-X0[1]):
X_max:=max(0,X0[1],-X0[1],1):
Y_min:=min(0,-1,X0[2],-X0[2]):Y_max:=max(0,X0[2],-X0[2],1):
elif
X0[1]=0 and X0[2]=0 then
X_min:=-1:
X_max:=1:
Y_min:=-1:Y_max:=1:
end if:
CRD:=AnalGeo[Axes11]([X_min,X_max],[Y_min,Y_max],1,0,[0,0]):
CRD1:=AnalGeo[Axes01]([X_min,X_max],[Y_min,Y_max],cosa,sina,X0):
gp:=plots[pointplot](X0,color=c1,symbol=circle,symbolsize=16,
title="Ò Î × Ê À (X=0,Y=0)",font=[TIMES,ROMAN,10],color=c1):
plots[display](CRD,CRD1,gp):
end proc:

Êîìàíäà èçîáðàæåíèÿ ïóñòîãî ìíîæåñòâà

>AnalGeo[nullSet]:=proc(cosa,sina,X0,c1)local CRD,CRD1:
CRD:=AnalGeo[Axes11]([-1,1],[-1,1],1,0,[0,0]):
CRD1:=AnalGeo[Axes01]([-1,1],[-1,1],cosa,sina,X0):
plots[display](CRD,CRD1,title="ÏÓÑÒÎÅ ÌÍÎÆÅÑÒÂÎ",
font=[TIMES,ROMAN,10]):
end proc:
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II.4.5 Îïðåäåëåíèå êîýôôèöèåíòîâ îáùåãî óðàâíåíèÿ âòîðîãî ïî-
ðÿäêà íà ïëîñêîñòè

>AnalGeo[Coeffs2]:=proc(Eq,X)
local Q,xx,yy,a_11,a_12,a_22,AA,b_1,b_2,cc,dd,Q2,LQ,BB:
Q:=lhs(Eq):
xx:=X[1]:yy:=X[2]:
a_11:=coeff(Q,xx^2):a_22:=coeff(Q,yy^2):
dd:=1/2*coeff(Q,yy):a_12:=coeff(dd,xx):
AA:=Matrix([[a_11,a_12],[a_12,a_22]]):
Q2:=a_11*xx^2+2*a_12*xx*yy+a_22*yy^2:
LQ:=simplify(Q-Q2):
b_1:=coeff(LQ,xx):b_2:=coeff(LQ,yy):
BB:=Vector([b_1,b_2]):
cc:=simplify(LQ-b_1*xx-b_2*yy):
[AA,BB,cc]:
end proc:

II.4.6 Ïðåîáðàçîâàíèå êâàäðèêè ñ ïîìîùüþ äâèæåíèÿ

>AnalGeo[Trans2]:=proc(Eq,X,X1,s,p)
local xx,yy,xx1,yy1,Q,AA,BB,cc,a_11,a_12,a_22,b_1,b_2,Q2,LQ,LQ1,TR1,
Q21,aa_11,aa_12,aa_22,AA_11,AA_12,AA_22,BB_1,BB_2:
xx:=X[1]:yy:=X[2]:xx1:=X1[1]:yy1:=X1[2]:
Q:=lhs(Eq):AA:=AnalGeo[Coeffs2](Eq,X)[1]:
BB:=AnalGeo[Coeffs2](Eq,X)[2]:
cc:=AnalGeo[Coeffs2](Eq,X)[3]:
a_11:=AA[1,1]:a_12:=AA[1,2]:a_22:=AA[2,2]:b_1:=BB[1]:b_2:=BB[2]:
Q2:=a_11*xx^2+2*a_12*xx*yy+a_22*yy^2:
LQ:=b_1*xx+b_2*yy:
TR1:=(s,p)->{xx=xx1*cos(s)-p*yy1*sin(s),yy=xx1*sin(s)+p*yy1*cos(s)}:
Q21:=(s,p)->collect(collect(subs(TR1(s,p),Q2),xx1),yy1^2):
AA_11:=(s,p)->coeff(Q21(s,p),xx1^2):
AA_12:=(s,p)->simplify(1/2*coeff(coeff(Q21(s,p),yy1),xx1)):
AA_22:=(s,p)->coeff(Q21(s,p),yy1^2):
LQ1:=(s,p)->collect(collect(subs(TR1(s,p),LQ),xx1),yy1):
AA:=(s,p)->Matrix([[AA_11(s,p),AA_12(s,p)],[AA_12(s,p),AA_22(s,p)]]):
BB_1:=(s,p)->simplify(coeff(LQ1(s,p),xx1)):
BB_2:=(s,p)->simplify(coeff(LQ1(s,p),yy1)):
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BB:=(s,p)->[BB_1(s,p),BB_2(s,p)]:
[AA(s,p),BB(s,p),cc]:
end proc:

II.4.7 Îïðåäåëåíèå sin è cos óãëà ïîâîðîòà

>AnalGeo[Angle2]:=proc(Eq,X,s)
local Q,xx,yy,dd,a_11,a_12,a_22,AA,b_1,b_2,cc,Q2,LQ,BB,sss:
Q:=lhs(Eq):
xx:=X[1]:yy:=X[2]:
dd:=1/2*coeff(Q,yy):
a_11:=coeff(Q,xx^2):a_22:=coeff(Q,yy^2):a_12:=coeff(dd,xx):
if a_12<>0 then
sss:=[cos(s)=1/sqrt(2)*sqrt(1+abs(a_11-a_22)
/sqrt((a_11-a_22)^2+4*a_12^2)),
sin(s)=sign((a_11-a_22)*a_12)/sqrt(2)*
sqrt(1-abs(a_11-a_22)/sqrt((a_11-a_22)^2+4*a_12^2))]:
elif a_12=0 then
sss:=[cos(s)=1,sin(s)=0]:
end if:
sss:
end proc:

>AnalGeo[Trans3]:=proc(Eq,X,X1,s):
simplify(combine(subs(\{op(AnalGeo[Angle2](Eq,X,s)),p=1\},
AnalGeo[Trans2](Eq,X,X1,s,p)))):end proc:

II.4.8 Êàíîíè÷åñêèå óðàâíåíèÿ ôèãóðû

>AnalGeo[CanonF]:=proc(Eq,X,X1,s)
local TR3,QQ2,LQ1,lambda1,lambda2,b1,
b2,c1,c2,Ang,cosa,sina,QQ3,ttr,xx,yy,xx1,yy1,txt,
EqF,GF,aa,bb,aaa1,bbb1,aa2,bb2,aaf,bbf,cosaf,sinaf,
pp,ppf,txtt,cc,cc2,ee,dd,acc,x0,y0,AAA:
TR3:=AnalGeo[Trans3](Eq,X,X1,s):
QQ2:=TR3[1]:LQ1:=TR3[2]:c1:=TR3[3]:
lambda1:=QQ2[1,1]:lambda2:=QQ2[2,2]:
b1:=LQ1[1]:b2:=LQ1[2]:
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Ang:=AnalGeo[Angle2](Eq,X,s):
cosa:=rhs(Ang[1]):sina:=rhs(Ang[2]):
xx:=X[1]:yy:=X[2]:xx1:=X1[1]:yy1:=X1[2]:
#------------------------------
if evalf(lambda1)<>0 and evalf(lambda2)<>0 then
#--------------
c2:=simplify(combine(c1-b1^2/(4*lambda1)-b2^2/(4*lambda2))):
QQ3:=lambda1*X1[1]^2+lambda2*X1[2]^2+c2:
ttr:=[xx=xx1*cosa-yy1*sina-simplify(combine(b1/(2*lambda1))),
yy=xx1*sina+yy1*cosa-simplify(combine(b2/(2*lambda2)))]:
x0:=-simplify(combine(b1/(2*lambda1))):
y0:=simplify(combine(b2/(2*lambda2))):
#--------------ñëó÷àé íåíóëåâûõ lambda
if evalf(lambda1*lambda2)<0 and c2=0
then txt:=print("Ïàðà ïåðåñåêàþùèõñÿ ïðÿìûõ"):
EqF:=lambda1*X1[1]^2+lambda2*X1[2]^2=0:
aa:=NULL:bb:=NULL:cc:=NULL:ee:=NULL:
dd:=NULL:pp:=NULL:
aaa1:=sqrt(abs(lambda1)):
bbb1:=sqrt(abs(lambda2)):
GF:=AnalGeo[CrossDir1](aaa1,bbb1,cosa,sina,[x0,y0],red,blue):
elif evalf(lambda1*lambda2)<0 and evalf(lambda1*c2)<0
then
aa:=simplify(sqrt(abs(c2/lambda1))):
bb:=simplify(sqrt(abs(c2/lambda2))):
EqF:=X1[1]^2/aa^2-X1[2]^2/bb^2=1:
txt:=print("Ãèïåðáîëà ñ ãëàâíîé îñüþ OX"):
cc:=simplify(sqrt(aa^2+bb^2)):
ee:=simplify(cc/aa):
dd:=simplify(aa/ee):
pp:=NULL:
GF:=AnalGeo[Hyp1](aa,bb,1,cosa,sina,[x0,y0],red,blue,0.5):
elif evalf(lambda1*lambda2<0) and evalf(lambda1*c2)>0
then
aa:=simplify(sqrt(abs(c2/lambda1))):
bb:=simplify(sqrt(abs(c2/lambda2))):
EqF:=-X1[1]^2/aa^2+X1[2]^2/bb^2=1:
txt:=print("Ãèïåðáîëà ñ ãëàâíîé îñüþ OY"):
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cc:=simplify(sqrt(aa^2+bb^2)):
ee:=simplify(cc/aa):
dd:=simplify(sqrt(aa/ee)):
pp:=NULL:
GF:=AnalGeo[Hyp1](aa,bb,-1,cosa,sina,[x0,y0],red,blue,0.5):
elif evalf(lambda1*lambda2)>0 and c2=0 then
txt:=print("????? (X=0,Y=0)"):
aa:=NULL:bb:=NULL:cc:=NULL:ee:=NULL:dd:=NULL:pp:=NULL:
GF:=AnalGeo[Point1](cosa,sina,[x0,y0],red):
elif evalf(lambda1*lambda2)>0 and evalf(lambda1*c2)<0
then
aa2:=evalf(abs(c2/lambda1)):
bb2:=evalf(abs(c2/lambda2)):
cc2:=simplify(aa^2-bb^2):
aa:=sqrt(abs(c2/lambda1)):
bb:=sqrt(abs(c2/lambda2)):
aaf:=evalf(aa):bbf:=evalf(bb):
cc:=simplify(sqrt(aa^2-bb^2)):
ee:=simplify(cc/aa):
dd:=simplify(aa/ee):
pp:=NULL:
EqF:=X1[1]^2/aa^2+X1[2]^2/bb^2=1:
if evalf(aa^2)>evalf(bb^2) then
txt:=print("Ýëëèïñ ñ ãëàâíîé îñüþ OX"):
else txt:=print("Ýëëèïñ ñ ãëàâíîé îñüþ OY"):
cc:=simplify(sqrt(bb^2-aa^2)):
ee:=simplify(cc/aa):
dd:=simplify(aa/ee):
pp:=NULL:
end if:
GF:=AnalGeo[Ell1](aa,bb,cosa,sina,[x0,y0],blue,red):
#----------------------
end if:
#-------------------êîíåö ïîäñëó÷àÿ íåíóëåâûõ lambda
elif evalf(lambda1)=0 and evalf(lambda2)<>0 then
c2:=simplify(combine(c1-b2^2/(4*lambda2))):
#--------------------
if b1=0 then
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QQ3:=lambda2*X1[2]^2+c2:
ttr:=[xx=xx1*cosa-yy1*sina,yy=xx1*sina+yy1*cosa+
simplify(combine(b2/(2*lambda2)))]:
x0:=0:
y0:=simplify(combine(b2/(2*lambda2))):
#------------------------------
if evalf(c2*lambda2)>0 then txt:=
print("Ïóñòîå ìíîæåñòâî"):
aa:=NULL:bb:=NULL:cc:=NULL:ee:=NULL:
dd:=NULL:pp:=NULL:EqF:=NULL:
GF:=AnalGeo[nullSet](cosa,sina,[x0,y0],red):
elif evalf(c2*lambda2)<0 then txt:=
print("Ïàðà ïàðàëëåëüíûõ ïðÿìûõ"):
aa:=NULL:bb:=NULL:cc:=NULL:ee:=NULL:dd:=NULL:pp:=NULL:
aaa1:=sqrt(-c2/lambda2):
EqF:=[X1[2]=sqrt(-c2/lambda2),X1[2]=-sqrt(-c2/lambda2)]:
GF:=AnalGeo[ParalDir1](aaa1,cosa,sina,[x0,y0],1,blue,red):end if:
##êîíåö ñëó÷àÿ b1=0--------------------------------------
elif evalf(b1)<>0 then
QQ3:=b1*xx1+lambda2*yy1^2:
x0:=simplify(combine(c2/b1)):
y0:=simplify(combine(b2/(2*lambda2))):
ttr:=[xx=xx1*cosa-yy1*sina+x0,yy=xx1*sina+yy1*cosa+y0]:
txt:=print("Ïàðàáîëà ñ ãëàâíîé îñüþ OX1"):
aa:=NULL:bb:=NULL:cc:=NULL:ee:=1:
pp:=-b1/(2*lambda2):dd:=-pp/2:
EqF:=X1[2]^2=-b1*X1[1]/lambda2:
GF:=AnalGeo[Parbol1](pp,1,cosa,sina,[x0,y0],blue,red):
end if:
#----------------------------
elif evalf(lambda1)<>0 and evalf(lambda2)=0 then
c2:=simplify(combine(c1-b1^2/(4*lambda1))):
#--------------------
if b2=0 then
QQ3:=lambda1*X1[1]^2+c2:
ttr:=[xx=xx1*cosa-yy1*sina-simplify(combine(b1/(2*lambda1))),
yy=xx1*sina+yy1*cosa]:
x0:=-simplify(combine(b1/(2*lambda1))):
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y0:=0:
if evalf(c2*lambda1)>0 then txt:=print("Ïóñòîå ìíîæåñòâî"):
aa:=NULL:bb:=NULL:cc:=NULL:ee:=NULL:dd:=NULL:pp:=NULL:
EqF:=NULL:
GF:=AnalGeo[nullSet](cosa,sina,[x0,y0],red):
elif evalf(c2*lambda1)<0 then txt:=print("Ïàðà ïàðàëëåëüíûõ ïðÿìûõ"):
aaa1:=sqrt(-c2/lambda1):
EqF:=[X1[1]=sqrt(-c2/lambda1),X1[1]=-sqrt(-c2/lambda1)]:
GF:=AnalGeo[ParalDir1](aaa1,cosa,sina,[x0,y0],2,blue,red):
end if:
elif evalf(b2)<>0 then
QQ3:=b2*yy1+lambda1*xx1^2:
ttr:=[xx=xx1*cosa-yy1*sina+simplify(combine(b1/(2*lambda1))),
yy=xx1*sina+yy1*cosa+
simplify(combine(c2/b2))]:
x0:=simplify(combine(b1/(2*lambda1))):
y0:=simplify(combine(c2/b2)):
txt:=print("Ïàðàáîëà ñ ãëàâíîé îñüþ OY1"):
aa:=NULL:bb:=NULL:
ee:=1:pp:=-b2/(2*lambda1):
ppf:=evalf(-b2/(2*lambda1)):
dd:=-pp/2:cc:=NULL:
EqF:=X1[1]^2=-b2*X1[2]/lambda1:
GF:=AnalGeo[Parbol1](ppf,-1,cosa,sina,[x0,y0],blue,red):
end if:
#----------------------------
end if:
AAA:=array(1..8,1..3,sparse):
AAA[1,1]:=[lambda[1],lambda[2]]:
AAA[1,2]:=`=`:AAA[1,3]:=[lambda1,lambda2]:
AAA[2,1]:=`Óðàâíåíèå`:AAA[2,2]:=`:`:
AAA[2,3]:=EqF:AAA[3,1]:=`x'`:
AAA[3,2]:=`=`:AAA[3,3]:=rhs(ttr[1]):
AAA[4,1]:=`y'`:AAA[4,2]:=`=`:
AAA[4,3]:=rhs(ttr[2]):AAA[5,1]:=[c,epsilon,d]:
AAA[5,2]:=`=`:AAA[5,3]:=[cc,ee,dd]:
AAA[6,1]:=[`a`,`b`,`p`]:AAA[6,2]:=`=`:
AAA[6,3]:=[aa,bb,pp]:AAA[7,1]:=[cos(alpha),sin(alpha)]:
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AAA[7,2]:=`=`:AAA[7,3]:=[cosa,sina]:
AAA[8,1]:=[x[0],y[0]]:AAA[8,2]:=`=`:
AAA[8,3]:=[x0,y0]:print(AAA),GF:
end proc:

II.4.9 Ïðèìåðû
> AnalGeo[CanonF](4*x^2+\
> 9*y^2-32*x-54*y+109=0,[x,y],[xi,eta],alpha);

OX 00
2
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6
6
4

[� 1; � 2] = [4; 9]

Óðàâíåíèå : 1=9� 2 + 1=4� 2 = 1

x0 = � + 4

y0 = 3 + �

[c; �; d] = [
p

5; 1=3
p

5; 9=5
p

5]

[a; b; p] = [3; 2]

[cos (� ) ; sin (� )] = [1; 0]

[x0; y0] = [4; � 3]

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

> AnalGeo[CanonF](4*x^2-25*y^2-24*x+50*y-\
> 89=0,[x,y],[xi,eta],alpha);
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OX 00
2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

[� 1; � 2] = [4; � 25]

Óðàâíåíèå : 1=25� 2 � 1=4� 2 = 1

x0 = � + 3

y0 = 1 + �

[c; �; d] = [
p

29; 1=5
p

29; 25
29

p
29]

[a; b; p] = [5; 2]

[cos (� ) ; sin (� )] = [1; 0]

[x0; y0] = [3; � 1]

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

> AnalGeo[CanonF](x^2-6*x*y+9*y^2-2*x+\
> 6*y-3=0,[x,y],[xi,eta],alpha);

00
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2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

[� 1; � 2] = [0; 10]

Óðàâíåíèå : [� = 1=5
p

10; � = � 1=5
p

10]

x0 = 3=10�
p

2
p

5 � 1=10�
p

2
p

5

y0 = 1=10�
p

2
p

5 + 3=10�
p

2
p

5 + 1=10
p

10

[c; �; d] = []

[a; b; p] = []

[cos (� ) ; sin (� )] = [3=10
p

2
p

5; 1=10
p

2
p

5]

[x0; y0] = [0; 1=10
p

10]

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

> QQQ19:=x*y+2*x-y-2=0;
QQQ19 := xy + 2 x � y � 2 = 0

> AnalGeo[CanonF](QQQ19,[x,y],[xi,eta],alpha);
00
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2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

[� 1; � 2] = [1=2; � 1=2]

Óðàâíåíèå : 1=2� 2 � 1=2� 2 = 0

x0 = 1=2�
p

2 � 1=2�
p

2 � 1=2
p

2

y0 = 1=2�
p

2 + 1=2�
p

2 � 3=2
p

2

[c; �; d] = []

[a; b; p] = []

[cos (� ) ; sin (� )] = [1=2
p

2; 1=2
p

2]

[x0; y0] = [� 1=2
p

2; 3=2
p

2]

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

> QQQ20:=x^2+4*y^2=0;

QQQ20 := x2 + 4 y2 = 0

> AnalGeo[CanonF](QQQ20,[x,y],[xi,eta],alpha);

(X = 0; Y = 0) 00
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2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

[� 1; � 2] = [1; 4]

Óðàâíåíèå : EqF

x0 = �

y0 = �

[c; �; d] = []

[a; b; p] = []

[cos (� ) ; sin (� )] = [1; 0]

[x0; y0] = [0; 0]

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

> AnalGeo[CanonF](x^2+9*y^2+3=0,[x,y],[xi,eta],alpha);
2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

[� 1; � 2] = [1; 9]

Óðàâíåíèå : EqF

x0 = �

y0 = �

[c; �; d] = [cc; ee; dd]

[a; b; p] = [aa; bb; pp]

[cos (� ) ; sin (� )] = [1; 0]

[x0; y0] = [0; 0]

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

GF
> qqqqq1:=9*x^2-3*x*y+4*y^2-54*x-32*y+109=0;
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qqqqq1:= 9 x2 � 3xy + 4 y2 � 54x � 32y + 109 = 0
> AnalGeo[CanonF](9*x^2-3*x*y+4*y^2-54*x-32*y+\
> 109=0,[x,y],[xi,eta],alpha);

OY00
2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

[� 1; � 2] = [13=2 + 1=2
p

34; 13=2 � 1=2
p

34]

Óðàâíåíèå :
�

15
194 + 15

2522

p
34

�
� 2 +

�
15

194 � 15
2522

p
34

�
� 2 = 1

x0 = 1
68 �

p
2
p

1156 + 170
p

34 + 1
68 �

p
2
p

1156� 170
p

34 + 1=17 27
p

578+85
p

34� 16
p

578� 85
p

34
13+

p
34

y0 = � 1
68 �

p
2
p

1156� 170
p

34 + 1
68 �

p
2
p

1156 + 170
p

34� 1=17 16
p

578+85
p

34+27
p

578� 85
p

34
� 13+

p
34

[c; �; d] = [ 2
45

p
12614

p
34; 1=45 4

p
34

p
15

p
26 + 2

p
34; 3

34

p
1261343= 4

13+
p

34
]

[a; b; p] = [2=15
p

18915p
26+2

p
34

; 2=15
p

18915p
26� 2

p
34

]

[cos (� ) ; sin (� )] = [ 1
68

p
2
p

1156 + 170
p

34; � 1
68

p
2
p

1156� 170
p

34]

[x0; y0] = [1=17 27
p

578+85
p

34� 16
p

578� 85
p

34
13+

p
34

; 1=17 16
p

578+85
p

34+27
p

578� 85
p

34
� 13+

p
34

]

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

> qqq1:=5*x^2+4*x*y+8*y^2+8*x+14*y+5=0;

qqq1 := 5 x2 + 4 xy + 8 y2 + 8 x + 14 y + 5 = 0

> qqqqq:=5*x^2-10*x*y+9*y^2+2*x-45=0;

qqqqq:= 5 x2 � 10xy + 9 y2 + 2 x � 45 = 0
> AnalGeo[CanonF](qqqqq,[x,y],[xi,eta],alpha);

OX 00
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2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

[� 1; � 2] = [7 �
p

29; 7 +
p

29]

Óðàâíåíèå :
� 140

909 � 20
909

p
29

�
� 2 +

� 140
909 + 20

909

p
29

�
� 2 = 1

x0 = 1
58 �

p
2
p

841 + 58
p

29� 1
58 �

p
2
p

841� 58
p

29 + 1
58

p
1682+116

p
29

� 7+
p

29

y0 = 1
58 �

p
2
p

841� 58
p

29 + 1
58 �

p
2
p

841 + 58
p

29 + 1
58

p
1682� 116

p
29

7+
p

29

[c; �; d] = [ 3
20

p
202 4

p
29; 1=10

p
2 4

p
29

p
5
p

7 �
p

29; � 3
58

p
101

p
2293=4

� 7+
p

29
]

[a; b; p] = [3=10
p

505p
7�

p
29

; 3=10
p

505p
7+

p
29

]

[cos (� ) ; sin (� )] = [ 1
58

p
2
p

841 + 58
p

29; 1
58

p
2
p

841� 58
p

29]

[x0; y0] = [ 1
58

p
1682+116

p
29

� 7+
p

29
; � 1

58

p
1682� 116

p
29

7+
p

29
]

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

> evalf(45*29^(1/2));
242:3324163

> qq15:=25*x^2+16*y^2-40*x-400=0;

qq15 := 25 x2 + 16 y2 � 40x � 400 = 0

> AnalGeo[CanonF](qq15,[x,y],[xi,eta],alpha);

OY00
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2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

[� 1; � 2] = [25; 16]

Óðàâíåíèå : 25
416 � 2 + 1=26� 2 = 1

x0 = � + 4=5

y0 = �

[c; �; d] = [3=5
p

26; 3=4; 16
15

p
26]

[a; b; p] = [4=5
p

26;
p

26]

[cos (� ) ; sin (� )] = [1; 0]

[x0; y0] = [4=5; 0]

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

> AnalGeo[CanonF](5*x^2+4*x*y+\
> 8*y^2+8*x+14*y+5=0,[x,y],[xi,eta],alpha);

OX 00
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2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

[� 1; � 2] = [4; 9]

Óðàâíåíèå : 16
9 � 2 + 4 � 2 = 1

x0 = 1=5�
p

2
p

10 + 1=10�
p

2
p

10� 1=20
p

5

y0 = � 1=10�
p

2
p

10 + 1=5�
p

2
p

10� 2=5
p

5

[c; �; d] = [1=4
p

5; 1=3
p

5; 9
20

p
5]

[a; b; p] = [3=4; 1=2]

[cos (� ) ; sin (� )] = [1=5
p

2
p

10; � 1=10
p

2
p

10]

[x0; y0] = [� 1=20
p

5; 2=5
p

5]

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

> qq81:=9*x^2-6*x*y-16*y^2-14=0;

qq81 := 9 x2 � 6xy � 16y2 � 14 = 0

> AnalGeo[CanonF](qq81,[x,y],[xi,eta],alpha);

OX 00
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> qqqqqq:=3*x^2+5*x*y-y^2-4*x-8*y=0;

qqqqqq:= 3 x2 + 5 xy � y2 � 4x � 8y = 0

> AnalGeo[CanonF](qqqqqq,[x,y],[xi,eta],alpha);

OY00

Ïðèìåð èç ó÷åáíèêà Ãóñàê À.À. ñ.80
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> QQ5:=x*y-2*x-y+6=0;
QQ5 := xy � 2x � y + 6 = 0

> AnalGeo[CanonF](QQ5,[x,y],[xi,eta],alpha);

OY00
2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

[� 1; � 2] = [1=2; � 1=2]

Óðàâíåíèå : � 1=8� 2 + 1=8� 2 = 1

x0 = 1=2�
p

2 � 1=2�
p

2 + 3=2
p

2

y0 = 1=2�
p

2 + 1=2�
p

2 + 1=2
p

2

[c; �; d] = [4;
p

2;
p

2]

[a; b; p] = [2
p

2; 2
p

2]

[cos (� ) ; sin (� )] = [1=2
p

2; 1=2
p

2]

[x0; y0] = [3=2
p

2; � 1=2
p

2]

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

> QQ6:=x^2+y^2+4*x*y-8*x-4*y+1=0;

QQ6 := x2 + 4 xy + y2 � 8x � 4y + 1 = 0

> AnalGeo[CanonF](QQ6,[x,y],[xi,eta],alpha);

OX 00
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2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

[� 1; � 2] = [3; � 1]

Óðàâíåíèå : � 2 � 1=3� 2 = 1

x0 = 1=2�
p

2 � 1=2�
p

2 +
p

2

y0 = 1=2�
p

2 + 1=2�
p

2 +
p

2

[c; �; d] = [2; 2; 1=2]

[a; b; p] = [1;
p

3]

[cos (� ) ; sin (� )] = [1=2
p

2; 1=2
p

2]

[x0; y0] = [
p

2; �
p

2]

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

> QQ6:=4*x^2-4*x*y+y^2-2*x-14*y+7=0;

QQ6 := 4 x2 � 4xy + y2 � 2x � 14y + 7 = 0

> AnalGeo[CanonF](QQ6,[x,y],[xi,eta],alpha);

OY100
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2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

[� 1; � 2] = [5; 0]

Óðàâíåíèå : � 2 = 6=5
p

5�

x0 = 1=5�
p

2
p

10 + 1=10�
p

2
p

10 + 1=5
p

5

y0 = � 1=10�
p

2
p

10 + 1=5�
p

2
p

10� 1=5
p

5

[c; �; d] = [1; � 3=10
p

5]

[a; b; p] = [3=5
p

5]

[cos (� ) ; sin (� )] = [1=5
p

2
p

10; � 1=10
p

2
p

10]

[x0; y0] = [1=5
p

5; � 1=5
p

5]

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

> q1:=x^2-6*x*y+9*y^2-2*x+6*y-3=0;

q1 := x2 � 6xy + 9 y2 � 2x + 6 y � 3 = 0

> Zam1222:=AnalGeo[Angle2](q1,[x,y],alpha);

Zam1222 := [cos (� ) = 3 =10
p

2
p

5; sin (� ) = 1 =10
p

2
p

5]

> AnalGeo[CanonF](x^2-6*x*y+\
> 9*y^2-2*x+6*y-3=0,[x,y],[xi,eta],alpha);

00
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2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

[� 1; � 2] = [0; 10]

Óðàâíåíèå : [� = 1=5
p

10; � = � 1=5
p

10]

x0 = 3=10�
p

2
p

5 � 1=10�
p

2
p

5

y0 = 1=10�
p

2
p

5 + 3=10�
p

2
p

5 + 1=10
p

10

[c; �; d] = []

[a; b; p] = []

[cos (� ) ; sin (� )] = [3=10
p

2
p

5; 1=10
p

2
p

5]

[x0; y0] = [0; 1=10
p

10]

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

> QQQ19:=x*y+2*x-y-2=0;
QQQ19 := xy + 2 x � y � 2 = 0

> AnalGeo[CanonF](QQQ19,[x,y],[xi,eta],alpha);
00
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2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

[� 1; � 2] = [1=2; � 1=2]

Óðàâíåíèå : 1=2� 2 � 1=2� 2 = 0

x0 = 1=2�
p

2 � 1=2�
p

2 � 1=2
p

2

y0 = 1=2�
p

2 + 1=2�
p

2 � 3=2
p

2

[c; �; d] = []

[a; b; p] = []

[cos (� ) ; sin (� )] = [1=2
p

2; 1=2
p

2]

[x0; y0] = [� 1=2
p

2; 3=2
p

2]

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

> QQQ22:=x^2+2*x-6*y+7=0;

QQQ22 := x2 + 2 x � 6y + 7 = 0

> AnalGeo[CanonF](QQQ22,[x,y],[xi,eta],alpha);

OY100
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2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

[� 1; � 2] = [1; 0]

Óðàâíåíèå : � 2 = 6 �

x0 = � + 1

y0 = � 1 + �

[c; �; d] = [1; � 3=2]

[a; b; p] = [3]

[cos (� ) ; sin (� )] = [1; 0]

[x0; y0] = [1; � 1]

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

> QQQ23:=y^2+3*x+7=0;

QQQ23 := y2 + 3 x + 7 = 0

> AnalGeo[CanonF](QQQ23,[x,y],[xi,eta],alpha);

OX 100
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2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

[� 1; � 2] = [0; 1]

Óðàâíåíèå : � 2 = � 3�

x0 = � + 7=3

y0 = �

[c; �; d] = [1; 3=4]

[a; b; p] = [� 3=2]

[cos (� ) ; sin (� )] = [1; 0]

[x0; y0] = [7=3; 0]

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

> QQ7:=x^2+2*x-6*y+7=0;

QQ7 := x2 + 2 x � 6y + 7 = 0

> AnalGeo[CanonF](QQ7,[x,y],[xi,eta],alpha);

OY100
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2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

[� 1; � 2] = [1; 0]

Óðàâíåíèå : � 2 = 6 �

x0 = � + 1

y0 = � 1 + �

[c; �; d] = [1; � 3=2]

[a; b; p] = [3]

[cos (� ) ; sin (� )] = [1; 0]

[x0; y0] = [1; � 1]

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

> QQQ233:=25*x^2-120*x*y+144*y^2-78*x+10*y-8=0;

QQQ233 := 25 x2 � 120xy + 144 y2 � 78x + 10 y � 8 = 0

> AnalGeo[CanonF](QQQ233,[x,y],[xi,eta],alpha);

OX 100
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2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

[� 1; � 2] = [0; 169]

Óðàâíåíèå : � 2 = 886
2197 �

x0 = 12
13 � � 5

13 � + 293513
1946542

y0 = 5
13 � + 12

13 � + 255
2197

[c; �; d] = [1; � 443
4394]

[a; b; p] = [ 443
2197]

[cos (� ) ; sin (� )] = [12
13;

5
13]

[x0; y0] = [ 293513
1946542;

255
2197]

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

> Q233:=x^2+2*x+6*y-2=0;

Q233 := x2 + 2 x + 6 y � 2 = 0

> AnalGeo[CanonF](Q233,[x,y],[xi,eta],alpha);

OY100
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2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

[� 1; � 2] = [1; 0]

Óðàâíåíèå : � 2 = � 6�

x0 = � + 1

y0 = � 1=2 + �

[c; �; d] = [1; 3=2]

[a; b; p] = [� 3]

[cos (� ) ; sin (� )] = [1; 0]

[x0; y0] = [1; � 1=2]

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

> AnalGeo[Ell](3,4,Pi/6,[2,1],blue,red);
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II.4. Êîìïüþòåðíîå ìîäåëèðîâàíèå òåîðèè êðèâûõ âòîðîãî ïîðÿäêà

> AnalGeo[Ell](4,3,Pi/6,[2,1],blue,red);

> AnalGeo[CanonF](4*x^2+\
> 9*y^2-40*x+36*y+100=0,[x,y],[xi,eta],alpha);

OX 00
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2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

[� 1; � 2] = [4; 9]

Óðàâíåíèå : 1=9� 2 + 1=4� 2 = 1

x0 = � + 5

y0 = � 2 + �

[c; �; d] = [
p

5; 1=3
p

5; 9=5
p

5]

[a; b; p] = [3; 2]

[cos (� ) ; sin (� )] = [1; 0]

[x0; y0] = [5; 2]

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

> save(AnalGeo,"Geom.m"):

II.5 Ñîçäàíèå ïðîöåäóðû èíòåãðèðîâàíèÿ ñ ãðàôè÷å-
ñêèì ñîïðîâîæäåíèåì

Â êíèãå Â.Ï. Äüÿêîíîâà [ 80] ïðèâåäåí ïðèìåð àíèìàöèè ïðîöåäóðû ïðè-
áëèæåííîãî âû÷èñëåíèÿ îïðåäåëåííîãî èíòåãðàëà ÷àñòíîãî âèäà. Ìû ðàñ-
ñìîòðèì íèæå ìíîãîïàðàìåòðè÷åñêóþ ïðîöåäóðó, ïîçâîëÿþùóþ äåìîíñòðè-
ðîâàòü âû÷èñëåíèå îïðåäåëåííîãî èíòåãðàëà îò ïðîèçâîëüíîé ôóíêöèè íà
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II.5. Ñîçäàíèå ïðîöåäóðû èíòåãðèðîâàíèÿ ñ ãðàôè÷åñêèì ñîïðîâîæäåíèåì

ïðîèçâîëüíîì îòðåçêå ñ ïðîèçâîëüíûì ÷èñëîì ðàçáèåíèÿ N.

II.5.1 Âû÷èñëåíèå èíòåãðàëüíîé ñóììû Äàðáó

Ïîäêëþ÷èì áèáëèîòåêó Maple student :

> restart:
> with(student):
Îïðåäåëèì èíòåãðàëüíóþ ñóììó Äàðáó äëÿ ïðîèçâîëüíîé ïîêà ôóíêöèè

ñ ïîìîùüþ êîìàíäû middlesum ýòîé áèáëèîòåêè:

> Sigma:=(n,f,x,a,b)->middlesum(f,x=a..b,n);

� := ( n; f; x; a; b) 7!
(b� a)

P n� 1
i=0 f

n
> Sigma(n,x^3,x,0,1);

n� 1X

i =0

(i + 1=2)3

n3 n� 1

Âû÷èñëèì, íàïðèìåð, ïðåäåë ñóììû Äàðáó ïð n ! 1 :

>Limit(Sigma(n,sin(x)/x,x,0,2*Pi),
n=infinity)=limit(Sigma(n,sin(x)/x,x,0,2*Pi),
n=infinity);

lim
n!1

 

2 �
n� 1X

i =0

1=2 sin
�

2
(i + 1=2) �

n

�
n (i + 1=2)� 1 � � 1n� 1

!

= Si (2 � )

Âû÷èñëèì òåïåðü òî÷íîå çíà÷åíèå ñîîòâåòñòâóþùåãî îïðåäåëåííîãî èí-
òåãðàëà:

2�Z

0

sinx
x

dx :

> int(sin(x)/x,x=0..2*Pi);
Si (2 � )

Òàêèì îáðàçîì, òî÷íîå çíà÷åíèå èíòåãðàëà ðàâíî Si(2� ), ãäåSi(x) �
èíòåãðàëüíûé ñèíóñ. Ñ ïîìîùüþ êîìàíäû middlebox áèáëèîòåêèstudent
èçîáðàçèì òåïåðü ïðîöåññ èòåðàöèè ñîîòâåòñòâóþùåãî èíòåãðàëà ìåòîäîì
ïðÿìîóãîëüíèêîâ ïðè ðàçáèåíèè îòðåçêà íà 20 ðàâíûõ ÷àñòåé:
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> middlebox(sin(x)/x,x=0..2*Pi,20);

.
Ðèñ.II.18 Âèçóàëèçàöèÿ èíòåãðàëüíîé ñóì-
ìû Äàðáó äëÿ ôóíêöèè sin(x)=x íà îòðåçêå
[0; 2� ] ïðè N = 20.

II.5.2 Àíèìàöèÿ ïðîöåäóðû âû÷èñëåíèÿ îïðåäåëåííîãî èíòåãðà-
ëà

Ñîçäàäèì ïðîöåäóðó èòåðàöèé ôóíêöèè f (x) íà îòðåçêå [a; b], ðàçáèâàÿ åãî
íà n ÷àñòåé ìåòîäîì ïðÿìîóãîëüíèêîâ, ïðè÷åì âûñîòó ïðÿìîóãîëüíèêîâ
îïðåäåëÿåò ëåâîå çíà÷åíèå ôóíêöèè íà êàæäîì èç èíòåðâàëîâ:

>AA:=(f,x,a,b,n,d)->
middlebox(f,x=a..b,n,title=d,titlefont=[TIMES,BOLD,14]):
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II.5. Ñîçäàíèå ïðîöåäóðû èíòåãðèðîâàíèÿ ñ ãðàôè÷åñêèì ñîïðîâîæäåíèåì

Ïðèâåäåì ïðèìåð:
> AA(sin(x)/x,x,0,2*Pi,10,`Ðèñóíîê`);

.
Ðèñ.II.19 Âèçóàëèçàöèÿ èíòåãðàëüíîé ñóì-
ìû Äàðáó äëÿ ôóíêöèè sin(x)=x íà îòðåçêå
[0; 2� ] ïðè N = 10 ñ âûâîäîì íàçâàíèÿ ðè-
ñóíêà ¾Ðèñóíîê¿.

Êîìàíäà middlesumâû÷èñëÿåò ñðåäíþþ ñóììó äëÿ çàäàííîãî ðàçáèåíèÿ,
êîòîðàÿ àïïðîêñèìèðóåò îïðåäåëåííûé èíòåãðàë îò çàäàííîé ôóíêöèè íà
çàäàííîì ïðîìåæóòêå:

> LS:=(f,x,a,b,n)->middlesum(f,x=a..b,n);
> LS(f,x,a,b,n);

LS := ( f; x; a; b; n) 7!
(b� a)

P n� 1
i=0 f

n
(b� a)

P n� 1
i=0 f

n
> evalf(LS(sin(x)/x,x,0,2*Pi,5));
> evalf(LS(sin(x)/x,x,0,2*Pi,10));
> evalf(LS(sin(x)/x,x,0,2*Pi,100));
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1:407258804
1:415507839
1:418125394

- òàêèì îáðàçîì, ìû âñå òî÷íåå è òî÷íåå áóäåì âû÷èñëÿòü óêàçàííûé
èíòåãðàë, óâåëè÷èâàÿ ÷èñëî n. Êîíâåðòèðóåì òåïåðü ïîëó÷åííóþ âåëè÷èíó
èíòåãðàëüíîé ñóììû â ñòðîêîâóþ ïåðåìåííóþ äëÿ åå äèíàìè÷åñêîãî îòîá-
ðàæåíèÿ â íàçâàíèè ðèñóíêà è ñîçäàäèì êîìàíäó êàäðà àíèìàöèè, Cadr:

> LSN:=(f,x,a,b,n)->convert(evalf(LS(f,x,a,b,n)),string);

LSN := ( f; x; a; b; n) 7! \( b� 1: � a)=n � Sum(f; i = 0::n � 1)00

> LSN(sin(x)/x,x,0,2*Pi,10);
\1 :41550783900

> Cadr:=(f,x,a,b,n)->AA(f,x,a,b,n,LSN(f,x,a,b,n));
> Cadr(sin(x)/x,x,0,2*Pi,12);
Ïîêàæåì ïðèìåð ïðèìåíåíèÿ ýòîé ïðîöåäóðû äëÿ óêàçàííîé ñóììû Äàð-

áó ïðè ðàçáèåíèè îòðåçêà íà 12 èíòåðâàëîâ:

.
Ðèñ.II.20 Ïðèìåíåíèå ïðîöåäóðû
Cadr(sin(x)/x,x,0,2*Pi,12) .
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II.5. Ñîçäàíèå ïðîöåäóðû èíòåãðèðîâàíèÿ ñ ãðàôè÷åñêèì ñîïðîâîæäåíèåì

Ñîçäàäèì ïîñëåäîâàòåëüíîñòü ñ ïîìîùüþ êîìàíäû seq ýòèõ èíòåãðàëü-
íûõ ñóìì, çàäàâ â êà÷åñòâå çàãîëîâêà çíà÷åíèå ýòîé ñóììû ïðè çàäàííîì
÷èñëå ðàçáèåíèé:

> S:=(f,x,a,b,N)->seq(Cadr(f,x,a,b,n),n=1..N);

È ñîçäàäèì îêîí÷àòåëüíî àíèìàöèþ ïðîöåññà âû÷èñëåíèÿ îïðåäåëåííî-

ãî èíòåãðàëà:J =
Z b

a
fdx ïðè äåëåíèè ïðîìåæóòêà èíòåãðèðîâàíèÿ íà N

÷àñòåé:

> GS:=(f,x,a,b,N)->plots[display](S(f,x,a,b,N),insequence=true):

II.5.3 Ïðèìåðû

1. Âû÷èñëèì èíòåãðàë
Z 2�

0

sin (x)
x

dx (II.47)

äåëåíèåì ïðîìåæóòêà èíòåãðèðîâàíèÿ íà 100 ÷àñòåé:

> Int(sin(x)/x,x = 0 .. 2*Pi)=int(sin(x)/x,x = 0 .. 2*Pi);
Z 2�

0

sin (x)
x

dx = Si (2 � )

Åãî ïðèáëèæåííîå çíà÷åíèå ðàâíî:

> Int(sin(x)/x,x = 0 .. 2*Pi)=evalf(int(sin(x)/x,x = 0 .. 2*Pi));
Z 2�

0

sin (x)
x

dx = 1:418151576

> GS(sin(x)/x,x,0,2*Pi,100);
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.
Ðèñ.II.21 21-é êàäð àíèìàöèè ïðîöåññà âû-
÷èñëåíèÿ èíòåãðàëà (II.47).

2. Âû÷èñëèì èíòåãðàë
Z 3

� 1
x3 � 4x2 + x � 1dx (II.48)

ðàçáèâàÿ ïðîìåæóòîê èíòåãðèðîâàíèÿ íà 100 ÷àñòåé: Åãî òî÷íîå çíà÷åíèå
ðàâíî:

> Int(x^3-4*x^2+x-1,x = -1 .. 3)=int(x^3-4*x^2+x-1,x = -1 .. 3);
Z 3

� 1
x3 � 4x2 + x � 1dx = �

52
3

è ïðèáëèæåííîå -
> Int(x^3-4*x^2+x-1,x = -1 .. 3)=evalf(int(x^3-4*x^2+x-1,x = -1
.. 3));

Z 3

� 1
x3 � 4x2 + x � 1dx = � 17:33333333
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II.6. Ñîçäàíèå ïðîöåäóðû àíèìàöèè âû÷èñëåíèÿ ïðåäåëà ñóììû

> GS(x^3-4*x^2+x-1,x,-1,3,100);

.
Ðèñ.II.22 32-é êàäð àíèìàöèè ïðîöåññà âû-
÷èñëåíèÿ èíòåãðàëà (II.48).

II.6 Ñîçäàíèå ïðîöåäóðû àíèìàöèè âû÷èñëåíèÿ ïðåäå-
ëà ñóììû

Ñîçäàäèì ïðîöåäóðó âû÷èñëåíèÿ ÷àñòè÷íîé ñóììû ðÿäà ä ëÿ
ïðîèçâîëüíîé ïîêà ïîñëåäîâàòåëüíîñòè

f(n)ñ ïîìîùüþ ïðîöåäóðû PartSum:

> AnimLimit[PartSum]:=proc(f,i,n) local F:
> F:=(k)->subs(i=k,f): sum(F(k),k=1..n):end proc:

Ïðîâåðèì äåéñòâèå ïðîöåäóðû:
> AnimLimit[PartSum]((-1)^i,i,101);

� 1
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Âû÷èñëèì òåïåðü ñ ïîìîùüþ ïîëó÷åííîé ïðîöåäóðû ïðåäåë
ïîñëåäîâàòåëüíîñòè:

> Limit(AnimLimit[PartSum](1/i^2,i,n),
> n=infinity)=limit(AnimLimit[PartSum](1/i^2,i,n),n=infinity);

lim
n!1

� 	(1 ; n + 1) +
� 2

6
=

� 2

6

Äîãîâîðèìñÿ äàëåå ãðàôè÷åñêè îòîáðàæàòü ÷àñòè÷íóþ ñóììó n ïåðâûõ
÷ëåíîâ ðÿäà ñ ïîìîùüþ ïðÿìîóãîëüíèêà åäèíè÷íîãî îñíîâàíèÿ, âûñîòîé,
ðàâíîé, ýòîé ÷àñòè÷íîé ñóììå, è ïîçèöèîíèðîâàííûì êîîðäèíàòîé i íà îñè
àáñöèññ. Ñîçäàäèì äèàãðàììó ÷àñòè÷íûõ ñóìì ðÿäà îò n=1 äî n=N:

>AnimLimit[GraphSum]:=proc(f,i,n0,N,c) local
F,k,n,Sn,Sgn,j,S,S0,SG,Sj:
F:=(k)->subs(i=k,f):Sn:=(n0,n)->evalf(sum(F(k),k=n0..n)):
S:=(n0)->evalf(limit(Sn(n0,n),n=infinity)):
S0:=(n0)->limit(sum(F(k),k=n0..n),n=infinity):
SG:=plot([t,S(n0),t=n0..N],color=red,thickness=2):
#Sj:=evalf(subs(n=N,Sn)):
Sgn:=seq(plots[polygonplot]([[j,0],[j+1,0],
#[j+1,evalf(subs(n=j,Sn))],
#[j,subs(n=j,Sn)]
[j+1,Sn(n0,j)],[j,Sn(n0,j)]],color=c,
titlefont=[TIMES,ROMAN,14],title=
convert([n=N,Sn(n0,N),Lim=S0(n0)],string)
),j=n0..N):
plots[display](Sgn,SG):
end proc:

Ñîçäàäèì àíèìàöèîííóþ ïðîöåäóðó, ïðåäâàðèòåëüíî âûâåäÿ èíôîðìà-
öèþ î ïðåäñòàâëåííîì ïðîöåññå, à çàòåì ñîçäàâàÿ ïîñëåäîâàòåëüíîñòü âñåõ
êàäðîâ àíèìàöèè è îáúåäèíÿÿ èõ â ïðîöåäóðå display ñ îïöèåé insequence=true:

> AnimLimit[AnimSum]:=proc(f,i,n0,N1,c) local N,F,k,prtext:
> F:=(k)->subs(i=k,f):
> prtext:=print(`Ïðîöåññ âû÷èñëåíèÿ ïðåäåëà ñóììû`,
> Sum(F(k),k=n0..infinity)=sum(F(k),k=n0..infinity)):
> prtext,
> plots[display](seq(AnimLimit[GraphSum](f,i,n0,N,c),
> N=n0+1..N1),insequence=true):
> end proc:

132



II.7. Ñîçäàíèå ïðîöåäóðû àíèìàöèè âû÷èñëåíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè

> save(AnimLimit,`AnimLimit.m`);

II.7 Ñîçäàíèå ïðîöåäóðû àíèìàöèè âû÷èñëåíèÿ ïðåäå-
ëà ïîñëåäîâàòåëüíîñòè

Ïóñòü f(n) - ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü, òîãäà åå ïðåäåë, åñëè îí
ñóùåñòâóåò, ðàâåí:

> AnimLimit[Lim]:=proc(f,n) local F,k:
> F:=subs(n=k,f): limit(F,k=infinity):end proc:

Íàïðèìåð, ðàññìîòðèì ïåðâûé çàìå÷àòåëüíûé ïðåäåë:

> AnimLimit[Lim](n*sin(1/n),n);
1

Ñîçäàäèì òåïåðü n-é êàäð àíèìàöèîííîãî ôèëüìà, ñîñòîÿùèé èç äâóõ
ïðÿìî óãîëüíèêîâ âûñîòîé h1=f(n) è âûñîòîé h2=limit(f(n),n=in�nity),
ïðè÷åì íèæíåìó ïðèäàäèì öâåò c, âåðõíåìó - (RGB,0.5,0.8,0.8).

Äàëåå ïîìåñòèì èíôîðìàöèþ î íîìåðå êàäðà n, ïðèáëèæåííîì çíà÷åíèè
ïîñëåäîâàòåëüíîñòè äëÿ ýòîãî çíà÷åíèÿ n è òî÷íîå çíà÷åíèå ïðåäåëà
ïîñëåäîâàòåëüíîñòè.

> AnimLimit[Cadr]:=proc(f,n,i,c)
> local F,k,Fi,Fn,lim,limf,pr,p0,ttx:
> F:=(k)->eval(subs(n=k,f)):
> Fn:=evalf(F(i)):
> lim:=limit(F(k),k=infinity):
> limf:=evalf(limit(F(k),k=infinity)):
> pr:=plots[polygonplot]([[0,0],[1,0],[1,Fn],[0,Fn]],color=c):
> p0:=plots[polygonplot]([[0,Fn],[1,Fn],[1,limf],[0,limf]],
> color=COLOR(RGB,0.5,0.8,0.8)):
> ttx:=plots[textplot]([1.5,Fn,convert([n=i,f=evalf(Fn)],
> string)],color=c,font=[TIMES,ROMAN,12],align=ABOVE):
> plots[display](pr,p0,ttx,axes=FRA
> ME,titlefont=[TIMES,ROMAN,12],title=convert([n=i,f=Fn,
> Limit(f)=lim],string)):end proc:
Ñîçäàäèì àíèìàöèîííóþ ïðîöåäóðó, ïðåäâàðèòåëüíî âûâåäÿ èíôîðìà-

öèþ î ïðåäñòàâëåííîì ïðîöåññå, à çàòåì ñîçäàâàÿ ïîñëåäîâàòåëüíîñòü âñåõ
êàäðîâ àíèìàöèè è îáúåäèíÿÿ èõ â ïðîöåäóðå display ñ îïöèåé insequence
= true :
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>AnimLimit[Anim_Seq]:=proc(f,n,N,c)
local prtext:
prtext:=print(`Ïðîöåññ âû÷èñëåíèÿ ïðåäåëà ïîñëåäîâàòåëüíîñòè`,
Limit(f,n=infinity)=limit(f,n=infinity)):
plots[display](seq(AnimLimit[Cadr](f,n,i,c),i=1..N),
insequence=true):
end proc:

II.8 Ñîçäàíèå ïðîöåäóðû àíèìàöèè âû÷èñëåíèÿ ïðåäå-
ëà ñóììû

Ñîçäàäèì ïðîöåäóðó âû÷èñëåíèÿ ÷àñòè÷íîé ñóììû ðÿäà äëÿ ïðîèçâîëüíîé
ïîêà ïîñëåäîâàòåëüíîñòè f (n) ñ ïîìîùüþ ïðîöåäóðû PartSum:

> AnimLimit[PartSum]:=
> proc(f,i,n) local F:
> F:=(k)->subs(i=k,f): sum(F(k),k=1..n):end proc:
Ïðîâåðèì äåéñòâèå ïðîöåäóðû:

> AnimLimit[PartSum]((-1)^i,i,101);
� 1

Âû÷èñëèì òåïåðü ñ ïîìîùüþ ïîëó÷åííîé ïðîöåäóðû ïðåäåë ïîñëåäîâà-
òåëüíîñòè:

> Limit(AnimLimit[PartSum](1/i^2,i,n),
> n=infinity)=limit(AnimLimit[PartS
> um](1/i^2,i,n),n=infinity);

lim
n!1

� 	(1 ; n + 1) +
� 2

6
=

� 2

6
Äîãîâîðèìñÿ äàëåå ãðàôè÷åñêè îòîáðàæàòü ÷àñòè÷íóþ ñóììó n ïåðâûõ

÷ëåíîâ ðÿäà ñ ïîìîùüþ ïðÿìîóãîëüíèêà åäèíè÷íîãî îñíîâàíèÿ, âûñîòîé,
ðàâíîé, ýòîé ÷àñòè÷íîé ñóììå, è ïîçèöèîíèðîâàííîé êîîðäèíàòîé i íà îñè
àáñöèññ. Ñîçäàäèì äèàãðàììó ÷àñòè÷íûõ ñóìì ðÿäà îò n=1 äî n=N:

>AnimLimit[GraphSum]:=proc(f,i,n0,N,c) local
F,k,n,Sn,Sgn,j,S,S0,SG,Sj:
F:=(k)->subs(i=k,f):Sn:=(n0,n)->evalf(sum(F(k),k=n0..n)):
S:=(n0)->evalf(limit(Sn(n0,n),n=infinity)):
S0:=(n0)->limit(sum(F(k),k=n0..n),n=infinity):
SG:=plot([t,S(n0),t=n0..N],color=red,thickness=2):
Sgn:=seq(plots[polygonplot]([[j,0],[j+1,0],
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[j+1,Sn(n0,j)],[j,Sn(n0,j)]],color=c,
titlefont=[TIMES,ROMAN,14],title=
convert([n=N,Sn(n0,N),Lim=S0(n0)],
string)),j=n0..N):
plots[display](Sgn,SG):
end proc:

Ñîçäàäèì àíèìàöèîííóþ ïðîöåäóðó, ïðåäâàðèòåëüíî âûâåäÿ èíôîðìà-
öèþ î ïðåäñòàâëåííîì ïðîöåññå, à çàòåì ñîçäàâàÿ ïîñëåäîâàòåëüíîñòü âñåõ
êàäðîâ àíèìàöèè è îáúåäèíÿÿ èõ â ïðîöåäóðå display ñ îïöèåé insequence
= true :

> AnimLimit[AnimSum]:=
> proc(f,i,n0,N1,c) local N,F,k,prtext:
> F:=(k)->subs(i=k,f):
> prtext:=print(`Ïðîöåññ âû÷èñëåíèÿ ïðåäåëà ñóììû`,
> Sum(F(k),k=n0..infinity)=sum(F(k),k=n0..infinity)):
> prtext,
> plots[display](seq(AnimLimit[GraphSum](f,i,n0,N,c),N=n0+1..N1),
> insequence=true):
> end proc:

Ñîõðàíèì òåïåðü ñîçäàííûå ïðîöåäóðû â áèáëèîòåêå ¾AnimLimit¿ ñ
îäíîèìåííûì íàçâàíèåì ôàéëà ¾AnimLimit.m¿

> save(AnimLimit,`AnimLimit.m`);

II.9 Ïðèìåðû àíèìàöèè ïðîöåññà âû÷èñëåíèÿ ïðåäå-
ëîâ ñóìì è ïîñëåäîâàòåëüíîñòåé

Çàãðóçèì ñîçäàííóþ áèáëèîòåêó:

>restart:
read "AnimLimit.m";
with(AnimLimit);

[AnimSum, Anim_Seq, Cadr, GraphSum, Lim, PartSum]

Ïðèâåäåì ïðèìåð ïðîöåññà âû÷èñëåíèÿ çàìå÷àòåëüíîãî ïðåäåëà:
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II.9.1 Âû÷èñëåíèå ïåðâîãî çàìå÷àòåëüíîãî ïðåäåëà

Ïðèâåäåì ïðèìåð èñïîëíåíèÿ ïðîöåäóðû Anim_Seqâû÷èñëåíèÿ ïåðâîãî çà-
ìå÷àòåëüíîãî ïðåäåëà äëÿ ïîñëåäîâàòåëüíîñòè

f (n) = n sin
�

1
n

�
= 1;

ïîëàãàÿ ÷èñëî êàäðîâ ðàâíûì 100, à öâåò âû÷èñëÿåìîãî ýëåìåíòà - êðàñíûì:

> AnimLimit[Anim_Seq](n*sin(1/n),n,100,red);

.
Ðèñ.II.23 2-é êàäð àíèìàöèè ïðîöåññà âû÷èñëåíèÿ
ïðåäåëà lim

n!1
n sin 1=n.

II.9.2 Ïðèìåð âû÷èñëåíèÿ ïðåäåëà ñóììû çíàêîïîñòîÿííîãî ðÿ-
äà

Âû÷èñëèì ñóììó çíàêîïîñòîÿííîãî ðÿäà:

lim
n= 1

1X

i =0

�
1
2

� i

= 2:

> AnimLimit[AnimSum](1/2^i,i,0,100,green);
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.
Ðèñ.II.24 35-é êàäð àíèìàöèè ïðîöåññà âû÷èñëåíèÿ ñóììû
100P

i =0

1
2i .

Çàìåòèì, ÷òî ñîçäàííûå ïðîãðàììíûå ïðîöåäóðû ïðåæäå âûâîäà îáúåêòà
äèíàìè÷åñêîé ãðàôèêè âûâîäÿò èññëåäóåìóþ ôîðìóëó ïðåäåëà è åãî òî÷íîå
çíà÷åíèå.

II.9.3 Åùå îäèí ïðèìåð âû÷èñëåíèÿ ïðåäåëà ñóììû çíàêîïîñòî-
ÿííîãî ðÿäà

Âû÷èñëèì ñóììó çíàêîïîñòîÿííîãî ðÿäà:

lim
n= 1

1X

i =0

�
9
10

� i

= 10:

>AnimLimit[AnimSum]((9/10)^i,i,0,100,green);
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.
Ðèñ.II.25 27-é êàäð àíèìàöèè ïðîöåññà âû÷èñëåíèÿ ñóììû
100P

i =0

�
9
10

� i
.

II.9.4 Ïðèìåð âû÷èñëåíèÿ ïðåäåëà ñóììû çíàêîïåðåìåííîãî ðÿ-
äà

Âû÷èñëèì ñóììó çíàêîïåðåìåííîãî ðÿäà:

lim
n= 1

1X

i =0

�
�

9
10

� i

=
10
19

:

>AnimLimit[AnimSum]((-9/10)^i,i,0,100,COLOR(RGB,0.4,1,1));
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.
Ðèñ.II.26 42-é êàäð àíèìàöèè ïðîöåññà âû÷èñëåíèÿ ñóììû
100P

i =0

�
� 9

10

� i
.

II.10 Ïîñòðîåíèå àíèìàöèîííîé ïðîöåäóðû íàõîæäå-
íèÿ ïðîèçâîäíîé ôóíêöèè

Ñíà÷àëà îïðåäåëèì ïðîöåäóðó âû÷èñëåíèÿ äèôôåðåíöèàëà ôóíêöèè f(x) â
òî÷êå x1 ïî ôîðìóëå:

dx = x2 � x1;dy = y(x2) � y(x1):
> dif:=proc(x,f,x1,x2) local
> dX,y1,y2,dY:dX:=x2-x1:
> y1:=subs(x=x1,f):y2:=subs(x=x2,f):
> dY:=y2-y1:[dX,dY]:end proc:
Âû÷èñëèì ñ ïîìîùüþ ýòîé ïðîöåäóðû äèôôåðåíöèàë ôóíêöèè x^3 â òî÷-

êå x1=1, åñëè x2=3:
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> dif(x,x^3,1,3);
[2; 26]

Ñîçäàäèì ïðîöåäóðó ïîñòðîåíèÿ ÿâíîãî óðàâíåíèÿ ñåêóùåé, ïðîõîäÿ-
ùåé ÷åðåç òî÷êè ãðàôèêà ñ àáñöèññàìè x1 è x2:

> eqline:=proc(x,f,x1,x2)
> local dX,y1,y2,dY,x0:
> dX:=x2-x1: y1:=subs(x=x1,f):
> y2:=subs(x=x2,f):
> dY:=y2-y1: x0:=x1-dX/dY*y1:
> [x0,[dX,dY],y1+dY/dX*(x-x1)]:
> end proc:

Ïîñòðîèì ñ ïîìîùüþ ýòîé ïðîöåäóðû ÿâíîå óðàâíåíèå ñåêóùåé ê êðèâîé
y = x3 ïðè x1 = 1; x2 = 3:

> QQ:=eqline(x,x^3,1,3);

QQ := [
12
13

; [2; 26]; � 12 + 13x]

Ïîêàæåì, êàê ñ ïîìîùüþ ýòîé ïðîöåäóðû íàéòè çíà÷åíèÿ: ïðèáëèæåííî-
ãî çíà÷åíèÿ ïðîèçâîäíîé, äèôôåðåíöèàëîâ êîîðäèíàò, ëåâîé ÷àñòè óðàâíå-
íèÿ ñåêóùåé:

> QQ[3];
� 12 + 13x

> QQ[2];
[2; 26]

> QQ[2,1];
2

> QQ[1];
12
13

Ïîñòðîèì, íàêîíåö, àíèìàöèîííóþ ïðîöåäóðó âû÷èñëåíèÿ ïðåäåëà äëÿ
ïðîèçâîëüíîé ôóíêöèè f (x) â òî÷êåx1. Òî÷êà x2 âûáèðàåòñÿ ïðîèçâîëüíûì
îáðàçîì, êàê íåêîòîðàÿ çàòðàâî÷íàÿ. Çàòåì ïðîèñõîäèò äåëåíèå ïðîìåæóòêà
x2 � x1 íà 2, 3,.., n ÷àñòåé, â ðåçóëüòàòå ýòîãî ïðîöåññà òî÷êàxk ñáëèæàåòñÿ
ñ íà÷àëîì èíòåðâàëà: xk=x1*(x2-x1)/n*k.
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> graph_n:=proc(x,f,x1,x2,n,c1,c2)
> local DF,x0,d,dxn,
> xn,y1,y2,yn,Q,dyn,dify,difyn,fdifyn,
> x_min,x_max,i,yy_min,y_min,yy_max,y_max,xd,
> X_min,X_max,yd,Y_min,Y_max,EQ,t:
> y1:=subs(x=x1,f):y2:=subs(x=x2,f):
> DF:=subs(x=x1,diff(f,x)):
> if DF=0 then x0:=x1:
> else x0:=x1-y1/DF:
> end if:
> x_min:=min(x0,x1,x2):
> x_max:=max(x0,x1,x2):
> xd:=(x_max-x_min):
> d:=(x_max-x_min)/n:
> Q:=seq(evalf(subs(x=x_min+i*d,f)),i=0..n):
> yy_min:=min(0,Q):
> yy_max:=max(0,Q):
> y_min:=min(y1,y2,yy_min):
> y_max:=max(y1,y2,yy_max):
> yd:=(y_max-y_min):
> X_min:=evalf(x_min-0.1*xd):
> X_max:=evalf(x_max+0.1*xd):
> Y_min:=evalf(y_min-0.1*yd):
> Y_max:=evalf(y_max+0.1*yd):
> dxn:=evalf((x2-x1)/n,4):
> #dxn:=evalf((x2-x1)/(1.2^n-0.2),4):
> xn:=x1+dxn: yn:=subs(x=xn,f):
> dyn:=yn-y1:difyn:=dyn/dxn:
> fdifyn:=evalf(difyn,4):
> EQ:=y1+difyn*(x-x1):
> plot([[x1,t,t=0..y1],[xn,t,t=0..yn],f,EQ,0],
> x=X_min..X_max,y=Y_min..Y_max,
> color=[blue,blue,c1,c2,black],axes=FRAME,
> title=convert([N=n,dx=dxn,dy/dx=fdifyn,
> Dy/dx=evalf(DF,4)],string),numpoints=200
> ):
> end proc:

Òàêèì îáðàçîì, ïîëó÷èì è îïðîáóåì ïðîöåäóðó ïîñòðîåíèÿ n-ãî ãðàôèêà:

> graph_n(x,x^3,1,3,1,red,blue);
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.
Ðèñ.II.27 Ïåðâûé êàäð àíèìàöèè ïðîöåññà ïîñòðîå-
íèÿ êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y = x3.

Íà ðèñóíêå ïîêàçàí ïåðâûé øàã âû÷èñëåíèÿ ïðîèçâîäíîé. Ãðàôèê ôóíê-
öèè èçîáðàæåí êðàñíûì öâåòîì, ñåêóùåé - ñèíèì. Ñîáèðàÿ ïîñëåäîâàòåëü-
íîñòü òàêèõ ãðàôèêîâ â ïðîöåäóðå display ñ îïöèåé insequence=true, ïîëó-
÷àåì èñêîìóþ àíèìàöèîííóþ ïðîöåäóðó ïðîöåññà âû÷èñëåíèÿ ïðîèçâîäíîé.
Òàíãåíñ óãëà íàêëîíà ñåêóùåé íà êàæäîì øàãå äàåò ïðèáëèæåííîå çíà÷åíèå
ïðîèçâîäíîé íà ýòîì ýòîì øàãå, êîòîðîå îòîáðàæàåòñÿ â òèòðàõ ãðàôèêà.

> Anim:= proc(x,f,x1,x2,N,c1,c2) local SS,i:
> SS:=seq(graph_n(x,f,x1,x2,i,c1,c2),i=1..N):
> plots[display](SS,insequence=true):end proc:

> Anim(x,x^3,1,Pi,200,red,blue);
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.
Ðèñ.II.28 200-é êàäð àíèìàöèè ïðîöåññà ïîñòðîåíèÿ êàñàòåëü-
íîé ê ãðàôèêó ôóíêöèè y = x3.
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Ãëàâà III

Ìîäåëèðîâàíèå îáúåêòîâ
äèôôåðåíöèàëüíîé ãåîìåòðèè â Maple

III.1 Àäàïòèðîâàííûé ðåïåð êðèâîé è äèôôåðåíöèàëü-
íûå èíâàðèàíòû êðèâîé â ïðîñòðàíñòâå

III.1.1 Âåäåíèå

Äèôôåðåíöèàëüíàÿ ãåîìåòðèÿ òðàäèöèîííî ñ÷èòàåòñÿ îäíèì èç íàèáîëåå
òðóäíûõ ïðåäìåòîâ íà ìàòåìàòè÷åñêèõ ôàêóëüòåòàõ âóçîâ. Â íåé èíòåãðè-
ðóþòñÿ çíàíèÿ, ïîëó÷åííûå ñòóäåíòàìè íà êóðñàõ àëãåáðû, àíàëèòè÷åñêîé
ãåîìåòðèè, ìàòåìàòè÷åñêîãî àíàëèçà îäíîé è íåñêîëüêèõ ïåðåìåííûõ, äèô-
ôåðåíöèàëüíûõ óðàâíåíèé. Êðîìå òîãî, ãåîìåòðè÷åñêèå îáðàçû, à òàêæå ñî-
îòâåòñòâóþùèå âû÷èñëèòåëüíûå ïðîöåäóðû, ñîïðîâîæäàþùèå ýòîò êóðñ, ÿâ-
ëÿþòñÿ ÷ðåçâû÷àéíî ñëîæíûìè è ãðîìîçäêèìè. Âñå ýòî äåëàåò óêàçàííûé
êóðñ ìàëî íàãëÿäíûì è ñëîæíûì äëÿ óñâîåíèÿ, íåñìîòðÿ íà ÷ðåçâû÷àéíóþ
ïðîñòîòó è ïðîçðà÷íîñòü îñíîâíûõ èäåé äèôôåðåíöèàëüíîé ãåîìåòðèè. Ñ
äðóãîé ñòîðîíû, ìåòîäû äèôôåðåíöèàëüíîé ãåîìåòðèè êðèâûõ è ïîâåðõíî-
ñòåé íàõîäÿò îãðîìíîå êîëè÷åñòâî ïðèëîæåíèé â ñàìûõ ðàçëè÷íûõ îáëàñòÿõ
ïðèêëàäíîé ìàòåìàòèêè, òåîðèè ïîëÿ, ìåõàíèêè, îïòèêè è ò.ï. Ïîýòîìó, çà-
äà÷à ïîâûøåíèÿ íàãëÿäíîñòè ýòîãî êóðñà ñòàíîâèòñÿ ÷ðåçâû÷àéíî âàæíîé.
Ýòà çàäà÷à ìîæåò áûòü ðåøåíà ãðàôè÷åñêèìè ñðåäñòâàìè êîìïüþòåðíîé
ìàòåìàòèêè, â ÷àñòíîñòè, ïàêåòà Maple.

Ê ñòàíäàðòíûì çàäà÷àì äèôôåðåíöèàëüíîé ãåîìåòðèè ñëåäóåò îòíåñòè
çàäà÷è, ïîëíîñòüþ ïîñòðîåííûå íà àïïàðàòå âåêòîðíîé àëãåáðû è äèôôå-
ðåíöèàëüíîãî èñ÷èñëåíèÿ ôóíêöèé îäíîé (äèôôåðåíöèàëüíàÿ ãåîìåòðèÿ êðè-
âûõ) è äâóõ (äèôôåðåíöèàëüíàÿ ãåîìåòðèÿ ïîâåðõíîñòåé) ïåðåìåííûõ. Ê
òàêîâûì çàäà÷àì îòíîñÿòñÿ: ïîñòðîåíèå àäàïòèðîâàííîãî ðåïåðà êðèâîé, âû-
÷èñëåíèå êðèâèçíû è êðó÷åíèÿ êðèâîé, íàõîæäåíèå ïåðâîé è âòîðîé êâàä-
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ðàòè÷íûõ ôîðì ïîâåðõíîñòåé, åå âåêòîðíîé îñíàñòêè, ãåîäåçè÷åñêîé, íîð-
ìàëüíîé, ãëàâíûõ êðèâèçí ïîâåðõíîñòåé. Èìåííî ýòè çàäà÷è è èçó÷àþòñÿ
â ñòàíäàðòíûõ êóðñàõ äèôôåðåíöèàëüíîé ãåîìåòðèè. Ê çàäà÷àì ïîâûøåí-
íîé ñëîæíîñòè, êîòîðûå çà ðåäêèì èñêëþ÷åíèåì ïðàêòè÷åñêè íå èçó÷àþòñÿ
â ñòàíäàðòíûõ êóðñàõ äèôôåðåíöèàëüíîé ãåîìåòðèè îòíîñÿòñÿ òàêèå, êàê
âîññòàíîâëåíèå êðèâîé ïî åå íàòóðàëüíûì óðàâíåíèÿì è íàõîæäåíèå ëèíèé
ãëàâíûõ íàïðàâëåíèé êðèâèçí è ãåîäåçè÷åñêèõ íà ïîâåðõíîñòÿõ. Çàìå÷à-
òåëüíûì ÿâëÿåòñÿ òîò ôàêò, ÷òî êàê ðàç íà ðåøåíèÿ ýòèõ çàäà÷, êàê îñíîâ-
íûõ, è íàïðàâëåíû ñòàíäàðòíûå êóðñû äèôôåðåíöèàëüíîé ãåîìåòðèè. Íå
ðåøàþòñÿ æå ýòè çàÿâëåííûå è î÷åíü ïîó÷èòåëüíûå çàäà÷è â ñòàíäàðòíûõ
êóðñàõ äèôôåðåíöèàëüíîé ãåîìåòðèè èìåííî ïîòîìó, ÷òî çàäà÷è ýòè ñâÿ-
çàíû ñ ðåøåíèåì ñèñòåìû îáûêíîâåííûõ ñóùåñòâåííî íåëèíåéíûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé, äëÿ êîòîðûõ íå ñóùåñòâóåò îáùåé òåîðèè èíòåãðè-
ðîâàíèÿ, çà èñêëþ÷åíèåì íåêîòîðûõ êà÷åñòâåííûõ ìåòîäîâ èññëåäîâàíèÿ.
Ýòè çàäà÷è òàêæå ìîãóò áûòü ðåøåíû ñðåäñòâàìè êîìïüþòåðíîé ìàòåìà-
òèêè. Â 90-õ ãîäàõ À. Ãðýé ïîñâÿòèë ñïåöèàëüíóþ ìîíîãðàôèþ èçëîæåíèþ
äèôôåðåíöèàëüíîé ãåîìåòðèè ñ ïîìîùüþ ïàêåòà êîìïüþòåðíîé ìàòåìàòè-
êè ¾Mathematica 2¿ [83]. Îäíàêî, â ýòîé êíèãå íå îòðàæåíû âîïðîñû, êàê
äèíàìè÷åñêîé âèçóàëèçàöèè îáúåêòîâ äèôôåðåíöèàëüíîé ãåîìåòðèè, òàê è
âîïðîñû, ñâÿçàííûå ñ èíòåãðàëüíûìè íåëèíåéíûìè çàäà÷àìè äèôôåðåíöè-
àëüíîé ãåîìåòðèè.

III.1.2 Ìàòåìàòè÷åñêàÿ ìîäåëü äèôôåðåíöèàëüíîé ãåîìåòðèè
êðèâûõ

Êàê óæå áûëî ñêàçàíî, äèôôåðåíöèàëüíàÿ ãåîìåòðèÿ êðèâûõ îñíîâàíà íà
ïðèìåíåíèè ìåòîäîâ ìàòåìàòè÷åñêîãî àíàëèçà ôóíêöèè îäíîé ïåðåìåííîé
ê ñòðóêòóðå àíàëèòè÷åñêîé ãåîìåòðèè. Îñíîâíûì îáúåêòîì äèôôåðåíöè-
àëüíîé ãåîìåòðèè êðèâûõ ÿâëÿåòñÿ ãëàäêàÿ ïàðàìåòðèçîâàííàÿ êðèâàÿ 
â òðåõìåðíîì åâêëèäîâîì ïðîñòðàíñòâå E3, îïðåäåëÿåìàÿ îòíîñèòåëüíî äå-
êàðòîâîãî ðåïåðà âåêòîðíûìè óðàâíåíèÿìè: 1

r = r (t); (III.1)

ãäår � r � ðàäèóñ-âåêòîð òî÷êè êðèâîé, çàäàííûé óïîðÿäî÷åííûì íàáîðîì
íåïðåðûâíûõ, äâàæäû äèôôåðåíöèðóåìûõ äåêàðòîâûõ êîîðäèíàò òî÷êè
x(t); y(t); z(t)2. Ñ ïîìîùüþ ïðîèçâîäíûõ ïî ïàðàìåòðó ðàäèóñà âåêòîðà,

1Îïèñàíèå ìàòåìàòè÷åñêîé ìîäåëè àäàïòèðîâàííîãî ðåïåðà ìîæíî íàéòè, íàïðèìåð, â êíèãå [ 126].
2 Ñì., íàïðèìåð, [ 126].
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Ãëàâà III. Ìîäåëèðîâàíèå îáúåêòîâ äèôôåðåíöèàëüíîé ãåîìåòðèè â MAPLE

_r (t); •r (t) â êàæäîé òî÷êå êðèâîé îïðåäåëÿþòñÿ âåêòîðû îðòîíîðìèðîâàííîãî
áàçèñàf eg = f �; �; � g3:

� =
_r

j _r j
; � =

[ _r; •r ]
j[ _r; •r ]j

; � =
[ _r; [ _r; •r ]]
j[ _r; [ _r; •r ]]j

(III.2)

� åäèíè÷íûå âåêòîðû êàñàòåëüíîé, áèíîðìàëè è íîðìàëè, ñîîòâåòñòâåííî;
[a,b] � çíàê âåêòîðíîãî ïðîèçâåäåíèÿ âåêòîðîâ a, b. Ïðèñîåäèíåíèå ê òå-
êóùåé òî÷êè êðèâîé M(t) îðòîíîðìèðîâàííîãî áàçèñà ( V.6) äàåò íàì òàê
íàçûâàåìûé àäàïòèðîâàííûé ðåïåð, Rt(M (t); � (t); � (t); � (t)) , � ïðàâûé ïðÿ-
ìîóãîëüíûé äåêàðòîâ ðåïåð, ñêîëüçÿùèé âäîëü ïàðàìåòðèçîâàííîé êðèâîé è
ÿâëÿþùèéñÿ îñíîâíûì èíñòðóìåíòîì èññëåäîâàíèÿ åå ãåîìåòðèè íå òîëüêî
â òðåõìåðíîì åâêëèäîâîì, íî, âîîáùå ãîâîðÿ, è â ðèìàíîâîì ïðîñòðàíñòâå
ïðîèçâîëüíîé ðàçìåðíîñòè. Â ñâÿçè ñ ýòèì ïîíÿòèå àäàïòèðîâàííîãî ðåïåðà
ÿâëÿåòñÿ ÷ðåçâû÷àéíî âàæíûì äëÿ äèôôåðåíöèàëüíîé ãåîìåòðèè è òðåáó-
åò íàãëÿäíîãî ïðåäñòàâëåíèÿ â êóðñå äèôôåðåíöèàëüíîé ãåîìåòðèè4. Äàëåå,
äëÿ ãëàäêîé êðèâîé  ââîäèòñÿ åå íàòóðàëüíûé ïàðàìåòð, s, êàê äëèíà ýòîé
êðèâîé:

s(t) =
Z t

t0

j _r (t0)jdt0; (III.3)

ÿâëÿþùèéñÿ ìîíîòîííî âîçðàñòàþùåé ôóíêöèåé ïàðàìåòðà t. Ðàçëîæåíèå
ïðîèçâîäíûõ ïî íàòóðàëüíîìó ïàðàìåòðó îò âåêòîðîâ áàçèñà ïî âåêòîðàì
æåf eg ïðåäñòàâëÿåòñÿ ôîðìóëàìè Ôðåíå-Ñåððå:

� 0= k� ; � 0= � k� + �� ; � 0= � ��; (III.4)

ãäå øòðèõ îçíà÷àåò äèôôåðåíöèðîâàíèå ïî íàòóðàëüíîìó ïàðàìåòðó à äâà
ñêàëÿðà:

k = k(s); � = � (s); (III.5)

� êðèâèçíà è êðó÷åíèå êðèâîé, ñîîòâåòñòâåííî, îïðåäåëÿþòñÿ ôîðìóëàìè:

k =
j[ _r; •r ]j
j _r j3

; � =
( _r; •r;

:::
r )

j[ _r; •r ]j2
; (III.6)

3 Ìû ïðèäåðæèâàåìñÿ êëàññè÷åñêîãî îáîçíà÷åíèÿ âåêòîðîâ àäàïòèðîâàííîãî ðåïåðà, ñì., íàïðèìåð,
[126].

4 Çäåñü ñëåäóåò îòìåòèòü, ÷òî â ñîâåòñêîé ñèñòåìå âûñøåãî îáðàçîâàíèÿ êóðñ äèôôåðåíöèàëüíîé
ãåîìåòðèè ñîïðîâîæäàëñÿ áîëüøèì êîëè÷åñòâîì íàãëÿäíûõ ó÷åáíûõ ïîñîáèé. Â ÷àñòíîñòè, ïîíÿòèÿ ñî-
ïðèêîñíîâåíèÿ êðèâûõ è àäàïòèðîâàííîãî (íàòóðàëüíîãî) ðåïåðà êðèâûõ äåìîíñòðèðîâàëèñü íà ñïåöè-
àëüíûõ ïðèáîðàõ, ñíàáæåííûìè ïîäâèæíîé êàðåòêîé, ñêîëüçÿùåé âäîëü ìàêåòà êðèâîé, âûïîëíåííîãî
èç ïðîâîëîêè.
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III.1. Àäàïòèðîâàííûé ðåïåð è äèôôåðåíöèàëüíûå èíâàðèàíòû êðèâîé

(a,b.c) � çíàê ñìåøàííîãî ïðîèçâåäåíèÿ âåêòîðîâ a,b.c. Ñîîòíîøåíèÿ ( V.8)
íàçûâàþòñÿ íàòóðàëüíûìè óðàâíåíèÿìè êðèâîé. Òåîðåìà î êîíãðóýíòíîñòè
äâóõ êðèâûõ ñ îäèíàêîâûìè íàòóðàëüíûìè óðàâíåíèÿìè ïðèâîäèò ê òîìó,
÷òî çíàíèå â êàæäîé òî÷êå êðèâîé åå êðèâèçíû è êðó÷åíèÿ ïîëíîñòüþ îïðå-
äåëÿåò âíóòðåííþþ ãåîìåòðèþ ýòîé êðèâîé. Â äèôôåðåíöèàëüíîé ãåîìåò-
ðèè êðèâûõ ìîæíî ðàçëè÷èòü äâå çàäà÷è, � ïðÿìóþ è îáðàòíóþ. Â ïðÿìîé
çàäà÷å, êîòîðóþ òîëüêî îáû÷íî è ðåøàþò â ñòàíäàðòíûõ êóðñàõ äèôôåðåí-
öèàëüíîé ãåîìåòðèè, òðåáóåòñÿ îïðåäåëèòü íàòóðàëüíûå óðàâíåíèÿ êðèâîé
ïî çàäàííîìó åå ïàðàìåòðè÷åñêîìó óðàâíåíèþ. Â îáðàòíîé çàäà÷å íåîáõî-
äèìî îïðåäåëèòü ñ òî÷íîñòüþ äî äâèæåíèÿ åå ïàðàìåòðè÷åñêîå óðàâíåíèå.
Ïðîãðàììíîé ðåàëèçàöèè âòîðîé çàäà÷è äëÿ ïðîèçâîëüíîé êðèâîé ìû ïî-
ñâÿòèì ñëåäóþùèé ðàçäåë. Â ýòîì æå ðàçäåëå ìû ðàññìîòðèì ïðîãðàììíûå
ïðîöåäóðû ðåàëèçàöèè ïðÿìîé çàäà÷è.

III.1.3 Âèçóàëèçàöèÿ íàòóðàëüíûõ óðàâíåíèé êðèâîé

Çàäà÷à âèçóàëèçàöèè íàòóðàëüíûõ óðàâíåíèé ïðîèçâîëüíîé êðèâîé ðåøà-
åòñÿ ÿâëÿåòñÿ ïðîñòîé � ñîãëàñíî (V.8)�( V.9) äëÿ ýòîãî íåîáõîäèìî ëèøü
âû÷èñëèòü çàâèñèìîñòè (V.8) â êàæäîé òî÷êå êðèâîé è èçîáðàçèòü èõ íà
ñîâìåñòíîì ãðàôèêå. Â ñîçäàííîì íàìè ïàêåòå ïðîãðàììíûõ ïðîöåäóð
YuDifGeoýòà çàäà÷à ðåøàåòñÿ ñ ïîìîùüþ êîìàíä
GraphicNatural Curvature(Line,param,param0,max_param,cc),
YuDifGeo(Line, param,param0,max_param,cc) è
GraphicNaturalEquations (Line,param,param0,max_param,cc1,cc2) ,
ãäå Line � ïàðàìåòðè÷åñêèå óðàâíåíèÿ êðèâîé, çàäàâàåìûå â ñïèñî÷íîì âèäå
[x(t),y(t),z(t)]; param, param0 � èìÿ ïàðàìåòðà êðèâîé è íà÷àëüíîå
çíà÷åíèå ïàðàìåòðà, max_param � ìàêñèìàëüíîå çíà÷åíèå ïàðàìåòðà, cc,
ññ1, ññ2 � öâåòà èçîáðàæåíèÿ êðèâûõ. Ïðè ýòîì ïåðâûå äâå êîìàíäû èçîáðà-
æàþò êðèâèçíó è êðó÷åíèÿ êðèâîé íà îòäåëüíîì ãðàôèêå, òðåòüÿ êîìàíäà
ñîâìåùàåò ýòè èçîáðàæåíèÿ. Ïðèâåäåì ôðàãìåíò ïðîãðàììû:

>YuDifGeo[GraphicNaturalCurvature]:=
proc(Line,param,param0,max\_param,cc) local param1:
plot([YuDifGeo[CurvatureLine](Line,param,param1),
YuDifGeo[LengthLine](Line,param,param0,param1),
param1=param0..max\_param],color=cc,
labelfont=[TIMES,ROMAN,12],
labels=[`s`,``]):end:
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Ãëàâà III. Ìîäåëèðîâàíèå îáúåêòîâ äèôôåðåíöèàëüíîé ãåîìåòðèè â MAPLE

Óêàçàííûå ïðîãðàììíûå ïðîöåäóðû èñïîëüçóþò âíóòðåííèå ïðîöåäóðû
ïàêåòà � CurvatureLine, TorsionLine è LengthLine , îòâåòñòâåííûå çà âû-
÷èñëåíèå äëèíû äóãè êðèâîé, åå êðèâèçíû è êðó÷åíèÿ, ñîîòâåòñòâåííî. Ïðî-
äåìîíñòðèðóåì âûïîëíåíèå ïðîöåäóðû èçîáðàæåíèÿ íàòóðàëüíûõ óðàâíå-
íèé êîíè÷åñêîé âèíòîâîé ëèíèè r = ( t cos(t); t sin(t); t) íà îòðåçêå [0,4� ],
ïðè÷åì ãðàôèê êðèâèçíû èçîáðàæàåòñÿ ñèíèì öâåòîì, êðó÷åíèÿ � êðàñíûì:
> YuDifGeo[GraphicNaturalEquations]([t*cos(t),t*sin(t),t],t,0,4*Pi,blue,red);

III.1.4 Îñíàùåííàÿ äèíàìè÷åñêàÿ âèçóàëèçàöèÿ àäàïòèðîâàííî-
ãî ðåïåðà ïðîèçâîëüíîé ïàðàìåòðèçîâàííîé êðèâîé

Àíàëîãè÷íàÿ çàäà÷à íàõîæäåíèÿ íàòóðàëüíûõ óðàâíåíèé êðèâûõ è èõ âèçó-
àëèçàöèè â ñèñòåìå Mathematica2 ïðèâåäåíà è â öèòèðîâàííîé ìîíîãðàôèè
Ãðýÿ [83]. Ïåðåéäåì òåïåðü ê ðåøåíèþ ãîðàçäî áîëåå ñëîæíîé çàäà÷è � ïî-
ñòðîåíèþ îñíàùåííîé äèíàìè÷åñêîé âèçóàëèçàöèè àäàïòèðîâàííîãî ðåïåðà
ïðîèçâîëüíîé ïàðàìåòðèçîâàííîé êðèâîé. Îòìåòèì, ÷òî çàäà÷à ïîñòðîåíèÿ
èçîáðàæåíèÿ àäàïòèðîâàííîãî ðåïåðà êðèâîé òàêæå ðåøàåòñÿ äîñòàòî÷íî
ïðîñòî:

>YuDifGeo[NaturalReper]:=
proc(Line,param,param0,t1,cc1,cc2,cc3)
local rt1,rt2,rt3,tt,bb,nn,xi,zeta,chi:
tt:=YuDifGeo[NormTangentLine](Line,param,param0):
rt1:=YuDifGeo[ParamLine](subs(param=param0,Line),
tt,xi,t1,cc1,scaling=CONSTRAINED):
bb:=YuDifGeo[BinormLine](Line,param,param0):
rt2:=YuDifGeo[ParamLine](subs(param=param0,Line),
bb,zeta,t1,cc2,scaling=CONSTRAINED):
nn:=YuDifGeo[MainNormLine](Line,param,param0):
rt3:=YuDifGeo[ParamLine](subs(param=param0,Line),
nn,chi,t1,cc3,scaling=CONSTRAINED):
plots[display](rt1,rt2,rt3):end:

Êàê âèäíî, çäåñü èñïîëüçîâàí ðÿä âíóòðåííèõ ïðîöåäóð ïàêåòà, îòâåò-
ñòâåííûõ çà èçîáðàæåíèå îòäåëüíûõ ýëåìåíòîâ ðåïåðà êðèâîé â åå òî÷êå,
ñîîòâåòñòâóþùåé çíà÷åíèþ ïàðàìåòðà t1.

Çíà÷èòåëüíî áîëåå ñëîæíî ðåøàåòñÿ çàäà÷à ïîñòðîåíèÿ îñíàùåííîé äè-
íàìè÷åñêîé ìîäåëè àäàïòèðîâàííîãî ðåïåðà êðèâîé. Ýòà çàäà÷à ðåøàåòñÿ â
ñîçäàííîì ïàêåòå ïðîãðàììíîé ïðîöåäóðîé
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III.2. Êîìïüþòåðíîå ìîäåëèðîâàíèå àäàïòèðîâàííîãî ðåïåðà êðèâîé

YuDifGeo[AnimNatural Reper](Line,param,mini,maxi,c,N,p) ,
ãäå êðîìå óæå ââåäåííûõ ïàðàìåòðîâ mini � ìèíèìàëüíîå çíà÷åíèå ïàðà-
ìåòðà t êðèâîé, maxi � ìàêñèìàëüíîå, ñ � öâåò èçîáðàæåíèÿ êðèâîé, N �
÷èñëî êàäðîâ äèíàìè÷åñêîé ìîäåëè. Ïàðàìåòð p ìîæåò ïðèíèìàòü çíà÷åíèå
1 èëè ëþáîå äðóãîå, â òîì ÷èñëå è áóêâåííîå. Ïðè p=1 â çàãîëîâîê ðèñóí-
êà âûíîñÿòñÿ äèíàìè÷åñêèå çíà÷åíèÿ êðèâèçíû, êðó÷åíèÿ è äëèíû äóãè.
Ïðè ëþáîì äðóãîì çíà÷åíèè ýòîãî ïàðàìåòðà êðèâèçíà, êðó÷åíèå è äëè-
íà äóãè êðèâîé îòîáðàæàþòñÿ äèíàìè÷åñêèìè îáúåìíûìè ãèñòîãðàììàìè
ñ ïðèëîæåííûìè ê íèì äèíàìè÷åñêè îáíîâëÿåìûìè çíà÷åíèÿìè óêàçàííûõ
ñêàëÿðîâ. Äëÿ àâòîìàòèçàöèè ïðîöåññà ïîñòðîåíèÿ îïòèìàëüíîé äèíàìè÷å-
ñêîé ìîäåëè íåîáõîäèìî áûëî äàòü îïðåäåëåíèÿ ðÿäó ãðàôè÷åñêèõ ïàðà-
ìåòðîâ îñíàùåííîé ãðàôèêè, çàâèñÿùèõ îò êîíêðåòíîãî óðàâíåíèÿ êðèâîé
è çàäàííûõ ãðàíèö åå âîñïðîèçâåäåíèÿ. Äëÿ ðåøåíèÿ ýòîé çàäà÷è èñïîëüçî-
âàëñÿ ñëåäóþùèé àëãîðèòì. Â êàæäîì êàäðå îïðåäåëÿëèñü ìèíèìàëüíûå è
ìàêñèìàëüíûå çíà÷åíèÿ êîîðäèíàò äëÿ âñåõ ýëåìåíòîâ ôèãóðû ñ ïîìîùüþ
âñòðîåííîé ïðîöåäóðû min è max, çàòåì ñîñòàâëÿëñÿ ñïèñîê ìèíèìàëüíûõ
è ìàêñèìàëüíûõ çíà÷åíèé êîîðäèíàò ôèãóð ïî âñåì êàäðàì è íàõîäèëèñü
ìàêñèìàëüíûå è ìèíèìàëüíûå êîîðäèíàòû ïî âñåé äèíàìè÷åñêîé ìîäåëè.
Òàêèì îáðàçîì, ìîæíî áûëî îïðåäåëèòü ìàêñèìàëüíûå ðàçìåðû äèíàìè÷å-
ñêîãî îáúåêòà ïî âñåì èçìåðåíèÿì, ÷òî ïîçâîëèëî îïòèìèçèðîâàòü ðàçìåðû
åãî äîáàâî÷íûõ ýëåìåíòîâ. Íà Ðèñ. 3 ïîêàçàí îäèí êàäð èñïîëíåíèÿ ýòîé
ïðîãðàììíîé ïðîöåäóðû.

III.2 Êîìïüþòåðíîå ìîäåëèðîâàíèå àäàïòèðîâàííîãî
ðåïåðà ïðîñòðàíñòâåííîé êðèâîé

Èòàê, áóäåì çàäàâàòü ïàðàìåòðèçîâàííóþ êðèâóþ ïðàâîé ÷àñòüþ åå ïà-
ðàìåòðè÷åñêèõ óðàâíåíèé, ò.å., ðàäèóñîì-âåêòîðîì [f(t),g(t),h(t)], Line -
áóäåò åå óñëîâíîå èìÿ, param - åå ïàðàìåòð. Çàäàäèì äëÿ óäîáñòâà â
äàëüíåéøåì êîìàíäó âû÷èñëåíèÿ äëèíû âåêòîðà, ModVector(x) è êîìàí-
äó íîðìèðîâàíèÿ âåêòîðà, NormVector(x):

> restart:

> YuDifGeo:=table():
> YuDifGeo[ModVector]:=proc(x):
> simplify(sqrt(linalg[innerprod](x,x))):end:
> YuDifGeo[NormVector]:=proc(x):
> simplify(linalg[scalarmul](x,1/YuDifGeo[ModVector](x))):end:
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Ïðîâåðèì, êàê ýòî ðàáîòàåò:

> YuDifGeo[NormVector]([sin(t),cos(t),1]);
�

1=2
p

2 sin (t) 1=2
p

2 cos (t) 1=2
p

2
�

Îïðåäåëèì êîìàíäó âû÷èñëåíèÿ êàñàòåëüíîãî âåêòîðà ê êðèâîé â òî÷êå
ñ ïàðàìåòðîì param0:

> YuDifGeo[TangentLine]:=proc(Line,param,param0):
> eval(subs(param=param0,diff(Line,param))):end:

> YuDifGeo[TangentLine]([a*cos(t),a*sin(t),b*t],t,0);
[0; a; b]

Îïðåäåëèì êîìàíäó âû÷èñëåíèÿ äëèíû äóãè êðèâîé:
> YuDifGeo[LengthLine]:=proc(Line,param,param0,param1)
> local t:
> simplify(int(YuDifGeo[ModVector](YuDifGeo
> [TangentLine](Line,param,t1)),
> t1=param0..param1)):end:

> YuDifGeo[LengthLine]([a*cos(t),a*sin(t),b*t],t,0,t);
p

a2 + b2t
Îïðåäåëèì êîìàíäó âû÷èñëåíèÿ åäèíè÷íîãî êàñàòåëüíîãî âåêòîðà êðè-

âîé tau â òî÷êå ñ ïàðàìåòðîì param0:
> YuDifGeo[NormTangentLine]:=
> proc(Line,param,param0):
> YuDifGeo[NormVector](YuDifGeo[TangentLine](#
> Line,param,param0)):
> end:

> YuDifGeo[NormTangentLine]([a*cos(t),a*sin(t),b*t],t,t);
h

� a sin(t)p
a2+ b2

a cos(t)p
a2+ b2

bp
a2+ b2

i

Îïðåäåëèì êîìàíäó íàõîæäåíèÿ åäèíè÷íîãî âåêòîðà áèíîðìàëè:
beta=[r',r�]/|[r',r�]:|

> YuDifGeo[BinormLine]:=
> proc(Line,param,param0):
> YuDifGeo[NormVector](linalg[crossprod](eval(subs(param=
> param0,diff(Line,param))),
> eval(subs(param=param0,diff(Line,param$2))))):
> end:

> YuDifGeo[BinormLine]([a*cos(t),a*sin(t),b*t],t,t);
h

basin(t)p
a2(a2+ b2)

� bacos(t)p
a2(a2+ b2)

a2p
a2(a2+ b2)

i
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Îïðåäåëèì êîìàíäó íàõîæäåíèÿ åäèíè÷íîãî âåêòîðà ãëàâíîé íîðìàëè
n=[tau,beta]:

> YuDifGeo[MainNormLine]:=
> proc(Line,param,param0):
> simplify(linalg[crossprod](#
> YuDifGeo[NormTangentLine](Line,param,param0),
> YuDifGeo[BinormLine](Line,param,param0))):end:
> YuDifGeo[MainNormLine]([a*cos(t),a*sin(t),b*t],t,t);

h
a cos(t)

p
a2+ b2p

a2(a2+ b2)

a sin(t)
p

a2+ b2p
a2(a2+ b2)

0
i

Îïðåäåëèì êîìàíäó âû÷èñëåíèÿ êðèâèçíû êðèâîé â òî÷êå param0:
> YuDifGeo[CurvatureLine]:=proc(Line,param,param0)
> local T1,N1:
> T1:=subs(param=param0,diff(Line,param)):
> N1:=subs(param=param0,diff(Line,param$2)):
> simplify(YuDifGeo[ModVector](linalg[crossprod](T1,N1))/
> YuDifGeo[ModVector](T1)^3):
> end:
> YuDifGeo[CurvatureLine]([a*cos(t),a*sin(t),b*t],t,tau);

p
a2 (a2 + b2)

(a2 + b2)3=2

Îïðåäåëèì êîìàíäó ñìåøàííîãî ïðîèçâåäåíèÿ òðåõ âåêòîðîâ:
> YuDifGeo[CombProd]:=proc(x,y,z):
> simplify(linalg[innerprod](x,linalg[crossprod](y,z))):
> end proc:
> YuDifGeo[CombProd](#
> [x,y,z],[1,2,3],[4,5,6]);

� 3x + 6 y � 3z
Îïðåäåëèì êîìàíäó âû÷èñëåíèÿ êðó÷åíèÿ êðèâîé â òî÷êå param0:
> YuDifGeo[TorsionLine]:=
> proc(Line,param,param0) local T1,T2,T3,TTT:
> T1:=subs(param=param0,diff(Line,param)):
> T2:=subs(param=param0,diff(Line,param$2)):
> T3:=subs(param=param0,diff(Line,param$3)):
> TTT:=
> simplify(YuDifGeo[ModVector](linalg[crossprod](T1,T2))):
> simplify(YuDifGeo[CombProd](T1,T2,T3)/TTT^2):end:
Ïîñìîòðèì, êàê ýòî ðàáîòàåò:

> YuDifGeo[TorsionLine]([a*cos(t),a*sin(t),b*t],t,tau);
b

a2 + b2
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III.2.1 Êîìàíäû èçîáðàæåíèÿ â òåîðèè äèôôåðåíöèàëüíîé ãåî-
ìåòðèè êðèâûõ

Êîìàíäà èçîáðàæåíèÿ íàòóðàëüíûõ óðàâíåíèé êðèâûõ

k = k(s); kappa= kappa(s) :
> YuDifGeo[GraphicNaturalCurvature]:=
> proc(Line,param,param0,max_param,cc)
> local param1:
> plot([YuDifGeo[CurvatureLine](Line,param,param1),
> YuDifGeo[LengthLine](Line,param,param0,param1),
> param1=param0..max_param],color=cc
> ,labelfont=[TIMES,ROMAN,12],labels=[`s`,�]):end:
> YuDifGeo[GraphicNaturalTorsion]:=
> proc(Line,param,param0,max_param,cc)
> local param1:
> plot([YuDifGeo[TorsionLine](Line,param,param1),
> YuDifGeo[LengthLine](Line,param,param0,param1),
> param1=param0..max_param],color=cc
> ,labelfont=[TIMES,ROMAN,12],labels=[`s`,�]):end:
> #
> YuDifGeo[GraphicNaturalTorsion]([t*cos(t),t*sin(t),t],\
> t,0,8*Pi,red);
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>YuDifGeo[GraphicNaturalEquations]:=
proc(Line,param,param0,max_param,cc1,cc2)
local param1:
plot([[YuDifGeo[CurvatureLine](Line,param,param1),
YuDifGeo[LengthLine](Line,param,param0,param1),
param1=param0..max_param],
[YuDifGeo[TorsionLine](Line,param,param1),
YuDifGeo[LengthLine](Line,param,param0,param1),
param1=param0..max_param]],color=[cc1,cc2],
labelfont=[TIMES,ROMAN,12],labels=[`s`,``],
legend=[`k(s)`,`kappa(s)`],
titlefont=[TIMES,ROMAN,BOLD],
title=`Natural Equations of Curve`):end:

> YuDifGeo[GraphicNaturalEquations]([t*cos(t),
> t*sin(t),t],t,0,4*Pi,blue,red);

Êîìàíäà èçîáðàæåíèÿ îòðåçêà

> YuDifGeo[ParamLine]:=proc(X,q,param,t1,c) local EQ:
> EQ:=linalg[matadd](X,linalg[scalarmul](q,param),1,1):
> plots[spacecurve](EQ,param=0..t1,thickness=2,
> color=c,scaling=CONSTRAINED):
> end:
> YuDifGeo[ParamLine]([1,2,3],[1,4,1],xi,2,red);
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III.2.2 Êîìàíäû èçîáðàæåíèÿ àäàïòèðîâàííîãî ðåïåðà ñ íà÷àëîì
â òî÷êå t0

> YuDifGeo[NaturalReper]:=
> proc(Line,param,param0,t1,cc1,cc2,cc3)
> local rt1,rt2,rt3,tt,bb,nn,xi,zeta,chi:
> tt:=YuDifGeo[NormTangentLine](Line,param,param0):
> rt1:=YuDifGeo[ParamLine](subs(param=param0,Line),
> tt,xi,t1,cc1,scaling=CONSTRAINED):
> bb:=YuDifGeo[BinormLine](Line,param,param0):
> rt2:=YuDifGeo[ParamLine](subs(param=param0,Line),
> bb,zeta,t1,cc2,scaling=CONSTRAINED):
> nn:=YuDifGeo[MainNormLine](Line,param,param0):
> rt3:=YuDifGeo[ParamLine](subs(param=param0,Line),
> nn,chi,t1,cc3,scaling=CONSTRAINED):
> plots[display](rt1,rt2,rt3):end:

> YuDifGeo[NaturalReper]([cos(t),sin(t),t],\
> t,Pi/2,2,red,blue,black);
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Êîìàíäà àíèìàöèè íàòóðàëüíîãî ðåïåðà êðèâîé:

Ñíà÷àëà âû÷èñëåì äëèíó ëèíèè
> SS:=(Line,param,mini,maxi,i)->
> evalf(YuDifGeo[LengthLine](Line,param,mini,\
> (maxi-mini)/71*i),6):

> SS([cos(t),sin(t),0.2*t],t,0,8*Pi,10);
3:60991

Ñòðîèì ïðîöåäóðó äèíàìè÷åñêîé âèçóàëèçàöèè íàòóðàëüíîãî ðåïåðà êðè-
âîé. Çàäàåì ïàðàìåòðû ðåïåðà:

>YuDifGeo[AnimNaturalReper]:=
proc(Line,param,mini,maxi,c,N,p) local
LINE,T,GL,TTT,S,kk,KKK,XXX,
x_min,x_max,y_min,y_max,z_min,z_max,l_x,l_y,l_z,
SS,a1,a2,i,t1,s_max,s_norm,k_max,k_min,k_norm,
K_max,K_min,K_norm,CC,SSS,TTS,kkk,KKKK,TTk,TTK:
LINE:=(T)->subs(param=T,Line):
GL:=plots[spacecurve](LINE(param),param=mini..maxi,thickness=1,
color=navy,scaling=CONSTRAINED,numpoints=1000):
#Âû÷èñëÿåì çíà÷åíèå
#äëèíû ëèíèè
SS:=(i)->

155



Ãëàâà III. Ìîäåëèðîâàíèå îáúåêòîâ äèôôåðåíöèàëüíîé ãåîìåòðèè â MAPLE

evalf(YuDifGeo[LengthLine](Line,param,mini,
mini+(maxi-mini)/N*i),6):
#êðèâèçíó ëèíèè
kk:=(i)->
evalf(YuDifGeo[CurvatureLine](Line,param,(maxi-mini)/N*i),6):
#êðó÷åíèå ëèíèè
KKK:=(i)->
evalf(YuDifGeo[TorsionLine](Line,param,(maxi-mini)/N*i),6):
#ñòðîèì ãðàôèê
TTT:=(i)->
plots[textplot3d]([0,0,0,convert(SS(i),string)],\\
color=c,align=LEFT):
XXX:=(i)->
evalf(LINE(mini+i*(maxi-mini)/N)):
#âû÷èñëèì ìèíèìàëüíûå è ìàêñèìàëüíûå x, y, z
x_min:=min(seq(XXX(i)[1],i=0..N)):
x_max:=max(seq(XXX(i)[1],i=0..N)):
y_min:=min(seq(XXX(i)[2],i=0..N)):
y_max:=max(seq(XXX(i)[2],i=0..N)):
z_min:=min(seq(XXX(i)[3],i=0..N)):
z_max:=max(seq(XXX(i)[3],i=0..N)):
#çàòåì âû÷èñëÿåì äëèíû âåêòîðîâ ïî x,y,z
l_x:=x_max-x_min:
l_y:=y_max-y_min:
l_z:=z_max-z_min:
#Çàäàåì âåëè÷èíó ðåïåðà ïî îòíîøåíèþ ê ðèñóíêó
t1:=0.1*max(l_x,l_y,l_z):
####
s_max:=YuDifGeo[LengthLine](Line,param,mini,maxi):
s_norm:=(i)->evalf(SS(i)/s_max*l_z):
k_max:=max(seq(kk(i),i=0..N)):
k_min:=min(seq(kk(i),i=0..N)):
k_norm:=(i)->evalf(kk(i)/(k_max-k_min)*l_z):
K_max:=max(seq(KKK(i),i=0..N)):
K_min:=min(seq(KKK(i),i=0..N)):
K_norm:=(i)->evalf(KKK(i)/(K_max-K_min)*l_z):
CC:=[x_min+l_x/2,y_min+l_y/2,z_min]:
SSS:=(i)->plot3d(s_norm(i)+0.01,x=x_min-1.2*t1..x_min-1.2*t1+t1,
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y=y_min-1.2*t1..y_min-1.2*t1+t1,filled=true,
color=red,grid=[2,2],scaling=CONSTRAINED):
TTS:=(i)->plots[textplot3d]([x_min-1.2*t1,y_min-1.2*t1,
z_min+s_norm(i+1)+t1,convert(s=SS(i),string)],
align=above,color=NAVY,font=[TIMES,ROMAN,12]):
kkk:=(i)->plot3d(z_min+k_norm(i),
x=x_max+1.2*t1..x_max+1.2*t1+t1,
y=y_min-1.2*t1..y_min-1.2*t1+t1,filled=true,color=green,
grid=[2,2],scaling=CONSTRAINED):
TTk:=(i)->plots[textplot3d]([x_max+1.2*t1,y_min-1.2*t1,
z_min+k_norm(i)+t1,convert(k=kk(i),string)],
align=above,color=NAVY,font=[TIMES,ROMAN,12]):
KKKK:=(i)->plot3d(z_min+K_norm(i+1),
x=x_max+1.2*t1..x_max+1.2*t1+t1,
y=y_max+1.2*t1..y_max+1.2*t1+t1,filled=true,color=blue,
grid=[2,2],scaling=CONSTRAINED):
TTK:=(i)->plots[textplot3d]([x_max+1.2*t1,
y_max+1.2*t1,z_min+K_norm(i+1)+t1,convert(k=KKK(i),string)],
align=above,color=NAVY,font=[SYMBOL,12]):
#Ñòðîèì ãðàôèê äèíàìè÷åñêîé âèçóàëèçàöèè ðåïåðà êðèâîé
if p=1 then
S:=(i)->plots[display](
YuDifGeo[NaturalReper](Line,param,mini+
(maxi-mini)/N*i,t1,black,blue,red),
GL,title=convert([s=SS(i),k=kk(i),
kappa=KKK(i)],string)):
else
S:=(i)->plots[display](YuDifGeo[NaturalReper](Line,
param,mini+(maxi-mini)/N*i,t1,black,blue,red),
GL,SSS(i),TTS(i),kkk(i),TTk(i),KKKK(i),TTK(i)):
end if:
plots[display](seq(S(i),i=0..N),insequence=true,
scaling=CONSTRAINED):
#[seq([s_norm(i)],i=1..N),l_z]:#k_norm(2):
end proc:

> YuDifGeo[AnimNaturalReper]([t*cos(t),t*sin(t),0.015*t^2],
> t,0,16*Pi,red,24,xxx);
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> YuDifGeo[AnimNaturalReper]([t*cos(t),t*sin(t),t],
> t,-8*Pi,8*Pi,red,32,0.1);
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> YuDifGeo[AnimNaturalReper]([cos(t)*cos(-Pi/2+t/16),
> sin(t)*cos(-Pi/2+t/16),sin(-Pi/2+t/16)],\
> t,0.1,16*Pi-0.1,red,64,xxx);

> save(YuDifGeo,`DifGeo.m`);
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III.3 Âîññòàíîâëåíèå êðèâîé ïî åå íàòóðàëüíûì
óðàâíåíèÿì

Èíâàðèàíòàìè ïðîèçâîëüíîé êðèâîé ÿâëÿåòñÿ åå äëèíà äóãè, êðèâèçíà è
êðó÷åíèå. Åñëè êðèâàÿ îòíåñåíà ê íàòóðàëüíîìó ïàðàìåòðó, òî åå êðèâèçíà
è êðó÷åíèå ÿâëÿþòñÿ ôóíêöèÿìè ýòîãî ïàðàìåòðà

k = k(s); { = { (s): (III.7)

Ñèñòåìà ýòèõ äâóõ ñîîòíîøåíèé íàçûâàåòñÿ íàòóðàëüíûìè óðàâíåíèÿìè
êðèâîé. Òàê êàê íàòóðàëüíîå óðàâíåíèå ñâÿçûâàåò èíâàðèàíòû êðèâîé, òî
îíî íå ìåíÿåòñÿ ïðè ïðåîáðàçîâàíèè êîîðäèíàò èëè ïðè ïåðåìåùåíèè êðèâîé
îòíîñèòåëüíî ýòîé ñèñòåìû. Îñíîâíîå çíà÷åíèå íàòóðàëüíûõ óðàâíåíèé ñî-
ñòîèò â òîì, ÷òî çàäàíèå èõ âïîëíå õàðàêòåðèçóåò ôîðìó êðèâîé, òàê ÷òî äâå
êðèâûå ñ îäèíàêîâûìè íàòóðàëüíûìè óðàâíåíèÿìè íåîáõîäèìî ñîâïàäàþò
ïî ñâîåé ôîðìå è ìîãóò îòëè÷àòüñÿ òîëüêî ïîëîæåíèåì ïðîñòðàíñòâà,
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ò.å., ÿâëÿþòñÿ êîíãðóýíòíûìè ôèãóðàìè 5. Ñ äðóãîé ñòîðîíû, êðèâèçíà è
êðó÷åíèå êðèâîé, ÿâëÿþòñÿ åå äâóìÿ ëîêàëüíî èçìåðÿåìûìè õàðàêòåðèñòè-
êàìè, ïîëíîñòüþ îïèñûâàþùèìè ñâîéñòâà êðèâîé: êðèâèçíà, k(s), ñîâïàäàåò
ñ àáñîëþòíîé âåëè÷èíîé ñêîðîñòè ïîâîðîòà êàñàòåëüíîé ê êðèâîé, à àáñî-
ëþòíàÿ âåëè÷èíà êðó÷åíèÿ, { , � ñ àáñîëþòíîé âåëè÷èíîé ñêîðîñòè ïîâîðîòà
áèíîðìàëè êðèâîé. Ýòè äâå ôèçè÷åñêè èçìåðÿåìûå õàðàêòåðèñòèêè êðèâîé
ÿâëÿþòñÿ îñíîâîé äëÿ îðèåíòàöèè íà ìåñòíîñòè è îáåñïå÷èâàþò ìãíîâåííóþ
ïðèâÿçêó ê ìåñòíîñòè ìîáèëüíûõ òåõíè÷åñêèõ ñðåäñòâ. Ôàêòè÷åñêîå èçìå-
ðåíèå ýòèõ ñêàëÿðîâ îñóùåñòâëÿåòñÿ ñ ïîìîùüþ ãèðîñèñòåì. Ìàòåìàòè÷å-
ñêè âîïðîñ ïðèâÿçêè ïåðåìåùàåìîãî ïî íåêîòîðîé ïðîñòðàíñòâåííîé êðèâîé
~r = ~r(t) îáúåêòà çàêëþ÷àåòñÿ â ðàçðåøåíèè íàòóðàëüíûõ óðàâíåíèé êðèâîé
îòíîñèòåëüíî ðàäèóñà-âåêòîðà ïåðåìåùàåìîé òî÷êè. Íà ïåðâûé âçãëÿä êà-
æåòñÿ, ÷òî íåâîçìîæíî îäíîçíà÷íî âîññòàíîâèòü âåêòîðíóþ ôóíêöèþ ~r(t)
ïî ñèñòåìå äâóõ íàòóðàëüíûõ óðàâíåíèé ( III.7). Îäíàêî, ýòî âîçìîæíî ñäå-
ëàòü ïðè çàäàíèè íà÷àëüíîé òî÷êè è íà÷àëüíîãî íàïðàâëåíèÿ � êàê ðàç
âñëåäñòâèå óêàçàííîãî ñâîéñòâà êîíãðóýíòíîñòè.

Êðèâèçíà è êðó÷åíèå êðèâîé, çàäàííîé ñâîèì ïàðàìåòðè÷åñêèì óðàâíå-
íèåì, îïèñûâàþòñÿ ôîðìóëàìè (ñì., íàïðèìåð, [ 125]):

k(t) =
j _r � •r j

j _r 3 ; (III.8)

{ (t) =
( _r ; •r ;

...
r )

j _r � •r j2
: (III.9)

Òàêèì îáðàçîì, çàäà÷à âîññòàíîâëåíèÿ êðèâîé (ñ òî÷íîñòüþ äî ïðîñòðàí-
ñòâåííîãî äâèæåíèÿ) ñâîäèòñÿ ê ðåøåíèþ ñèñòåìû äâóõ îáûêíîâåííûõ, ñó-
ùåñòâåííî íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ( III.8), (III.9):

k(s) =
j _r � •r j

j _r 3 ; (III.10)

{ (s) =
( _r ; •r ;

...
r )

j _r � •r j2
: (III.11)

ñ îïðåäåëåíèåì ñâÿçè ïðîèçâîäíûõ ïî íàòóðàëüíîìó ïàðàìåòðó< s, (äëèíå)
è âðåìåíåì, t:

dt
ds

=
1
_r
: (III.12)

5Ñì., íàïðèìåð, [ 35]
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III.3.1 Çàäàíèå êðèâîé è âû÷èñëåíèå êðèâèçíû è êðó÷åíèÿ ïî
íàòóðàëüíîìó ïàðàìåòðó

Ïðåäïîëîæèì, ÷òî íàì èçâåñòíû ïàðàìåòðè÷åñêèå óðàâíåíèÿ êðèâîé â íà-
òóðàëüíîé ïàðàìåòðèçàöèè, ò.å., çàäàíû òðè ôóíêöèè:

x = X (s); y = Y(s); z = Z(s) : (III.13)

Çàäàäèì ýòó îïåðàöèþ â Maple:
> restart:
> R(s):=[X(s),Y(s),Z(s)];

R(s) := [X( s); Y(s); Z(s)]

Ïðîèçâîäíûå ïåðâîãî ïîðÿäêà:
> tau_1(s):=[diff(X(s),s),diff(Y(s),s),diff(Z(s),s)];

tau_ 1(s) := [ d
ds X(s); d

ds Y(s); d
ds Z(s)]

Ïðèìåíèì òåïåðü ñëåäóþùèé ïðèåì Þ.Ã. Èãíàòüåâà [ 126]. Ó÷òåì, ÷òî
âåêòîð � 1 èìååò åäèíè÷íóþ äëèíó:

�
� � 1

�
� = 1: (III.14)

Âñëåäñòâèå ýòîãî êàê ðàç è èñ÷åçàåò ëèøíÿÿ ñòåïåíü ñâîáîäû, ïîýòîìó êî-
îðäèíàòû ýòîãî âåêòîðà ìîæíî ïàðàìåòðèçîâàòü äâóìÿ ïåðåìåííûìè, �( s)
è �( s) (àíàëîãè÷íûì ñôåðè÷åñêèì êîîðäèíàòàì):

dX
ds

= cos � cos �;
dY
ds

= sin � cos �;
dZ
ds

= sin � : (III.15)

{ d
ds X(s) = cos(�( s)) cos(�( s)) ; d

ds Y(s) = sin(�( s)) cos(�( s)) ;
d
ds Z(s) = sin(�( s)) ,

ãäå�( s) , �( s) - ïðîèçâîëüíûå ïîêà ôóíêöèè íàòóðàëüíîãî ïàðàìåòðà.

Ñäåëàåì óêàçàííûå ïîäñòàíîâêè è âû÷èñëèì çàòåì ïðîèçâîäíóþ ðàäèóñà
âåêòîðà â íîâûõ ïåðåìåííûõ:

> DR:=
{diff(X(s),s)=cos(Phi(s))*cos(Theta(s)),diff(Y(s),s)
=sin(Phi(s))*cos(Theta(s)), diff(Z(s),s)=sin(Theta(s))};

DR := f
d
ds

X(s) = cos(�( s)) cos(�( s));

d
ds

Y(s) = sin(�( s)) cos(�( s)) ;
d
ds

Z(s) = sin(�( s))g
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Çàïèøåì ïðîèçâîäíóþ ðàäèóñà âåêòîðà, � (s), ñ ïîìîùüþ íîâûõ ïåðå-
ìåííûõ:

> tau(s):=subs(DR,tau_1(s));
> u(s):=tau(s)[1];v(s):=tau(s)[2];w(s):=tau(s)[3];

� (s) := [cos(�( s)) cos(�( s)); sin(�( s)) cos(�( s)); sin(�( s))]
u(s) := cos(�( s)) cos(�( s))
v(s) := sin(�( s)) cos(�( s))

w(s) := sin(�( s))

Ïðîèçâîäíûå âòîðîãî ïîðÿäêà:
> R2(s):= [diff(u(s),s),diff(v(s),s),diff(w(s),s)];

R2(s) := [ � sin(�( s)) ( d
ds �( s)) cos(�( s)) �

cos(�( s)) sin(�( s)) ( d
ds �( s)) ;

cos(�( s)) ( d
ds �( s)) cos(�( s)) � sin(�( s)) sin(�( s)) ( d

ds �( s)) ;

cos(�( s)) ( d
ds �( s))]

Ïðîèçâîäíûå òðåòüåãî ïîðÿäêà:

> R3(s):= [diff(u(s),s$2),diff(v(s),s$2),diff(w(s),s$2)];

R3(s) := [ � cos(�( s)) ( d
ds �( s))2 cos(�( s)) �

sin(�( s)) ( d2

ds2 �( s)) cos(�( s))

+ 2 sin(�( s)) ( d
ds �( s)) sin(�( s)) ( d

ds �( s)) �

cos(�( s)) cos(�( s)) ( d
ds �( s))2

� cos(�( s)) sin(�( s)) ( d2

ds2 �( s)) ; � sin(�( s)) ( d
ds �( s))2 cos(�( s))

+ cos(�( s)) ( d2

ds2 �( s)) cos(�( s)) �

2 cos(�( s)) ( d
ds �( s)) sin(�( s)) ( d

ds �( s))

� sin(�( s)) cos(�( s)) ( d
ds �( s))2 � sin(�( s)) sin(�( s)) ( d2

ds2 �( s)) ;

� sin(�( s)) ( d
ds �( s))2 + cos(�( s)) ( d2

ds2 �( s))]

III.3.2 Âû÷èñëåíèå êðèâèçíû è êðó÷åíèÿ êðèâîé

Ïðåäïîëàãàÿ, òåïåðü, ÷òî ïàðàìåòðè÷åñêèå óðàâíåíèÿ êðèâîé � èçâåñò-
íû, âû÷èñëèì åå êðèâèçíó è êðó÷åíèå ïî ñòàíäàðòíûì ôîðìóëàì äèô-
ôåðåíöèàëüíîé ãåîìåòðèè ( III.8), (III.9). Ïðè ýòîì ñêàëÿðíîå è âåêòîð-
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íîå ïðîèçâåäåíèÿ âåêòîðîâ a è b áóäåì âû÷èñëÿòü ñ ïîìîùüþ êîìàíä
innerprod(a,b) è crossprod(a,b) áèáëèîòåêèlinalg , ñîîòâåòñòâåííî:

> k(s):=sqrt(simplify(linalg[innerprod](R2(s),R2(s))));

k(s) :=
q

( d
ds �( s))2 cos(�( s))2 + ( d

ds �( s))2

Ñ ïîìîùüþ êîìàíäû scallarmul(a,alpha áèáëèîòåêèlinalg ïðîèç-
âîäåì óìíîæåíèå âåêòîðà r 00(s) íà ÷èñëî � � òåì ñàìûì ïîëó÷àåì åäè-
íè÷íûé âåêòîð � ñîïðîâîæäàþùåãî òðåõãðàííèêà êðèâîé:.

> nu(s):=linalg[scalarmul](R2(s),1/k(s));

� (s) :=

"
� sin(�( s)) ( d

ds �( s)) cos(�( s)) � cos(�( s)) sin(�( s)) ( d
ds �( s))

p
%1

;

cos(�( s)) ( d
ds �( s)) cos(�( s)) � sin(�( s)) sin(�( s)) ( d

ds �( s))
p

%1
;

cos(�( s)) ( d
ds �( s))

p
%1

#

%1 := ( d
ds �( s))2 cos(�( s))2 + ( d

ds �( s))2

Óáåäèìñÿ â òîì, ÷òî ïåðâàÿ è âòîðàÿ ïðîèçâîäíûå ðàäèóñà-âåêòîðà îð-
òîãîíàëüíû (òàê êàê âòîðàÿ ïðîèçâîäíàÿ åñòü ïðîèçâîäíàÿ îò åäèíè÷íîãî
âåêòîðà� ).

> simplify(linalg[innerprod](tau(s),nu(s)));
0

Âû÷èñëèì âåêòîðíîå ïðîèçâåäåíèå ýòèõ æå âåêòîðîâ:

> V_DR_D2R(s):=linalg[crossprod](tau(s),R2(s));
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V_ DR_ D2R(s) :=
�
sin(�( s)) cos(�( s))2 ( d

ds �( s))

� sin(�( s)) (cos(�( s)) ( d
ds �( s)) cos(�( s)) �

sin(�( s)) sin(�( s)) ( d
ds �( s))) ;

sin(�( s)) ( � sin(�( s)) ( d
ds �( s)) cos(�( s)) �

cos(�( s)) sin(�( s)) ( d
ds �( s)))

� cos(�( s)) cos(�( s))2 ( d
ds �( s)) ;

cos(�( s)) cos(�( s)) (cos(�( s)) ( d
ds �( s)) cos(�( s))

� sin(�( s)) sin(�( s)) ( d
ds �( s))) � sin(�( s)) cos(�( s))

(� sin(�( s)) ( d
ds �( s)) cos(�( s)) � cos(�( s)) sin(�( s)) ( d

ds �( s)))
�

Ñ ïîìîùüþ ñêàëÿðíîãî óìíîæåíèÿ ïîëó÷åííîãî ðåçóëüòàòà è âåêòîðà
òðåòüåé ïðîèçâîäíîé ïîëó÷èì êðó÷åíèå êðèâîé: � (s):

> kappa(s):=
> simplify(linalg[innerprod](V_DR_D2R(s),R3(s))/k(s)^2);

� (s) := (sin(�( s)) ( d
ds �( s))3 cos(�( s))2 + 2 sin(�( s)) ( d

ds �( s))2 ( d
ds �( s))

� ( d
ds �( s)) ( d2

ds2 �( s)) cos(�( s)) + ( d
ds �( s)) cos(�( s)) ( d2

ds2 �( s)))
�

(

( d
ds �( s))2 cos(�( s))2 + ( d

ds �( s))2)

� (s) := (( d
ds �( s)) cos(�( s)) ( d2

ds2 �( s)) � ( d
ds �( s)) ( d2

ds2 �( s)) cos(�( s))

+ 2 sin(�( s)) ( d
ds �( s))2 ( d

ds �( s)) + sin(�( s)) ( d
ds �( s))3 cos(�( s))2)

�
(

( d
ds �( s))2 cos(�( s))2 + ( d

ds �( s))2)

III.3.3 Ôîðìèðîâàíèå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé

Íàïîìíèì, ÷òî íàòóðàëüíûå óðàâíåíèÿ êðèâîé � ýòî ïàðà óðàâíåíèé:

k = k(s); (III.16)

� = � (s); (III.17)

ãäåk(s) è � (s) â ïðàâûõ ÷àñòÿõ çàäàíû êàê ôóíêöèè íàòóðàëüíîãî ïàðà-
ìåòðà s. Ïðàâûå ÷àñòè ýòèõ óðàâíåíèé ìû áóäåì çàäàâàòü, à ëåâûå ÷àñòè
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ýòèõ óðàâíåíèé îïðåäåëÿþòñÿ äèôôåðåíöèàëüíûìè âûðàæåíèÿìè, êîòîðûå
ìû ïîëó÷èëè âûøå. Òàêèì îáðàçîì, ìû ïîëó÷àåì ñèñòåìó äâóõ îáûêíî-
âåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà îòíîñèòåëüíî äâóõ
íåèçâåñòíûõ ôóíêöèé � �( s) è �( s).

Äëÿ ÷èñëåííîãî èíòåãðèðîâàíèÿ ýòîé ñèñòåìû íåîáõîäèìî ïðèâåñòè åå ê
íîðìàëüíîìó âèäó, ò.å., ê ñèñòåìå ÎÄÓ 1-ãî ïîðÿäêà, ðàçðåøåííûõ îòíîñè-
òåëüíî ïðîèçâîäíûõ. Äëÿ ýòîãî îáîçíà÷èì ïåðâûå ïðîèçâîäíûå îò èñêîìûõ
ôóíêöèé ñ ïîìîùüþ íîâûõ ôóíêöèé, � S(s) è � S(s):

d�( s)
ds

= � S(s); (III.18)

d�( s)
ds

= � S(s) : (III.19)

D1:=diff(Phi(s),s)=Phi[S](s);D2:=diff(Theta(s),s)=Theta[S](s);

Ñèñòåìà ÎÄÓ ðåøàåòñÿ ñ ïîìîùüþ êîìàíäû
>dsolve(ñèñòåìà ÎÄÓ union Íà÷àëüíûå óñëîâèÿ, type=numeric,
method=classical, output=listprocedure):
� ïðè ýòîì ïîëó÷àåì ÷èñëåííûå ðåøåíèÿ êëàññè÷åñêèì ìåòîäîì, êîòîðûé
ÿâëÿåòñÿ êîìáèíàöèåé ìåòîäîâ Ýéëåðà, Õåéöà, Ðóíãå - Êóääòà è Àäàìñà -
Áýøôîðäà, ïðè÷åì ðåøåíèÿ âûâîäÿòñÿ â âèäå ñïèñêà. Êàê ïîêàçûâàþò âû-
÷èñëåíèÿ, ýòîò êîìáèíèðîâàííûé ìåòîä äàåò ëó÷øèå ðåçóëüòàòû, ÷åì ñòàí-
äàðòíûé ìåòîä Ðóíãå - Êóäòà â ñëó÷àÿõ, êîãäà êðèâàÿ èìååò ìíîãî èçãèáîâ.

> Sol[1]:= dsolve(System1 union Inits,
{X(s),Y(s),Z(s),Phi(s),Theta(s),Phi[S](s),Theta[S](s)},
type=numeric, method=classical,output=listprocedure);
Sol[2]:= dsolve(System2 union Inits, {X(s),Y(s),Z(s),
Phi(s),Theta(s),Phi[S](s),Theta[S](s)},
type=numeric,method=classical, output=listprocedure);
Sol[3]:= dsolve(System3 union Inits,
{X(s),Y(s),Z(s),Phi(s),Theta(s),Phi[S](s),Theta[S](s)},
type=numeric,method=classical, output=listprocedure);
Sol[4]:= dsolve(System4 union Inits, {X(s),Y(s),Z(s),
Phi(s),Theta(s),Phi[S](s),Theta[S](s)},
type=numeric,method=classical, output=listprocedure);
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III.3.4 Êîìïüþòåðíîå ìîäåëèðîâàíèå íàòóðàëüíûõ óðàâíåíèé
êðèâîé

Ïîäñòàâëÿÿ òåïåðü â ïðàâóþ ÷àñòü íàòóðàëüíûõ óðàâíåíèé êðèâîé ïîëó÷åí-
íûå âûðàæåíèÿ äëÿ êðèâèçíû è êðó÷åíèÿ, à â ëåâûå � çàäàííûå ôóíêöèè
ïàðàìåòðà s, ïîëó÷èì ñèñòåìó äâóõ íåëèíåéíûõ îáûêíîâåííûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé 3-ãî ïîðÿäêà îòíîñèòåëüíî äâóõ óãëîâ �( s) è �( s).
Êàê ìû îòìå÷àëè âûøå, òî÷êà íà÷àëà êðèâîé è åå íà÷àëüíîå íàïðàâëåíèå
ìîãóò áûòü çàäàíû ïðîèçâîëüíî. Ñîîòâåòñòâåííî ýòîìó ïðîèçâîëó çàäàäèì
íà÷àëüíûå óñëîâèÿ â âèäå:

>InitConditions:={X(0)=0,Y(0)=0,Z(0)=0,Phi(0)=0,
Theta(0)=0,Phi[S](0)=1,Theta[S](0)=0};

Çàäàäèì òåïåðü êîíêðåòíûå íàòóðàëüíûå óðàâíåíèÿ êðèâîé, ò.å., êîíêðå-
òèçèðóåì ôóíêöèè (�s) è { (s).Ðàññìîòðèì íåñêîëüêî ïðèìåðîâ. Íà ïîñëå-
äóþùèõ ðèñóíêàõ ïðåäñòàâëåíû ðåçóëüòàòû êîìïüþòåðíîãî âîññòàíîâëåíèÿ
êðèâûõ ïî èõ íàòóðàëüíûì óðàâíåíèÿì.

Êðèâàÿ 1:

k(s) = 1 ; { (s) = 0 : (III.20)

Ýòà êðèâàÿ, êàê ïîíÿòíî èç ãåîìåòðè÷åñêîãî ñìûñëà êðèâèçíû è êðó÷åíèÿ,
ÿâëÿåòñÿ åäèíè÷íîé îêðóæíîñòüþ. Îäíîâðåìåííî � ýòî õîðîøèé ïðèìåð äëÿ
ïðîâåðêè ðàáîòû êîìïëåêñà ïðîãðàìì.
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Ãëàâà III. Ìîäåëèðîâàíèå îáúåêòîâ äèôôåðåíöèàëüíîé ãåîìåòðèè â MAPLE

Ðèñ.III.29. Âîññòàíîâëåíèå êðèâîé 1 ïî åå íàòóðàëüíûì óðàâíåíè-
ÿì ( III.20). Êðèâàÿ � - åäèíè÷íàÿ îêðóæíîñòü â ïðîñòðàíñòâå, êàê
è ñëåäóåò èç òåîðèè [125].

Êðèâàÿ 2:

k(s) =
s2

1 + s4; { (s) = �
s2

1 + s2: (III.21)

Ðèñ.III.30. Âîññòàíîâëåíèå êðèâîé 2 ïî åå íàòóðàëüíûì óðàâíåíè-
ÿì ( III.21). Êðèâàÿ � - èñêàæåííàÿ âèíòîâàÿ ëèíèÿ.

Èç ðèñóíêà âèäíî, ÷òî ýòó êðèâóþ ìîæíî îõàðàêòåðèçîâàòü êàê äåôîð-
ìèðîâàííóþ âèíòîâóþ ëèíèþ ñ ïåðåìåííûì øàãîì è íàêëîííîé îñüþ.

Êðèâàÿ 3:

k(s) = cos s; { (s) = sin s: (III.22)

Íàòóðàëüíûå óðàâíåíèÿ ýòîé êðèâîé ïðèâåäåíû â êíèãå À.Ï. Íîðäåíà [ 125].
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III.3. Âîññòàíîâëåíèå êðèâîé ïî åå íàòóðàëüíûì óðàâíåíèÿì

Ðèñ.III.31. Âîññòàíîâëåíèå êðèâîé 3 ïî åå íàòóðàëüíûì óðàâíåíè-
ÿì ( III.22).
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Ãëàâà IV

Ìîäåëèðîâàíèå ãåîäåçè÷åñêèõ ëèíèé

IV.1 Ìàòåìàòè÷åñêàÿ ìîäåëü ãåîäåçè÷åñêèõ ëèíèé

Ñ èçëàãàåìîé çäåñü ìàòåìàòè÷åñêîé òåîðèåé ãåîäåçè÷åñêèõ ëèíèé ìîæíî
îçíàêîìèòüñÿ â ó÷åáíèêàõ ïî äèôôåðåíöèàëüíîé è ðèìàíîâîé ãåîìåòðèè,
íàïðèìåð, [ 126].

IV.1.1 Ãåîäåçè÷åñêàÿ êðèâèçíà è ãåîäåçè÷åñêèå ëèíèè

Îïðåäåëåíèå ãåîäåçè÷åñêîé êðèâèçíû

.
Ðèñ.IV.32. Ãåîäåçè÷åñêàÿ
è íîðìàëüíàÿ êðèâèçíà ëè-
íèé íà ïîâåðõíîñòè

Îïðåäåëåíèå ÎIV.1. Ãåîäåçè÷åñêîé êðè-
âèçíîé kg ëèíèè � íà ïîâåðõíîñòè â íåêîòî-
ðîé åå òî÷êå íàçûâàåòñÿ àáñîëþòíàÿ âåëè-
÷èíà ïðîåêöèè âòîðîé ïðîèçâîäíîé ðàäèóñà-
âåêòîðà ýòîé êðèâîé íà êàñàòåëüíóþ ïëîñ-
êîñòü:

kg = jÏð êàñ. ïë.~r
00j (IV.1)

.

Ïîëó÷èì âûðàæåíèå äëÿ ãåîäåçè÷åñêîé êðè-
âèçíû ëèíèè

� : ~r = ~r(u(t); v(t)) (IV.2)

íà ïîâåðõíîñòè � . Íîðìàëüíûé âåêòîð ê
ïîâåðõíîñòè âûðàæàåòñÿ ÷åðåç êàñàòåëüíûå
âåêòîðû ê êîîðäèíàòíûì ëèíèÿì:
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IV.1. Ìàòåìàòè÷åñêàÿ ìîäåëü ãåîäåçè÷åñêèõ ëèíèé

~N =
h

~ru � ~rv

i
: (IV.3)

Íîðìàëüíàÿ ïðîåêöèÿ âåêòîðà óñêîðåíèÿ ðàâíà:

Ïð ~N ~r 00=

�
~r 00� ~N

�

j ~N j
:

Òàêèì îáðàçîì, ñîãëàñíî îïðåäåëåíèþ IV.1 ïî òåîðåìå Ïèôàãîðà ïîëó-
÷èì:

k2
g = ( ~r 00)2 �

�
~r 00� ~N

� 2

j ~N j2
�

1
~N 2

�
~N 2 �

�
~r 00� ~N

� 2
�

:

Ïðèìåíÿÿ çäåñü òîæäåñòâî Ëàãðàíæà:

~a 2~b 2 =
� !

a
!
b

� 2
+

� !
a

!
b

� 2
;

ïîëó÷èì áîëåå óäîáíîå âûðàæåíèå äëÿ ãåîäåçè÷åñêîé êðèâèçíû ëèíèè:

k2
g =

1
~N 2

h
~r 00� ~N

i 2
=) kg =

1

j ~N j

�
�
�
h

~r 00� ~N
i �
�
� : (IV.4)

Èñïîëüçóÿ IV.3 è çàòåì � ôîðìóëó ðàñêðûòèÿ äâîéíîãî âåêòîðíîãî ïðîèç-
âåäåíèÿ:

� !
a

� !
b

!
c

� �
= ~b

� !
a

!
c

�
� ~c

� !
a

!
b

�
;

ïîëó÷èì ñ ó÷åòîì îïðåäåëåíèÿ êîýôôèöèåíòîâ ïåðâîé êâàäðàòè÷íîé ôîð-
ìû:

k2
g =

1
EG � F 2

�
E

�
~r 00� ~rv

� 2
� 2F

�
~r 00� ~rv

��
~r 00� ~ru

�
+ G

�
~r 00� ~ru

� 2
�

:

(IV.5)
Çàìåòèì, ÷òî ïîñêîëüêó ãåîäåçè÷åñêàÿ êðèâèçíà îïðåäåëÿåòñÿ ïðîåêöè-

åé âåêòîðà óñêîðåíèÿ íà êàñàòåëüíóþ ïëîñêîñòü, òî îíà äîëæíà ïîëíîñòüþ
îïðåäåëÿòüñÿ êîýôôèöèåíòàìè ïåðâîé êâàäðàòè÷íîé ôîðìû è èõ ïðîèçâîä-
íûìè 1, òàêèì îáðàçîì, ãåîäåçè÷åñêàÿ êðèâèçíà ïîâåðõíîñòè íå èçìåíÿåòñÿ
ïðè èçãèáàíèè.

1Â ýòîì ôàêòå ìû óáåäèìñÿ íèæå.
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Ãëàâà IV. Ìîäåëèðîâàíèå ãåîäåçè÷åñêèõ ëèíèé

IV.1.2 Ãåîäåçè÷åñêèå ëèíèè è óðàâíåíèÿ ãåîäåçè÷åñêèõ ëèíèé

Îïðåäåëåíèå ÎIV.2. Ëèíèÿ � ïîâåðõíîñòè � íàçûâàåòñÿ ãåîäåçè÷åñêîé,
åñëè åå ãåîäåçè÷åñêàÿ êðèâèçíà âî âñåõ òî÷êàõ ðàâíà íóëþ.

Òàêèì îáðàçîì, ñîãëàñíî IV.4 äëÿ ãåîäåçè÷åñêîé ëèíèè:
�
�
�
h

~r 00� ~N
i �
�
� = 0:

Íî âåêòîð íóëåâîé äëèíû èìååò è íóëåâûå êîîðäèíàòû, ñëåäîâàòåëüíî:
h

~r 00� ~N
i

= ~0: (IV.6)

Ïðèìåíÿÿ çäåñü ôîðìóëó óïðîùåíèÿ äâîéíîãî âåêòîðíîãî ïðîèçâåäåíèÿ,
íàéäåì:

~ru

�
~r 00� ~rv

�
� ~rv

�
~r 00� ~ru

�
= ~0:

Ïîñêîëüêó âåêòîðû ~ru è ~rv â íåîñîáûõ òî÷êàõ ïîâåðõíîñòè íåêîëëèíåàðíû,
òî â ïîñëåäíåì âûðàæåíèè äîëæíû îáðàùàòüñÿ â íóëü ñêàëÿðíûå ïðîèçâå-
äåíèÿ. Òàêèì îáðàçîì, ïîëó÷èì äëÿ ãåîäåçè÷åñêîé ëèíèè óðàâíåíèÿ:

�
~r 00� ~ru

�
= 0; (IV.7)

�
~r 00� ~rv

�
= 0: (IV.8)

Âû÷èñëÿÿ ñêàëÿðíûå ïðîèçâåäåíèÿ, ïîëó÷èì, íàïðèìåð:
�

~r 00� ~ru

�
=

�
~ruu � ~ru

�
u0 2 + 2

�
~ruv � ~ru

�
u0v0+

�
~rvv � ~ru

�
v0 2 + ~ru

2u00+
�

~ru � ~rv

�
v00

Òàêèì îáðàçîì ïîëó÷àåì ñèñòåìó äâóõ óðàâíåíèé:

1
2

@uEu0 2 + @vEu0v0+
�

~rvv � ~ru

�
v0 2 + Eu00+ Fv00= 0; (IV.9)

1
2

@vGv0 2 + @uGu0v0+
�

~ruu � ~rv

�
u0 2 + Fu00+ Gv00= 0: (IV.10)

Äàëåå ïðîèçâåäåì ïðåîáðàçîâàíèÿ:
�

~rvv � ~ru

�
= @v

�
~rv � ~ru

�
�

�
~rv � ~ruv

�
=)
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IV.1. Ìàòåìàòè÷åñêàÿ ìîäåëü ãåîäåçè÷åñêèõ ëèíèé

�
~rvv � ~ru

�
= @vF �

1
2

@uG: (IV.11)

Àíàëîãè÷íî: �
~ruu � ~rv

�
= @uF �

1
2

@vE: (IV.12)

Èñïîëüçóÿ ñîîòíîøåíèÿ IV.11, IV.12 â óðàâíåíèÿõ IV.9, IV.11, ïðèâåäåì
ïîñëåäíèå ê âèäó:

1
2

@uEu0 2 + @vEu0v0+
�

@vF �
1
2

@uG
�

v0 2 + Eu00+ Fv00= 0; (IV.13)

1
2

@vGv0 2 + @uGu0v0+
�

@uF �
1
2

@vE
�

u0 2 + Fu00+ Gv00= 0:(IV.14)

Ââåäåì òåïåðü òàê íàçûâàåìûå ñèìâîëû Êðèñòîôôåëÿ I-ãî ðîäà :

� ij;k =
1
2

�
@i gjk + + @j gik � @kgij

�
: (IV.15)

Ïî îïðåäåëåíèþ ñèìâîëû Êðèñòîôôåëÿ I-ãî ðîäà ñèììåòðè÷íû ïî ïåð-
âûì äâóì èíäåêñàì:

� ij;k = � ji;k : (IV.16)

Òàêèì îáðàçîì, âû÷èñëÿÿ, íàéäåì:

� 11;1 =
1
2

@uE; � 11;2 = @uF �
1
2

@vE; � 12;1 = � 21;1 = @vE;

� 12;2 = � 21;2 =
1
2

@uG; � 22;1 = @vF �
1
2

@vG: (IV.17)

Ñðàâíèâàÿ IV.17 ñ óðàâíåíèÿìè IV.13, IV.14, ïðèâåäåì ïîñëåäíèå ê âèäó:

gjk
d2xk

ds2 + � kl;j
dxl

ds
dxk

ds
= 0; (j; k; l = 1; 2): (IV.18)

Ïóñòü gij - êîýôôèöèåíòû ìàòðèöû G� 1, îáðàòíîé ê ìàòðèöå ïåðâîé êâàä-
ðàòè÷íîé ôîðìû:

gij gkj = �ik: (IV.19)

Ìîæíî ïîêàçàòü, ÷òî âåëè÷èíû gij îáðàçóþò êîîðäèíàòû ñèììåòðè÷íîãî
êîíòðâàðèàíòíîãî òåíçîðà âòîðîé âàëåíòíîñòè.
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Ãëàâà IV. Ìîäåëèðîâàíèå ãåîäåçè÷åñêèõ ëèíèé

Óìíîæèì óðàâíåíèÿ IV.18 íà gij è ïðîñóììèðóåì ðåçóëüòàò ïî èíäåêñó
j , â ðåçóëüòàòå ïîëó÷èì óðàâíåíèÿ:

d2x i

ds2 + � i
kl

dxk

ds
dxl

ds
= 0; (i = 1; 2); (IV.20)

ãäå ââåäåíû òàê íàçûâàåìûåñèìâîëû Êðèñòîôôåëÿ II-ãî ðîäà :

� i
kl = gij � kl;j ; (IV.21)

òàêæå ñèììåòðè÷íûå ïî äâóì íèæíèì èíäåêñàì.
Óðàâíåíèÿ IV.21 íàçûâàþòñÿ óðàâíåíèÿìè ãåîäåçè÷åñêèõ ëèíèé; îíè ÿâ-

ëÿþòñÿ ñèñòåìîé îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïî-
ðÿäêà îòíîñèòåëüíî êîîðäèíàò x i (s) òî÷êè ãåîäåçè÷åñêîé ëèíèè.

Òàê êàê êðèâàÿ� ïàðàìåòðèçîâàíà íàòóðàëüíûì ïàðàìåòðîì t = s, òî
äîëæíû âûïîëíÿòüñÿ óñëîâèÿ:

j~r 0j = 1; (IV.22)�
~r 0 � ~r 00

�
= 0: (IV.23)

Ðàñïèñûâàÿ ñîîòíîøåíèå IV.22,ïîëó÷èì òàê íàçûâàåìîå ñîîòíîøåíèå íîð-
ìèðîâêè :

Eu0 2 + 2Fu0v0+ Gv0 2 = 1 =) gik
dxi

ds
dxk

ds
= 1: (IV.24)

Îäíàêî, âñëåäñòâèå óðàâíåíèé ãåîäåçè÷åñêèõIV.7, IV.8 ñîîòíîøåíèå IV.23,
ÿâëÿþùååñÿ äèôôåðåíöèàëüíûì ñëåäñòâèåì ñîîòíîøåíèÿ íîðìèðîâêè IV.22,
âûïîëíÿåòñÿ òîæäåñòâåííî. Òàêèì îáðàçîì, ìîæíî óòâåðæäàòü, ÷òî èíòå-
ãðàëîì óðàâíåíèé ãåîäåçè÷åñêèõIV.21 ÿâëÿåòñÿ:

gij
dxi

ds
dxj

ds
= Const : (IV.25)

Ýòî îçíà÷àåò, ÷òî ñîîòíîøåíèå íîðìèðîâêè IV.24 ëèøü óòî÷íÿåò çíà÷åíèå
ýòîé ïîñòîÿííîé, è, ñëåäîâàòåëüíî, îäíî èç ýòèõ óðàâíåíèé ãåîäåçè÷åñêèõ
ìîæåò áûòü çàìåíåíî ñîîòíîøåíèåì íîðìèðîâêè.

Â çàêëþ÷åíèè ðàçäåëà çàìåòèì, ÷òî óðàâíåíèÿ ãåîäåçè÷åñêèõ ïîëíîñòüþ
îïðåäåëÿþòñÿ êîýôôèöèåíòàìè ïåðâîé êâàäðàòè÷íîé ôîðìû è èõ ïåðâûìè
÷àñòíûìè ïðîèçâîäíûìè. Òàêèì îáðàçîì, èññëåäîâàíèå ãåîäåçè÷åñêèõ ïî-
âåðõíîñòè ÿâëÿåòñÿ çàäà÷åé âíóòðåííåé ãåîìåòðèè ïîâåðõíîñòè.
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IV.1.3 Ãåîäåçè÷åñêàÿ ëèíèÿ êàê êðàò÷àéøàÿ

Ïóñòü  � âåùåñòâåííàÿ êðèâàÿ ïîâåðõíîñòè � ; çàäàííàÿ óðàâíåíèÿìè x i =
f i (t); ãäåx i - âíóòðåííèå êîîðäèíàòû ïîâåðõíîñòè, t � âåùåñòâåííûé ïàðà-
ìåòð, è ïóñòü A è B � äâå òî÷êè ýòîé êðèâîé, ñîîòâåòñòâóþùèå çíà÷åíèÿì
ïàðàìåòðà t0 è t1: Ïóñòü äàëåå

ds2 = gik dxi dxk (IV.26)

� ïåðâàÿ êâàäðàòè÷íàÿ ôîðìà ïîâåðõíîñòè. Òîãäà äëèíà ýòîé êðèâîé, çà-
êëþ÷åííàÿ ìåæäó òî÷êàìè A è B ðàâíà:

s =
Z t2

t1

s

gij
dxi

dt
dxj

dt
dt: (IV.27)

Óðàâíåíèÿ
x i = x i + ��x i ;

ãäå� � áåñêîíå÷íî ìàëàÿ âåëè÷èíà, à �x i � ôóíêöèè îò x i ; òàêèå, ÷òî

�x i = 0 ïðè t = t0; t1 (IV.28)

îïðåäåëÿåò íîâóþ êðèâóþ C; áëèçêóþ ê  è ïðîõîäÿùóþ ÷åðåç òå æå òî÷êè
A è B:
Ðàññìîòðèì èíòåãðàë

I =
Z t1

t0

' (x1; : : : ; xn; _x1; : : : ; _xn)dt; (IV.29)

ãäå _x i =
dxi

dt
; à ' � àíàëèòè÷åñêèå ôóíêöèè îò 2n àðãóìåíòîâ. Åñëè I �

ñîîòâåòñòâóþùèé èíòåãðàë äëÿ êðèâîéC; òî ðàçëàãàÿ ôóíêöèþ ' â ðÿä
Òåéëîðà, ïîëó÷èì:

I � I = �
Z t1

t0

�
@'
@xi

�x i +
@'
@_x i

_�x i
�

dt + : : : ;

ãäå _�x i =
@�xi

@xj
_x j ; à íåíàïèñàííûå ÷ëåíû èìåþò âòîðîé è áîëåå âûñîêèé

ïîðÿäîê îòíîñèòåëüíî �: Åñëè ìû çàïèøåì, ÷òî

�I = �
Z t1

t0

�
@'
@xi

�x i +
@'
@_x i

_�x i
�

dt; (IV.30)
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òî, èíòåãðèðóÿ âòîðîå ïîäèíòåãðàëüíîå ñëàãàåìîå ïî ÷àñòÿìè èñïîëüçóÿ ôîð-
ìóëó IV.28, ïîëó÷èì

�I = �
Z t1

t0

�
@'
@xi

�
d
dt

�
@'
@_x i

��
�x i dt: (IV.31)

Îá èíòåãðàëå ãîâîðÿò, ÷òî îí ñòàöèîíàðåí , à ñîîòâåòñòâóþùàÿ åìó êðèâàÿ
� íàçûâàåòñÿýêñòðåìàëüþ, åñëè ïåðâàÿ âàðèàöèÿ�I ðàâíà íóëþ äëÿ ëþ-
áîé ñèñòåìû ôóíêöèé �x i ; óäîâëåòâîðÿþùèõ óñëîâèÿì IV.28. Èç ôîðìóëû
IV.31 ñëåäóåò, ÷òî, íåîáõîäèìûì è äîñòàòî÷íûì äëÿ ýòîãî óñëîâèåì áóäåò
ðàâåíñòâî

d
dt

�
@'
@_x i

�
�

@'
@xi

= 0: (IV.32)

Ýòî óñëîâèå èçâåñòíî ïîä íàçâàíèåì óðàâíåíèé Ýéëåðà. Ïðèìåíèì ýòîò îá-
ùèé ðåçóëüòàò ê èíòåãðàëóIV.27: Â ýòîì ñëó÷àå

@'
@_x i =

gij _x j

q
gij _x i _x j

=
gij _x j

ds
dt

;
@'
@xi

=
1
2

@gjk
@xi

_x j _xk

ds
dt

:

Ïîäñòàâèâ ýòè çíà÷åíèÿ â óðàâíåíèå IV.32, ïîëó÷èì

gij •x j +
@gij
@xk

_x j _xk �
1
2

@gjk
@xi

_x j _xk � gij _x j

d2s
dt2
ds
dt

= 0:

Ïðèìåíÿÿ ñèìâîëû Êðèñòîôôåëÿ, ñîñòàâëåííûå äëÿ ôîðìû IV.26, ìîæíî
ýòèì óðàâíåíèÿì ïðèäàòü âèä

gij
d2x j

dt2
+ � jk;i

dxj

dt
dxk

dt
� gij

dxj

dt

d2s
dt2
ds
dt

= 0: (IV.33)

Óìíîæàÿ íà gil è ñóììèðóÿ ïî i , íàéäåì, ÷òî

d2x l

dt2
+ � l

jk
dxj

dt
dxk

dt
�

dxl

dt

d2s
dt2
ds
dt

= 0: (IV.34)
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IV.1. Ìàòåìàòè÷åñêàÿ ìîäåëü ãåîäåçè÷åñêèõ ëèíèé

Åñëè âìåñòî ïðîèçâîëüíîãî ïàðàìåòðà t èñïîëüçîâàòü äëèíó äóãès; òî óðàâ-
íåíèÿ IV.34 ïðèíèìàþò âèä

d2x i

ds2 + � i
jk

dxj

ds
dxk

ds
= 0: (IV.35)

Òàêèì îáðàçîì, ýêñòðåìàëÿìè èíòåãðàëà IV.27, â êîòîðîì ïàðàìåòð t ïðåä-
ñòàâëÿåò äëèíó äóãès; ÿâëÿþòñÿ èíòåãðàëüíûå êðèâûå ñèñòåìûn îáûêíî-
âåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé IV.35.

Óìíîæèì óðàâíåíèÿ IV.35 íà

gil
dxl

ds

è ïðîñóììèðóåì ðåçóëüòàò. Ïðè ýòîì íàäî ó÷åñòü, ÷òî âñëåäñòâèå ñèììåò-
ðè÷íîñòè êâàäðàòè÷íîé ôîðìû

gil
dxi

ds
dxl

ds

gil
dxl

ds
d2x i

ds2 �
1
2

d
ds

gil
dxi

ds
�

dxi

ds
dxl

ds
dgil

ds
:

Òàêèì îáðàçîì, ïîëó÷èì òîæäåñòâî:

gil
dxl

ds
d2x i

ds2 �
1
2

d
ds

gil
dxi

ds
� @mgil

dxi

ds
dxl

ds
dxm

ds
: (IV.36)

Ó÷òåì òàêæå, ÷òî

gi l � i
jk = � jk;l =

1
2

(@j gkl + @kgjl � @lgjk ):

Òàêèì îáðàçîì, ïîëó÷èì èç IV.35:

d
ds

�
gil

dxi

ds
dxl

ds

�
= 0 =)

gij
dxi

ds
dxj

ds
= Const : (IV.37)

Ýòî îçíà÷àåò, ÷òî âåëè÷èíà:

� = gij
dxi

ds
dxj

ds

177



Ãëàâà IV. Ìîäåëèðîâàíèå ãåîäåçè÷åñêèõ ëèíèé

ÿâëÿåòñÿèíòåãðàëîì óðàâíåíèé ãåîäåçè÷åñêèõ ëèíèé. Òàêèì îáðàçîì ñîîò-
íîøåíèå íîðìèðîâêè:

gij
dxi

ds
dxj

ds
= 1;

âîçíèêàþùåå ïðè íàòóðàëüíîé ïàðàìåòðèçàöèè êðèâîé è îçíà÷àþùåå ôàêò
íîðìèðîâêè âåêòîðà êàñàòåëüíîé, íå ïðîòèâîðå÷èò óðàâíåíèÿì ãåîäåçè÷å-
ñêîé ëèíèè, à ëèøü óòî÷íÿåò çíà÷åíèå ïîñòîÿííîé â ôîðìóëå IV.37.

Â êà÷åñòâå ïðèìåðà ðàññìîòðèì ãåîäåçè÷åñêèå ëèíèè åâêëèäîâîé ïëîñêî-
ñòè è êðóãîâîãî öèëèíäðà. Ïåðâàÿ êâàäðàòè÷íàÿ ôîðìà åâêëèäîâîé ïëîñêî-
ñòè åñòü:

ds2 = dx2 + dy2; (IV.38)

ñëåäîâàòåëüíî, ìàòðèöà ïåðâîé êâàäðàòè÷íîé ôîðìû åäèíè÷íàÿ è ïîñòîÿí-
íàÿ. Âñëåäñòâèå ýòîãî ñèìâîëû Êðèñòîôôåëÿ êàê ïåðâîãî, òàê è âòîðîãî
ðîäà åâêëèäîâîé ïëîñêîñòè â äåêàðòîâûõ êîîðäèíàòàõ ðàâíû íóëþ. Íî òî-
ãäà óðàâíåíèÿ ãåîäåçè÷åñêèõ ëèíèé åâêëèäîâîé ïëîñêîñòè ïðèíèìàþò âèä:

d2x
ds2 = 0;

d2y
ds2 = 0: (IV.39)

Êàê èçâåñòíî èç ìàòåìàòè÷åñêîãî àíàëèçà, íåîáõîäèìûì è äîñòàòî÷íûì óñëî-
âèåì ðàâåíñòâà íóëþ âòîðîé ïðîèçâîäíîé ôóíêöèè íà îòðåçêå ÿâëÿåòñÿ ëè-
íåéíîñòü ýòîé ôóíêöèè, ò.å:

x = �s + x0; y = �s + y0; (IV.40)

ãäå�; �; x 0; y0 - ïðîèçâîëüíûå êîíñòàíòû. Íî óðàâíåíèÿ IV.40 îòíîñèòåëü-
íî äåêàðòîâûõ êîîðäèíàò ÿâëÿþòñÿ ïàðàìåòðè÷åñêèìè óðàâíåíèÿìè ïðÿìîé
ëèíèè íà ïëîñêîñòè.

Òàêèì îáðàçîì, ñïðàâåäëèâà òåîðåìà:

Òåîðåìà ÒIV.1. Ãåîäåçè÷åñêèìè ëèíèÿìè åâêëèäîâîé ïëîñ-
êîñòè ÿâëÿþòñÿ ïðÿìûå ëèíèè è òîëüêî îíè.

Ðàññìîòðèì òåïåðü ãåîäåçè÷åñêèå ëèíèè íà êðóãîâîì öèëèíäðå ðàäèóñà
a, ìåòðèêà êîòîðîãî â öèëèíäðè÷åñêèõ êîîðäèíàòàõ èìååò âèä:

ds2 = a2d' 2 + dz2: (IV.41)
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IV.2. Ïîñòðîåíèå ãåîäåçè÷åñêîé ñåòè íà ïñåâäîñôåðå ñðåäñòâàìè MAPLE

Ïîñêîëüêó ìàòðèöà ïåðâîé êâàäðàòè÷íîé ôîðìû öèëèíäðà ïîñòîÿííà, òî è
â ýòîì ñëó÷àå ñèìâîëû Êðèñòîôôåëÿ îáðàùàþòñÿ â íóëü, à, ñëåäîâàòåëüíî,
ðåøåíèÿìè óðàâíåíèé ãåîäåçè÷åñêèõ áóäóò ëèíåéíûå ôóíêöèè:

' = �s + ' 0; z = �s + z0; (IV.42)

Èñêëþ÷àÿ îòñþäà íàòóðàëüíûé ïàðàìåòð, ïîëó÷èì:

z = �' + z0: (IV.43)

Âîçâðàùàÿñü ê öèëèíäðè÷åñêèì êîîðäèíàòàì â ïðîñòðàíñòâå, íàéäåì ïàðà-
ìåòðè÷åñêèå óðàâíåíèÿ ãåîäåçè÷åñêèõ öèëèíäðà:

x = acos' ;

y = asin' ;

z = �' + z0

; (IV.44)

ò.å., ïîëó÷èì óðàâíåíèÿ âèíòîâîé öèëèíäðè÷åñêîé ëèíèè.
Òàêèì îáðàçîì, ñïðàâåäëèâà òåîðåìà:

Òåîðåìà ÒIV.2. Ãåîäåçè÷åñêèìè ëèíèÿìè êðóãîâîãî öèëèí-
äðà ÿâëÿþòñÿ âèíòîâûå ëèíèè è òîëüêî îíè.

IV.2 Ïîñòðîåíèå ãåîäåçè÷åñêîé ñåòè íà ïñåâäîñôåðå
ñðåäñòâàìè Maple

Â êà÷åñòâå ïðèìåðà äîñòàòî÷íî ïîäðîáíî ðàññìîòðèì ïðîöåäóðó ïîñòðîåíèÿ
ãåîäåçè÷åñêîé ñåòè íà ïñåâäîñôåðå (ñì. [126]).

IV.2.1 Çàäàíèå ïñåâäîñôåðû è âû÷èñëåíèå ïðîèçâîäíûõ ðàäèóñà-
âåêòîðà

Çàäàäèì ïàðàìåòðè÷åñêèå óðàâíåíèÿ âåðõíåé ÷àñòè ïñåâäîñôåðû, äëÿ ÷å-
ãî ââåäåì ôóíêöèè x(t; � ); y(t; � ); z(t; � ) äâóõ ïàðàìåòðîâ ( t; � ), êîòî-
ðûå ïðèíèìàþò ñëåäóþùèå çíà÷åíèÿ íà âåðõíåé ïîëîâèíå ïñåâäîñôåðû:
t = 0:: �

2; � = 0::2� :
> restart:with(linalg):with(tensor):
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Ãëàâà IV. Ìîäåëèðîâàíèå ãåîäåçè÷åñêèõ ëèíèé

> x:=(t,phi)->sin(t)*cos(phi);

> y:=(t,phi)->sin(t)*sin(phi);

> z:=(t,phi)->-(cos(t)+ln(tan(t/2)));

Warning, the protected names norm and trace have been redefined and
unprotected

x := ( t; � ) ! sin(t) cos(� )
y := ( t; � ) ! sin(t) sin(� )

z := ( t; � ) ! � cos(t) � ln(tan(
1
2

t))

Çàäàäèì òåïåðü ðàäèóñ-âåêòîðr ïðîèçâîëüíîé òî÷êè ïñåâäîñôåðû â âèäå
óïîðÿäî÷åííîãî ìíîæåñòâà ôóíêöèé è âû÷èñëèì îò íåãî ÷àñòíûå ïðîèçâîä-
íûå ñ ïîìîùüþ êîìàíä di�(r( t; � ),t) è di�(r( t; � ), � ):

> r:=(t,phi)->[x(t,phi),y(t,phi),z(t,phi)];
> r_t:=diff(r(t,phi),t);
> r_phi:=diff(r(t,phi),phi);

r := ( t; � ) ! [x(t; � ); y(t; � ); z(t; � )]

r _ t :=

2

6
4cos(t) cos(� ); cos(t) sin(� ); sin(t) �

1
2

+
1
2

tan(
t
2

)2

tan(
t
2

)

3

7
5

r _ phi := [ � sin(t) sin(� ); sin(t) cos(� ); 0]
r := ( t; � ) ! [x(t; � ); y(t; � ); z(t; � )]

r _ t :=

2

6
4cos(t) cos(� ); cos(t) sin(� ); sin(t) �

1
2

+
1
2

tan(
1
2

t)2

tan(
1
2

t)

3

7
5

r _ phi := [ � sin(t) sin(� ); sin(t) cos(� ); 0]

IV.2.2 Íàõîæäåíèå ìàòðèöû ïåðâîé êâàäðàòè÷íîé ôîðìû ïñåâ-
äîñôåðû

Ñôîðìèðóåì òåïåðü ñèììåòðè÷íóþ ìàòðèöó ïåðâîé êâàäðàòè÷íîé ôîðìû è
âû÷èñëèì åå îïðåäåëèòåëü.

> G:=array(1..2,1..2,symmetric,sparse);
G := array( symmetric; sparse; 1::2; 1::2; [])
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IV.2. Ïîñòðîåíèå ãåîäåçè÷åñêîé ñåòè íà ïñåâäîñôåðå ñðåäñòâàìè MAPLE

Çàäàäèì êîýôôèöèåíòû ìàòðèöû ïåðâîé êâàäðàòè÷íîé ôîðìû ïñåâäî-
ñôåðû Gi; k ñ ïîìîùüþ ñêàëÿðíûõ ïðîèçâåäåíèé ïðîèçâîäíûõ ðàäèóñà-âåêòîðà
( r i r k) , âû÷èñëÿåìûõ ñ ïîìîùüþ êîìàíäû innerprod(a,b) áèáëèîòåêèlinalg,
ãäå a è b - âåêòîðû.

> G[1,1]:=simplify(innerprod(r_t,r_t));

> G[1,2]:=innerprod(r_t,r_phi);

> G[2,2]:=simplify(innerprod(r_phi,r_phi));

G1; 1 :=
cos(t)2

sin(t)2

G1; 2 := 0

G2; 2 := 1 � cos(t)2

Âû÷èñëèì îïðåäåëèòåëü ìàòðèöû G:

> DetG:=simplify(det(G));

DetG := cos(t)2

è îïðåäåëèì ìåòðè÷åñêèé òåíçîð gik ïñåâäîñôåðû:

> g:=create([-1,-1],eval(G));

g := table([ compts=

2

6
4

cos(t)2

sin(t)2 0

0 1� cos(t)2

3

7
5 ; index_ char = [ � 1; � 1]])

IV.2.3 Âû÷èñëåíèå ñèìâîëîâ Êðèñòîôôåëÿ ïñåâäîñôåðû

Îïðåäåëèì âíóòðåííèå êîîðäèíàòû ïñåâäîñôåðû êàê óïîðÿäî÷åííóþ ïîñëå-
äîâàòåëüíîñòü

> coord:=[t,phi]:

Òåïåðü ñ ïîìîùüþ êîìàíäû d1metric{G,coord) áèáëèîòåêètensor âû-
÷èñëèì ïåðâûå ÷àñòíûå ïðîèçâîäíûå, dG, ìåòðè÷åñêîãî òåíçîðà, à òàêæå
âû÷èñëèì êîîðäèíàòû êîíòðâàðèàíòíîãî ìåòðè÷åñêîãî òåíçîðà g_1 (âàëåíò-
íîñòè [+1,+1]), îáðàòíîãî ê ìåòðè÷åñêîìó òåíçîðó g c ïîìîùüþ êîìàíäû
invert(G,'detG') áèáëèîòåêètensor :

> dg:=d1metric(g,coord);

> g_1:=invert(g,'detG');
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Ãëàâà IV. Ìîäåëèðîâàíèå ãåîäåçè÷åñêèõ ëèíèé

dg := table([ compts= array( cf1; 1::2; 1::2; 1::2; [

(1; 1; 1) = �
2 cos(t)
sin(t)3

(1; 1; 2) = 0
(1; 2; 1) = 0
(1; 2; 2) = 0
(2; 1; 1) = 0
(2; 1; 2) = 0
(2; 2; 1) = 2 cos(t) sin(t)
(2; 2; 2) = 0
]);
index_ char = [ � 1; � 1; � 1]
])

g_ 1 := table([ compts=

2

6
6
4

sin(t)2

cos(t)2 0

0
1

sin(t)2

3

7
7
5 ; index_ char = [1; 1]])

Ñ ïîìîùüþ íàéäåííûõ çíà÷åíèé ïåðâûõ ÷àñòíûõ ïðîèçâîäíûõ âû÷èñëèì
òåïåðü ñèìâîëû Êðèñòîôôåëÿ I-ãî ðîäà, Cf1, ïðèìåíÿÿ êîìàíäó
Christo�el1(dG) áèáëèîòåêètensor :

> CR1:=tensor[Christoffel1](dg):

Íà îñíîâå ïîëó÷åííûõ çíà÷åíèé äëÿ ñèìâîëîâ Êðèñòîôôåëÿ I-ãî ðîäà
íàéäåì ñèìâîëû Êðèñòîôôåëÿ II-ãî ðîäà, Cf2, ñ ïîìîùüþ êîìàíäû
Christo�el2(g_1,Cf1) áèáëèîòåêètensor :

> CR2:=tensor[Christoffel2](g_1,CR1);
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IV.2. Ïîñòðîåíèå ãåîäåçè÷åñêîé ñåòè íà ïñåâäîñôåðå ñðåäñòâàìè MAPLE

CR2 := table([ compts= array( cf2; 1::2; 1::2; 1::2; [

(1; 1; 1) = �
1

sin(t) cos(t)
(1; 1; 2) = 0
(1; 2; 1) = 0

(1; 2; 2) = �
sin(t)3

cos(t)
(2; 1; 1) = 0

(2; 1; 2) =
cos(t)
sin(t)

(2; 2; 1) =
cos(t)
sin(t)

(2; 2; 2) = 0
]);
index_ char = [1; � 1; � 1]
])

Íàêîíåö, ñ ïîìîùüþ êîìàíäû geodesic_eqn(coord,c,Cf2) áèáëèîòåêè
ïîëó÷èì óðàâíåíèÿ ãåîäåçè÷åñêèõ:

> Geo:= tensor[geodesic_eqns](coord, s, CR2 );

Geo :=

(

( d2

ds2 t( s)) �
( d

ds t( s))2

sin(t) cos(t)
�

sin(t)3 ( d
ds � (s))2

cos(t)
= 0;

( d2

ds2 � (s)) +
2 cos(t) ( d

ds t( s)) ( d
ds � (s))

sin(t)
= 0

)

IV.2.4 Ïðèâåäåíèå óðàâíåíèé ãåîäåçè÷åñêèõ ê íîðìàëüíîé ñèñòå-
ìå ÎÄ Ó

Îáîçíà÷èì ïåðâûå ïðîèçâîäíûå ïî íàòóðàëüíîìó ïàðàìåòðó îò âíóòðåííèõ
êîîðäèíàò ïñåâäîñôåðû çà íîâûå ïåðåìåííûå, T( s) è �( s):

> EQT:=diff(t(s),s)=T(s);
> EQP:=diff(phi(s),s)=Phi(s);

EQT := d
ds t( s) = T( s)

EQP := d
ds � (s) = �( s)

Ïîäñòàâèì ýòè âåëè÷èíû â óðàâíåíèÿ ãåîäåçè÷åñêèõ:
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Ãëàâà IV. Ìîäåëèðîâàíèå ãåîäåçè÷åñêèõ ëèíèé

> GEOT:=subs({EQT,EQP,t=t(s)},Geo[1]);

> GEOP:=subs({EQT,EQP,t=t(s)},Geo[2]);

GEOT := ( d
ds T( s)) �

T( s)2

sin(t(s)) cos(t(s))
�

sin(t(s))3 �( s)2

cos(t(s))
= 0

GEOP := ( d
ds �( s)) +

2 cos(t(s)) T( s) �( s)
sin(t(s))

= 0

Ïðè ýòîì ìû ïîëó÷èëè íîðìàëüíóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíå-
íèé, ò.å., ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé I-ãî ïîðÿäêà
(EQT,EQP,GEOT,GEOP), ðàçðåøåííûõ îòíîñèòåëüíî ïðîèçâîäíûõ:
d
ds t( s)

, d
ds � (s) , d

ds T( s), d
ds �( s).

Çàïèøåì òåïåðü ýòè óðàâíåíèÿ â âèäå ñèñòåìû óðàâíåíèé:

> GEO:={EQT,EQP,GEOT,GEOP};

GEO := f d
ds � (s) = �( s); ( d

ds T( s)) �
T( s)2

sin(t(s)) cos(t(s))
�

sin(t(s))3 �( s)2

cos(t(s))
= 0;

( d
ds �( s)) +

2 cos(t(s)) T( s) �( s)
sin(t(s))

= 0; d
ds t( s) = T( s)g

IV.2.5 Ââîä ãðóïïû íà÷àëüíûõ óñëîâèé

à). Ëèíèè " � "
- çäåñü èçìåíÿþòñÿ òîëüêî çíà÷åíèÿ t(0), ïðè ýòîì âåêòîð êàñàòåëüíîé

íàïðàâëåí âäîëü ïàðàëëåëåé:

> In[P0]:={t(0)=0.1,T(0)=0,phi(0)=0,Phi(0)=1};
> In[P1]:={t(0)=0.2,T(0)=0,phi(0)=0,Phi(0)=1};
> In[P2]:={t(0)=0.3,T(0)=0,phi(0)=0,Phi(0)=1};
> In[P3]:={t(0)=0.4,T(0)=0,phi(0)=0,Phi(0)=1};

In P0 := f � (0) = 0 ; T(0) = 0 ; �(0) = 1 ; t(0) = 0 :1g
In P1 := f � (0) = 0 ; T(0) = 0 ; �(0) = 1 ; t(0) = 0 :2g
In P2 := f � (0) = 0 ; T(0) = 0 ; �(0) = 1 ; t(0) = 0 :3g
In P3 := f � (0) = 0 ; T(0) = 0 ; �(0) = 1 ; t(0) = 0 :4g

á). Ëèíèè " � _1 çäåñü òàêæå èçìåíÿþòñÿ òîëüêî çíà÷åíèÿ t(0), íî ïðè
ýòîì âåêòîð êàñàòåëüíîé íàïðàâëåí â ïðîòèâîïîëîæíóþ ñòîðîíó âäîëü ïà-
ðàëëåëåé:
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> In[P_0]:={t(0)=0.1,T(0)=0,phi(0)=0,Phi(0)=-1};
> In[P_1]:={t(0)=0.2,T(0)=0,phi(0)=0,Phi(0)=-1};
> In[P_2]:={t(0)=0.3,T(0)=0,phi(0)=0,Phi(0)=-1};
> In[P_3]:={t(0)=0.4,T(0)=0,phi(0)=0,Phi(0)=-1};

In P_ 0 := f � (0) = 0 ; T(0) = 0 ; t(0) = 0 :1; �(0) = � 1g

In P_ 1 := f � (0) = 0 ; T(0) = 0 ; �(0) = � 1; t(0) = 0 :2g

In P_ 2 := f � (0) = 0 ; T(0) = 0 ; �(0) = � 1; t(0) = 0 :3g

In P_ 3 := f � (0) = 0 ; T(0) = 0 ; �(0) = � 1; t(0) = 0 :4g

â). Ëèíèè �T�

- çäåñü èçìåíÿþòñÿ ëèøü çíà÷åíèÿ � (0), ïðè ýòîì âåêòîð êàñàòåëüíîé
íàïðàâëåí âäîëü ìåðèäèàíîâ:

> In[T0]:={t(0)=Pi/12,T(0)=1,phi(0)=0,Phi(0)=0};
> In[T1]:={t(0)=Pi/12,T(0)=1,phi(0)=Pi/3,Phi(0)=0};
> In[T2]:={t(0)=Pi/12,T(0)=1,phi(0)=2*Pi/3,Phi(0)=0};
> In[T3]:={t(0)=Pi/12,T(0)=1,phi(0)=Pi,Phi(0)=0};
> In[T4]:={t(0)=Pi/12,T(0)=1,phi(0)=4*Pi/3,Phi(0)=0};
> In[T5]:={t(0)=Pi/12,T(0)=1,phi(0)=5*Pi/3,Phi(0)=0};

In T0 := f � (0) = 0 ; T(0) = 1 ; �(0) = 0 ; t(0) =
�
12

g

In T1 := f T(0) = 1 ; �(0) = 0 ; t(0) =
�
12

; � (0) =
�
3

g

In T2 := f T(0) = 1 ; �(0) = 0 ; t(0) =
�
12

; � (0) =
2�
3

g

In T3 := f T(0) = 1 ; �(0) = 0 ; t(0) =
�
12

; � (0) = � g

In T4 := f T(0) = 1 ; �(0) = 0 ; t(0) =
�
12

; � (0) =
4�
3

g

In T5 := f T(0) = 1 ; �(0) = 0 ; t(0) =
�
12

; � (0) =
5�
3

g

IV.2.6 Èçîáðàæåíèå âåðõíåé ïîëîâèíû ïñåâäîñôåðû è ëèíèé íà-
÷àëüíûõ óñëîâèé

Èçîáðàçèì ïàðàëëåëè è ìåðèäèàíû, ñîîòâåòñòâóþùèå çàäàíèþ íà÷ àëüíûõ
óñëîâèé, ñ ïîìîùüþ êîìàíäû spacecurve áèáëèîòåêèplots . Ïàðàëëåëè, ñî-
îòâåòñòâóþùèå áîëüøèì çíà÷åíèÿì ïàðàìåòðà t íàõîäÿòñÿ íèæå, à ïàðàë-
ëåëè ñ ìåíüøèì çíà÷åíèåì ïàðàìåòðà t - âûøå:

185



Ãëàâà IV. Ìîäåëèðîâàíèå ãåîäåçè÷åñêèõ ëèíèé

> Ps[u]:=plot3d(r(t,phi),t=0..Pi/2,phi=0..2*Pi,style=PATCH,c olor=white,
> thickness=0): cir_1:=plots[spacecurve](r(Pi/12,phi),phi=0. .2*Pi,
> color=black,thickness=2):
> cir_2:=plots[spacecurve](r(Pi/8,phi),phi=0..2*Pi,
> color=black,thickness=2):
> cir_3:=plots[spacecurve](r(Pi/4,phi),phi=0..2*Pi,
> color=black,thickness=2):
> cir_4:=plots[spacecurve](r(Pi/3,phi),phi=0..2*Pi,
> color=black,thickness=2):
> mer_1:=plots[spacecurve](r(t,0),t=0..Pi/2,color=black,thic kness=2):
> mer_2:=plots[spacecurve](r(t,Pi/3),t=0..Pi/2,color=black,t hickness=2):
> mer_3:=plots[spacecurve](r(t,2*Pi/3),t=0..Pi/2,color=black ,thickness=2
> ):
> mer_4:=plots[spacecurve](r(t,Pi),t=0..Pi/2,color=black,thi ckness=2):
> mer_5:=plots[spacecurve](r(t,4*Pi/3),t=0..Pi/2,color=black ,thickness=2
> ):
> mer_6:=plots[spacecurve](r(t,5*Pi/3),t=0..Pi/2,color=black ,thickness=2
> ):

> plots[display](cir_1,cir_2,cir_3,cir_4,mer_1,mer_2,mer_3,m er_4,mer_5,
> mer_6,axes=FRAME, labels=[x,y,z],labelfont=
> [TIMES,BOLD,14],thickness=0,color=white,titlefont=
> [TIMES,BOLD,12])

.
Ðèñ.IV.33 Ïàðàëëåëè è ìåðèäèàíû íà ïñåâ-
äîñôåðå.
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IV.2.7 Ïðîöåäóðû ÷èñëåííîãî èíòåãðèðîâàíèÿ íîðìàëüíîé ñè-
ñòåìû ÎÄÓ

Çäåñü èçëîæåíèå èäåò ïî ñïåöèàëüíîé ìåòîäèêå ïðîôåññîðà Èãíàòüåâà Þ.Ã.
ðåøåíèÿ ñèñòåìû ÎÄÓ ÷èñëåííûìè ìåòîäàìè â Maple. ×èñëåííûå ðåøåíèÿ
íîðìàëüíîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ïîëó÷àþòñÿ ñ ïîìîùüþ
êîìàíäû
dsolve(Ñèñòåìà union Íà÷àëüíûå Óñëîâèÿ, {Ïåðåìåííûå}, type=numeric,
method=classical,output=listprocedure) .
Ïðè ýòîì ñîçäàåòñÿ ïðîöåäóðà ÷èñëåííîãî ðåøåíèÿ íîðìàëüíîé ñèñòåìû
äèôôåðåíöèàëüíûõ óðàâíåíèé êëàññè÷åñêèì ìåòîäîì, êîìáèíèðóþùèì èç-
âåñòíûå îñíîâíûå ìåòîäû ÷èñëåííîãî ðåøåíèÿ íîðìàëüíûõ ñèñòåì äèôôå-
ðåíöèàëüíûõ óðàâíåíèé ñ ïîñëåäóþùèì âûâîäîì ðåçóëüòàòîâ èíòåãðèðîâà-
íèÿ â âèäå ñïèñêîâ: à. Ðåøåíèÿ äëÿ ëèíèé � � �

Sol0[Phi]:=
dsolve(GEO union In[P0],{t(s),phi(s),T(s),Phi(s)},
type=numeric,method=classical,output=listprocedure);
Sol1[Phi]:= dsolve(GEO union In[P1],
{t(s),phi(s),T(s),Phi(s)},
type=numeric,method=classical,output=listprocedure);
Sol2[Phi]:= dsolve(GEO union In[P2],
{t(s),phi(s),T(s),Phi(s)},
type=numeric,method=classical,output=listprocedure);
Sol3[Phi]:= dsolve(GEO union In[P3], {t(s),phi(s),T(s),Phi(s)},

á). Ðåøåíèÿ äëÿ ëèíèé � _1"

Sol_0[Phi]:= dsolve(GEO union In[P_0],{t(s),phi(s),T(s),Phi(s)},

â). Ðåøåíèÿ äëÿ ëèíèé ¾T¿

>Sol0[T]:= dsolve(GEO union In[T0],{t(s),phi(s),T(s),Phi(s)},
type=numeric,method=classical,output=listprocedure);
type=numeric,method=classical,output=listprocedure);
type=numeric,method=classical,output=listprocedure);
type=numeric,method=classical,output=listprocedure);
Sol4[T]:= dsolve(GEO union In[T4], {t(s),phi(s),T(s),Phi(s)},
type=numeric,method=classical,output=listprocedure);
type=numeric,method=classical,output=listprocedure);
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Çàïèñü ðåøåíèé è ïðîâåðêà ðåøåíèé
Çàïèñü ðåøåíèé îñóùåñòâëÿåòñÿ ñ ïîìîùüþ ïîäñòàíîâêè ðåøåíèÿ â ñîîò-

âåòñòâóþùóþ âåëè÷èíó:

t_P0:=subs(Sol0[Phi],t(s)):
phi_P0:=subs(Sol0[Phi],phi(s)):
t_P1:=subs(Sol1[Phi],t(s)):
phi_P1:=subs(Sol1[Phi],phi(s)):
t_P2:=subs(Sol2[Phi],t(s)):
phi_P2:=subs(Sol2[Phi],phi(s)):
t_P3:=subs(Sol3[Phi],t(s)):
phi_P3:=subs(Sol3[Phi],phi(s)):

> t_P_0:=subs(Sol_0[Phi],t(s)): phi_P_0:=subs(Sol_0[Phi],phi(s)):
> t_P_1:=subs(Sol_1[Phi],t(s)):
> phi_P_1:=subs(Sol_1[Phi],phi(s)):
> t_P_2:=subs(Sol_2[Phi],t(s)): phi_P_2:=subs(Sol_2[Phi],phi(s)):
> t_P_3:=subs(Sol_3[Phi],t(s)): phi_P_3:=subs(Sol_3[Phi],phi(s)):
> t_P_3(0.5);t_P_2(1);phi_P_2(1);phi_P_2(2);

0:407972228887300558
0:313565954681080339

� 0:972274405931570329
� 1:79692851570137124

> t_T0:=subs(Sol0[T],t(s)):phi_T0:=subs(Sol0[T],phi(s)):
> t_T1:=subs(Sol1[T],t(s)):phi_T1:=subs(Sol1[T],phi(s)):
> t_T2:=subs(Sol2[T],t(s)):phi_T2:=subs(Sol2[T],phi(s)):
> t_T3:=subs(Sol3[T],t(s)):phi_T3:=subs(Sol3[T],phi(s)):
> t_T4:=subs(Sol4[T],t(s)):phi_T4:=subs(Sol4[T],phi(s)):
> t_T5:=subs(Sol5[T],t(s)):phi_T5:=subs(Sol5[T],phi(s)):
> t_T0(0.1);t_T0(0.2);t_T0(0.3);t_T0(0.35);phi_T0(0.1);
> t_T3(0.1);t_T3(0.2);t_T3(0.3);t_T5(0.35);phi_T3(0.1);

0:383780149720260311
0:571777403808498619
0:893618550265845024
1:19269837961553014

0:
0:383780149720260311
0:571777403808498619
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0:893618550265845024
1:19269837961553014
3:14159265358980022

Ñîçäàíèå ïîñëåäîâàòåëüíîñòåé ïîëó÷åííûõ ðåøåíèé

Ïîñëåäîâàòåëüíîñòè ðåøåíèé ñîçäàåì ñ ïîìîùüþ êîìàíäû seq([],) :

> r_T0:=[seq([x(t_T0(i/40),phi_T0(i/40)),y(t_T0(i/40),phi_T0 (i/40)),z(t
> _T0(i/40),phi_T0(i/40))], i=0..15)]:
> r_T1:=[seq([x(t_T1(i/40),phi_T1(i/40)),y(t_T1(i/40),phi_T1 (i/40)),z(t_
> T1(i/40),phi_T1(i/40))], i=0..15)]:
> r_T2:=[seq([x(t_T2(i/40),phi_T2(i/40)),y(t_T2(i/40),phi_T2 (i/40)),z(t_
> T2(i/40),phi_T2(i/40))], i=0..15)]:
> r_T3:=[seq([x(t_T3(i/40),phi_T3(i/40)),y(t_T3(i/40),phi_T3 (i/40)),z(t_
> T3(i/40),phi_T3(i/40))], i=0..15)]:
> r_T4:=[seq([x(t_T4(i/40),phi_T4(i/40)),y(t_T4(i/40),phi_T4 (i/40)),z(t_
> T4(i/40),phi_T4(i/40))], i=0..15)]:
> r_T5:=[seq([x(t_T5(i/40),phi_T5(i/40)),y(t_T5(i/40),phi_T5 (i/40)),z(t_
> T5(i/40),phi_T5(i/40))], i=0..15)]:

Ñîçäàíèå ãðàôèêîâ T-ãåîäåçè÷åñêèõ

Äëÿ ñîçäàíèÿ ãðàôèêîâ T-ãåîäåçè÷åñêèõ çàäàåì èõ ñ ïîìîùüþ êîìàíäû
spacecurve à çàòåì ñîâìåùàåì èõ ñ ïîìîùüþ êîìàíäû display:

> T0:=plots[spacecurve](r_T0,color=red,thickness=3):
> T1:=plots[spacecurve](r_T1,color=red,thickness=3):
> T2:=plots[spacecurve](r_T2,color=red,thickness=3):
> T3:=plots[spacecurve](r_T3,color=red,thickness=3):
> T4:=plots[spacecurve](r_T4,color=red,thickness=3):
> T5:=plots[spacecurve](r_T5,color=red,thickness=3):

> plots[display](T0,T1,T2,T3,T4,T5,Ps[u],axes=FRAME,labels= [x,y,z],labe
> lfont= [TIMES,BOLD,14],titlefont= [TIMES,BOLD,14],orientatio n=[-120,45]);

189



Ãëàâà IV. Ìîäåëèðîâàíèå ãåîäåçè÷åñêèõ ëèíèé

.
Ðèñ.IV.34 Ìåðèäèàíû - ýòî ãåîäåçè÷åñêèå ïñåâäîñôåðû.

Òàêèì îáðàçîì, â ðåçóëüòàòå ÷èñëåííîãî èíòåãðèðîâàíèÿ óáåæäàåìñÿ â
òîì, ÷òî ìåðèäèàíû ïñåâäîñôåðû ÿâëÿþòñÿ åå ãåîäåçè÷åñêèìè. Ýòî ÿâëÿåò-
ñÿ îáùèì ðåçóëüòàòîì äëÿ ïîâåðõíîñòåé âðàùåíèÿ (À.Ï.Íîðäåí, ¾Äèôôå-
ðåíöèàëüíàÿ ãåîìåòðèÿ¿).

Ñîçäàíèå ( � , � _ 1 )- ñåòè

Ñîçäàäèì ñåòü ñ ïîìîùüþ ãåîäåçè÷åñêèõ, íàïðàâëåííûõ â íà÷àëüíûõ òî÷-
êàõ ïàðàëëåëüíî ïàðàëëåëÿì ïñåâäîñôåðû, ñîîòâåòñòâåííî âäîëü íèõ è ïðî-
òèâîïîëîæíî èì:

> r_P0:=[seq([x(t_P0(i/20),phi_P0(i/20)),y(t_P0(i/20),phi_P0 (i/20)),z(t
> _P0(i/20),phi_P0(i/20))], i=0..600)]:
> r_P1:=[seq([x(t_P1(i/20),phi_P1(i/20)),y(t_P1(i/20),phi_P1 (i/20)),z(t_
> P1(i/20),phi_P1(i/20))], i=0..220)]:
> r_P2:=[seq([x(t_P2(i/20),phi_P2(i/20)),y(t_P2(i/20),phi_P2 (i/20)),z(t_
> P2(i/20),phi_P2(i/20))], i=0..120)]:
> r_P3:=[seq([x(t_P3(i/20),phi_P3(i/20)),y(t_P3(i/20),phi_P3 (i/20)),z(t_
> P3(i/20),phi_P3(i/20))], i=0..80)]:
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> r_P_0:=[seq([x(t_P_0(i/20),phi_P_0(i/20)),y(t_P_0(i/20),ph i_P_0(i/20)
> ), z(t_P_0(i/20),phi_P_0(i/20))], i=0..600)]:
> r_P_1:=[seq([x(t_P_1(i/20),phi_P_1(i/20)),y(t_P_1(i/20),ph i_P_1(i/20))
> , z(t_P_1(i/20),phi_P_1(i/20))], i=0..220)]:
> r_P_2:=[seq([x(t_P_2(i/20),phi_P_2(i/20)),y(t_P_2(i/20),ph i_P_2(i/20))
> , z(t_P_2(i/20),phi_P_2(i/20))], i=0..120)]:
> r_P_3:=[seq([x(t_P_3(i/20),phi_P_3(i/20)),y(t_P_3(i/20),ph i_P_3(i/20))
> , z(t_P_3(i/20),phi_P_3(i/20))], i=0..80)]:
> P0:=plots[spacecurve](r_P0,color=black,thickness=3):
> P1:=plots[spacecurve](r_P1,color=black,thickness=3):
> P2:=plots[spacecurve](r_P2,color=black,thickness=3):
> P3:=plots[spacecurve](r_P3,color=black,thickness=3):
> P_0:=plots[spacecurve](r_P_0,color=black,thickness=3):
> P_1:=plots[spacecurve](r_P_1,color=black,thickness=3):
> P_2:=plots[spacecurve](r_P_2,color=black,thickness=3):
> P_3:=plots[spacecurve](r_P_3,color=black,thickness=3):
> plots[display](P0,P1,P2,P3,P_0,P_1,P_2,P_3,Ps[u],
> axes=FRAME,labels=[x,y,z],labelfont= [TIMES,BOLD,14],titlefo nt=
> [TIMES,BOLD,14],
> title=`Ãåîäåçè÷åñêàÿ ñåòü íà ïñåâäîñôåðå`,orientation=[20,60]);

.
Ðèñ.IV.35 Ãåîäåçè÷åñêàÿ ñåòü íà ïñåâäîñôåðå.
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IV.3 Ïàêåò ïðîãðàìì Geodesic_lines

Óêàçàííûå ïðîãðàììíûå ïðîöåäóðû ìîæíî çíà÷èòåëüíî óñîâåðøåíñòâîâàòü
è ïðàêòè÷åñêè ïîëíîñòüþ àâòîìàòèçèðîâàòü ïðîöåññ ïîñòðîåíèÿ ãåîäåçè÷å-
ñêîé ëèíèè, ïðîõîäÿùåé ÷åðåç ïðîèçâîëüíóþ òî÷êó ïðîèçâîëüíîé ãëàäêîé
ïîâåðõíîñòè â ïðîèçâîëüíîì íàïðàâëåíèè [ 110]2.

Åäèíñòâåííàÿ 9-ïàðàìåòðè÷åñêàÿ ïðîöåäóðà ýòîé áèáëèîòåêè
Geodesic(Coord,S,S1,P,NewCoord,Inits,N,m,gr) ïðè ñîîòâåòñòâóþùåì âû-
áîðå ïàðàìåòðîâ ìîæåò ñîçäàâàòü ñàìûå ðàçíîîáðàçíûå 3d-ìîäåëè ãåîäåçè-
÷åñêèõ, âêëþ÷àÿ äèíàìè÷åñêèå ìîäåëè. ÇäåñüCoord - ñïèñîê âíóòðåííèõ
êîîðäèíàò ïîâåðõíîñòè è ïåðèîä èçìåíåíèÿ êàæäîé èç ýòèõ êîîðäèíàò; S
- êàíîíè÷åñêèé ïàðàìåòð êðèâîé; S1 - èíòåðâàë èçìåíåíèÿ ïàðàìåòðà S â
ôîðìàòå [a,b]; P - ìåòðèêà; NewCoord- ñïèñîê íîâûõ êîîðäèíàò, Inits - êî-
îðäèíàòû íà÷àëüíîé òî÷êè Ì0 ãåîäåçè÷åñêîé è íàïðàâëÿþùåãî âåêòîðà V0
ãåîäåçè÷åñêîé â ýòîé òî÷êå, N - ÷èñëî êàäðîâ àíèìàöèè, m - ïàðàìåòð, ïðèíè-
ìàþùèé çíà÷åíèÿ: 1 - (â ýòîì ñëó÷àå ãåîäåçè÷åñêàÿ îêàí÷èâàåòñÿ íà çàäàí-
íîé ãðàíèöå ïîâåðõíîñòè, îïðåäåëÿåìîé Coord), 0 - ãåîäåçè÷åñêàÿ âûõîäèò
çà ïðåäåëû ïîâåðõíîñòè) gr - ïàðàìåòð, ïðèíèìàþùèé çíà÷åíèÿ: graphic -
äëÿ âûâîäà ãðàôèêà, animate - äëÿ âûâîäà àíèìàöèè.

Ïðîäåìîíñòðèðóåì âîçìîæíîñòè ïàêåòà.

Ïðèìåð 1. Ãåîäåçè÷åñêàÿ íà òîðå:

Âåêòîðíûå ïàðàìåòðè÷åñêèå óðàâíåíèÿ òîðà èìåþò âèä:

~r = [(2 + cos(v)) � cos(u); (2 + cos(v)) � sin(u); sin(v)]:

g1:=(2+cos(v))*cos(u),(2+cos(v))*sin(u),sin(v):
A:=Geodesic_lines[Geodesic]([[u,v],[0,2*Pi],
[0,2*Pi]],s,50,[g1],[U,V],[[2,2],[1,0]],150,1,graphic):
A[4];

2Ïðè èñïîëüçîâàíèè àâòîðñêèõ ïðîãðàììíûõ ïðîöåäóð ññûëêà íà íèõ îáÿçàòåëüíà.
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.
Ðèñ.IV.36 Ïðèìåíåíèå ïðîöåäóðû Geodesic_lines[Geodesic](
[[u,v], [0,2*Pi], [0,2*Pi]], s, 50, [g1],
[U,V],[[2,2],[1,0]],150,1,graphic) â ãðàôè÷åñêîì ôîðìà-
òå: ãåîäåçè÷åñêàÿ íà òîðå.

Ïðèìåð 2. Ãåîäåçè÷åñêàÿ íà îäíîïîëîñòíîì ãèïåðáîëîèäå âðàùå-
íèÿ:

Âåêòîðíûå ïàðàìåòðè÷åñêèå óðàâíåíèÿ òîðà èìåþò âèä:

~r = [2 � cosh(u) � cos(v); 2 � cosh(u) � sin(v); 2 � sinh(u)]:

> g2:=2*cosh(u)*cos(v),2*cosh(u)*sin(v),2*sinh(u):
B:=Geodesic_lines[Geodesic]([[u,v],[-1.1,1.1],[0,2*Pi]],
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s,10,[g2],[U,V],[[0,1/2],[Pi/32,1]],100,0,graphic):
> B[4];

.
Ðèñ.IV.37 Ïðèìåíåíèå ïðîöåäóðû Geodesic_lines[Geodesic](
[[u,v], [-1.1,1.1], [0,2*Pi]], s,10, [g2],[U,V], [[0,1/2],
[Pi/32,1]] ,100,0, graphic) â ãðàôè÷åñêîì ôîðìàòå: ãåîäåçè÷å-
ñêàÿ íà ãèïåðáîëîèäå âðàùåíèÿ. Â äàííîì ñëó÷àå ïàðàìåòð m=0 �
ãåîäåçè÷åñêàÿ âûøëà çà ïðåäåëû çàäàííîé ïîâåðõíîñòè.

Ïðèìåð 3. Ãåîäåçè÷åñêàÿ íà ñôåðå:
Âåêòîðíûå ïàðàìåòðè÷åñêèå óðàâíåíèÿ ñôåðû ðàäèóñà 2 èìåþò âèä:

~r = [2 � cos(u) � cos(v); 2 � cos(u) � sin(v); 2 � sin(u)]:

194



IV.3. Ïàêåò ïðîãðàìì GEODESIC_LINES

> g3:=2*cos(u)*cos(v),2*cos(u)*sin(v),2*sin(u):
C:=Geodesic_lines[Geodesic]([[u,v],[0,2*Pi],[0,2*Pi]],s,12.6,[g3],[U,V],[[2,2],[0,1]],150,1,graphi
> C[4];

.
Ðèñ.IV.38 Ïðèìåíåíèå ïðîöåäóðû Geodesic_lines[Geodesic](
[[u,v],[0,2*Pi], [0,2*Pi]], s,12.6, [g3], [U,V],[[2,2],
[0,1]], 150,1,graphic) â ãðàôè÷åñêîì ôîðìàòå:ãåîäåçè÷åñêàÿ íà
ñôåðå � áîëüøàÿ îêðóæíîñòü.

Çàìåòèì, ÷òî ìû âñþäó èñïîëüçîâàëè òîëüêî 4-þ îïöèþ ïðîãðàììíîé
ïðîöåäóðû Geodesic_lines � èìåííî îíà îòâåòñòâåííà çà âûâîä ãðàôè÷å-
ñêîé ìîäåëè. Ïðèìåíåíèå äðóãèõ îïöèé ïîçâîëÿåò, íàïðèìåð, âûïèñàòü â
ÿâíîì âèäå óðàâíåíèÿ ãåîäåçè÷åñêèõ ëèíèé.
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IV.4 Ìàòåìàòè÷åñêàÿ ìîäåëü ãåîìåòðè÷åñêîé îïòèêè

IV.4.1 Ôóíêöèÿ ýéêîíàëà è ãåîìåòðî-îïòè÷åñêèé ïðåäåë

Ýëåêòðîìàãíèòíûå âîëíû â ñðåäå îïèñûâàþòñÿ ñàìîñîãëàñîâàííîé ñèñòåìîé
óðàâíåíèé, ñîñòîÿùåé èç óðàâíåíèé Ìàêñâåëëà è óðàâíåíèé äâèæåíèÿ ìàòå-
ðèàëüíîé ñðåäû â ïîëå ýëåêòðîìàãíèòíîãî èçëó÷åíèÿ. Ïî ýòèì, ïîñëåäíèì,
óðàâíåíèÿì îïðåäåëÿþòñÿ âåêòîð ïëîòíîñòè òîêà è ïëîòíîñòè çàðÿäîâ, èí-
äóöèðîâàííûõ â ìàòåðèàëüíîé ñðåäå ýëåêòðîìàãíèòíîé âîëíîé. Íàéäåííûå
èç ïîñëåäíèõ óðàâíåíèé òîêè êàê ôóíêöèè ýëåêòðîìàãíèòíîãî ïîëÿ ïîä-
ñòàâëÿþòñÿ çàòåì â óðàâíåíèÿ Ìàêñâåëëà, êîòîðûå ðåøàþòñÿ òåì èëè èíûì
ñïîñîáîì. Â ýòîì è ñîñòîèò ñàìîñîãëàñîâàííûé ïîäõîä â òåîðèè ýëåêòðîäèíà-
ìèêè ìàòåðèàëüíûõ ñðåä. Â îáùåì ñëó÷àå ïîëó÷àþòñÿ íåëèíåéíûå èíòåãðî
- äèôôåðåíöèàëüíûå óðàâíåíèÿ, ñ òðóäîì ïîääàþùèåñÿ àíàëèçó. Ìû îãðà-
íè÷èìñÿ çäåñü ëèíåéíîé ýëåêòðîäèíàìèêîé ñðåäû , êîãäà ýëåêòðîìàãíèòíûå
âîëíû íàñòîëüêî ñëàáû, ÷òî íå èçìåíÿþò ñóùåñòâåííî õàðàêòåðèñòèê ñðåäû
(òåìïåðàòóðû, ñòðóêòóðû è ò.ï.). Íî äàæå è â ýòîì ñëó÷àå ñàìîñîãëàñîâàí-
íûå óðàâíåíèÿ ýëåêòðîäèíàìèêè ñðåäû, ñòàíîâÿñü ëèíåéíûìè, ñîõðàíÿþò
èíòåãðî - äèôôåðåíöèàëüíûé õàðàêòåð è òðåáóþò ñïåöèàëüíîãî èññëåäîâà-
íèÿ. Çíà÷èòåëüíîå óïðîùåíèå èõ äîñòèãàåòñÿ ëèøü â ïðåäåëåãåîìåòðè÷å-
ñêîé îïòèêè , êîãäà õàðàêòåðíûå ðàçìåðû èññëåäóåìîé ñðåäû, â òîì ÷èñëå è
õàðàêòåðíûé ìàñøòàá íåîäíîðîäíîñòè, çíà÷èòåëüíî ïðåâûøàþò äëèíó âîë-
íû èññëåäóåìîãî ñâåòà.

Îïèøåì â ñàìûõ îáùèõ ÷åðòàõ èäåè ãåîìåòðè÷åñêîé îïòèêè. Óðàâíåíèÿ
Ìàêñâåëëà ñðåäå èìåþò âèä3:

( ~r ~E) = 4 �%; [~r ~E] +
1
c

@~B
@t

= 0;

[~r ~B] �
1
c

@~E
@t

=
4�
c

~j ; (~r ~B) = 0 : (IV.45)

ãäåc - ñêîðîñòü ñâåòà â âàêóóìå,%è~j - ïëîòíîñòè çàðÿäîâ è òîêîâ, èíäóöèðî-
âàííûå â ìàòåðèàëüíîé ñðåäå ýëåêòðîìàãíèòíîé âîëíîé; ~E è ~E - íàïðÿæåí-
íîñòü ýëåêòðè÷åñêîãî ïîëÿ è ìàãíèòíàÿ èíäóêöèÿ. Ñëåäñòâèåì óðàâíåíèé
Maksvellà ÿâëÿåòñÿ çàêîí ñîõðàíåíèÿ çàðÿäà, êîòîðûé äëÿ ñîîòâåòñòâóþùèõ
ïëîòíîñòåé èìååò ëîêàëüíûé âèä óðàâíåíèÿ íåïðåðûâíîñòè :

3Ïðåäñòàâëåííûé â ýòîì ðàçäåëå ìàòåðèàë ÷àñòè÷íî ìîæíî íàéòè â êíèãå [ 31], ÷àñòè÷íî â êíèãå [ 32].
Ãåîìåòðè÷åñêèé àñïåêò ýòîãî âîïðîñà îñâåùåí â êíèãå [ 33]. Âîîáùå æå ãîâîðÿ, îñíîâíàÿ ÷àñòü èçëàãàå-
ìîãî çäåñü ìàòåðèàëà èìååò îðèãèíàëüíûé õàðàêòåð.
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� !
r

!
j

�
+

@%
@t

= 0: (IV.46)

Â óðàâíåíèÿõ ( IV.45), (IV.46) ~r - ëèíåéíûé äèôôåðåíöèàëüíûé îïåðà-
òîð, êîòîðûé â äåêàðòîâûõ êîîðäèíàòàõ åâêëèäîâà ïðîñòðàíñòâà èìååò âèä:

~r =
�

@
@x

;
@
@y

;
@
@z

;
�

(IV.47)

â êðèâîëèíåéíûõ æå êîîðäèíàòàõ ýòîò îïåðàòîð ñîâïàäàåò ñ îïåðàòîðîì
êîâàðèàíòíîãî äèôôåðåíöèðîâàíèÿ. Çàìåòèì, ÷òî â êðèâîëèíåéíûõ êîîð-
äèíàòàõ âåêòîðíîå ïðîèçâåäåíèå ïîíèìàåòñÿ ñëåäóþùèì îáðàçîì:

� !
a

!
b

�
i = � ijk aj bk; (IV.48)

ãäå� ijk - êîâàðèàíòíî ïîñòîÿííûé äèñêðèìèíàíòíûé òåíçîð :

� ijk =
1

p
g

" ijk ; (IV.49)

à " ijk - åäèíè÷íûé àáñîëþòíî àíòèñèììåòðè÷íûé òåíçîð ïåðåñòàíîâîê .
Ââåäåì íîâóþ âåêòîðíóþ âåëè÷èíó:

~D(~r; t) = ~E(~r; t) + 4 �

tZ

�1

dt0~j (~r; t0); (IV.50)

íàçûâàåìóþ âåêòîðîì ýëåêòðè÷åñêîé èíäóêöèè .
Ñ ââåäåíèåì ýòîé âåëè÷èíû óðàâíåíèÿ ( IV.45) ñ ó÷åòîì óðàâíåíèÿ íåïðå-

ðûâíîñòè ( IV.46) ïðèíèìàþò áîëåå ñèììåòðè÷íûé âèä:

� !
r

!
~D

�
= 0;

� !
r

!
E

�
+

1
c

@~B
@t

= 0;

� !
r

!
B

�
�

1
c

@~D
@t

= 0;
� !

r
!
B

�
= 0: (IV.51)

Åñëè ìû ðåøèì îòíîñèòåëüíî âåêòîðà ~E íåêîòîðûå óðàâíåíèÿ äâèæåíèÿ
ñðåäû â ýëåêòðîìàãíèòíîì ïîëå, òî ñìîæåì óñòàíîâèòü íåêîòîðóþ ôóíê-
öèîíàëüíóþ ñâÿçü ìåæäó âåêòîðîì ïëîòíîñòè òîêà, ~j è íàïðÿæåííîñòüþ
ýëåêòðè÷åñêîãî ïîëÿ, ~E. Òîãäà ìû ñìîæåì, â ïðèíöèïå, ïðåäñòàâèòü ñîîò-
íîøåíèå ( IV.57) â âèäå:
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~D = ~E +

tZ

�1

~�( ~E)dt0: (IV.52)

Ôóíêöèîíàëüíîå ñîîòíîøåíèå ( IV.52) íàçûâàþòñÿ ìàòåðèàëüíûì óðàâíåíè-
åì ïîëÿ . Îòìåòèì, ÷òî íàõîæäåíèå ìàòåðèàëüíîãî óðàâíåíèÿ ñàìî ïî ñåáå
ïðåäñòàâëÿåò ñëîæíóþ ïðîáëåìó òåîðåòè÷åñêîé ôèçèêè.

Îãðàíè÷èâàÿñü ðàññìîòðåíèåì ðàñïðîñòðàíåíèÿ â ñðåäå ñëàáûõ ýëåêòðî-
ìàãíèòíûõ âîëí, ìû ìîæåì ïîëàãàòü ôóíêöèîíàëüíîå ñîîòíîøåíèå ( IV.52)
ëèíåéíûì. Â ýòîì ñëó÷àå ìàòåðèàëüíîå óðàâíåíèå ( IV.52) ïðèíèìàåò âèä:

D i (~r; t) =

tZ

�1

dt0
Z

d3~r 0" ij (~r;~r 0; t; t 0)E j (~r 0; t0); (IV.53)

ãäå ââåäåíòåíçîð äèýëåêòðè÷åñêîé ïðîíèöàåìîñòè ñðåäû , " ij . Â äàëüíåé-
øåì áóäåì ïîëàãàòü îïòè÷åñêóþ ñðåäó ñòàöèîíàðíîé , ò.å., ñ÷èòàòü, ÷òî âñå
åå õàðàêòåðèñòèêè â îòñóòñòâèå ýëåêòðîìàãíèòíîé âîëíû íå çàâèñÿò îò âðå-
ìåíè. Ðàññìîòðèì ìîíîõðîìàòè÷åñêóþ ýëåêòðîìàãíèòíóþ âîëíó, ò.å.:

~E(~r; t) = ~E(~r; ! )e� i!t ; (IV.54)

ãäå
! �! ! + i� ; � ! +0;

- ÷àñòîòà ýëåêòðîìàãíèòíîé âîëíû, èìåþùàÿ áåñêîíå÷íî ìàëóþ îòðèöà-
òåëüíóþ ìíèìóþ ÷àñòü, òàê ÷òîáû ~E(~r; t ! �1 ) ! 0. Ïðåäïîëàãàÿ àíà-
ëîãè÷íóþ çàâèñèìîñòü îò âðåìåíè âñåõ âåêòîðîâ ýëåêòðîìàãíèòíîãî ïîëÿ è
ïîäñòàâëÿÿ èõ â óðàâíåíèÿ Ìàêñâåëëà (IV.51), ïðèâåäåì ïîñëåäíèå ê âèäó:

( ~r ~D) = 0; [ ~r ~E] =
i!
c

~B;

[~r ~B] = �
i!
c

~D; (~r ~B) = 0 : (IV.55)

Âûðàæàÿ âåêòîð ìàãíèòíîé èíäóêöèè, ~B, èç âòîðîãî óðàâíåíèÿ ( IV.55) è
ïîäñòàâëÿÿ ðåçóëüòàò â òðåòüå óðàâíåíèå ñ ó÷åòîì ïðàâèëà âû÷èñëåíèÿ äâîé-
íîãî âåêòîðíîãî ïðîèçâåäåíèÿ:

� !
r

� !
r

!
E

� �
= ~r

� !
r

!
E

�
�

� !
r

!
r

� ~E =

= ~r
� !

r
!
E

�
� � ~E;
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ïîëó÷èì:

~r
� !

r
!
E

�
� � ~E =

! 2

c2
~D; (IV.56)

ãäå� - îïåðàòîð Ëàïëàññà, êîòîðûé â êðèâîëèíåéíûõ êîîðäèíàòàõ ÿâëÿåòñÿ
îïåðàòîðîì Áåëüòðàìè II-ãî ðîäà (ñì, íàïðèìåð, [ 34]) è èìååò âèä:

� E i = gjk E i
;jk : (IV.57)

Çàìåòèì, ÷òî ïîäñòàíîâêà âåêòîðà ~B èç âòîðîãî óðàâíåíèÿ ( IV.55) â ÷åòâåð-
òîå îáðàùàåò ïîñëåäíåå óðàâíåíèå â òîæäåñòâî âñëåäñòâèå êîììóòàöèîííûõ
ñîîòíîøåíèé ( ??).

Òàêèì îáðàçîì:

Â ñòàöèîíàðíîé àíèçîòðîïíîé ñðåäå óðàâíåíèÿ Ìàêñâåëëà äëÿ
ìîíîõðîìàòè÷åñêîé ýëåêòðîìàãíèòíîé âîëíû ïðè èçâåñòíîì
ìàòåðèàëüíîì óðàâíåíèè ïîëÿ ñâîäÿòñÿ ê äâóì óðàâíåíèÿì:
ïåðâîìó óðàâíåíèþ èç ñèñòåìû ( IV.55) è óðàâíåíèþ ( IV.56) îò-
íîñèòåëüíî âåêòîðîâ ~E è ~D.

Äàëåå ïðåäñòàâèì êîîðäèíàòû òðåõìåðíûõ âåêòîðîâ E i (~r; ! ), D i (~r; ! ) â
âèäå:

E i (~r; ! ) = Ei (~r; ! )eiU (~r); (IV.58)

ãäå ñîãëàñíî ïðîöåäóðå ïðèáëèæåíèÿ ãåîìåòðè÷åñêîé îïòèêè âåêòîðû òèïà
Ei ïîëàãàþòñÿ ìåäëåííî ìåíÿþùèìèñÿ ôóíêöèÿìè êîîðäèíàò, à ñêàëÿðíàÿ
ôóíêöèÿ U(~r) ïîëàãàåòñÿ áîëüøîé âåëè÷èíîé âìåñòå ñî ñâîèìè ïåðâûìè
ïðîèçâîäíûìè; âòîðûå æå ïðîèçâîäíûå ýòîé ôóíêöèè ïîëàãàþòñÿ ìàëûìè
âåëè÷èíàìè. Ïóñòü äàëåå:L - õàðàêòåðíûé ðàçìåð íåîäíîðîäíîñòè ñèñòåìû,
� - äëèíà ýëåêòðîìàãíèòíîé âîëíû. Áóäåì ïîëàãàòü îòíîøåíèå �=L = �
ìàëûì ïàðàìåòðîì, òàê ÷òî:

@i E �
E
L

; @i U �
U
�

; @ij U �
U
�L

: (IV.59)

Ôóíêöèþ U(~r) â äàëüíåéøåì áóäåì íàçûâàòü ôóíêöèåé ýéêîíàëà, èëè ïðî-
ñòî � ýéêîíàëîì . ×àñòíûå ïðîèçâîäíûå ýòîé ôóíêöèè ÿâëÿþòñÿ êîìïîíåí-
òàìè êîâàðèàíòíîãî âåêòîðà; áóäåì íàçûâàòü ýòîò âåêòîð âîëíîâûì âåêòî-
ðîì : ki (~r) = @i U. Âåêòîðû æå òèïà Ei áóäåì íàçûâàòü àìïëèòóäàìè ýëåê-
òðîìàãíèòíîé âîëíû.
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Ãëàâà IV. Ìîäåëèðîâàíèå ãåîäåçè÷åñêèõ ëèíèé

Ñîãëàñíî ( IV.54) è (IV.58) ïîâåðõíîñòü ïîñòîÿííîé ôàçû ýëåêòðîìàã-
íèòíîé âîëíû îïèñûâàåòñÿ óðàâíåíèåì:

U(~r) � !t = Const : (IV.60)

Âû÷èñëÿÿ äèôôåðåíöèàë îò îáåèõ ÷àñòåé ýòîãî óðàâíåíèÿ, ïîëó÷èì:

ki dxi � !dt = 0:

Òàêèì îáðàçîì, íàéäåì:
ki vi = !; (IV.61)

ãäå

vi =
dxi

dt
- òàê íàçûâàåìûé âåêòîð ôàçîâîé ñêîðîñòè ýëåêòðîìàãíèòíîé âîëíû . Åñëè
ïîëîæèòü, íàïðèìåð, dxi = ( dx1; 0; 0), òî ïîëó÷èì:

v =
!
k

; (IV.62)

ãäå k - äëèíà âîëíîâîãî âåêòîðà. Îáû÷íî ôàçîâàÿ ñêîðîñòü âîëíû áîëü-
øå èëè ðàâíà ñêîðîñòè ñâåòà. Îäíàêî, ôàçîâàÿ ñêîðîñòü ýëåêòðîìàãíèòíîé
âîëíû íå ÿâëÿåòñÿ ðåàëüíîé ôèçè÷åñêîé õàðàêòåðèñòèêîé ñêîðîñòè âîëíû.
Òàêîé õàðàêòåðèñòèêîé ÿâëÿåòñÿãðóïïîâàÿ ñêîðîñòü âîëíû :

u =
@!
@k

; (IV.63)

- èìåííî ñ ãðóïïîâîé ñêîðîñòüþ ïåðåíîñèòñÿ ýíåðãèÿ ýëåêòðîìàãíèòíîé âîë-
íû, ñ ýòîé æå ñêîðîñòüþ â îïòè÷åñêîé ñðåäå äâèæåòñÿ è êâàíò ýëåêòðîìàã-
íèòíûõ êîëåáàíèé - ôîòîí , êîòîðûé â ïðåäåëå ãåîìåòðè÷åñêîé îïòèêè ìîæ-
íî ïðåäñòàâèòü êàê ýëåìåíòàðíóþ ÷àñòèöó, äâèæóùóþñÿ ïî ñâåòîâîìó ëó÷ó.

Âîëíîâîé âåêòîð ýëåêòðîìàãíèòíîé âîëíû ki~r âûäåëÿåò â êàæäîé òî÷êå
M (~r) ñðåäû åäèíè÷íîå íàïðàâëåíèå:

ni (~r) =
ki

k
; k2(~r) = gij ki kj : (IV.64)

Ïîëîæèì äàëåå â ñîîòâåòñòâèå ñ ïðèáëèæåíèåì ãåîìåòðè÷åñêîé îïòèêè
ìàòåðèàëüíîå óðàâíåíèå ïîëÿ äëÿ àìïëèòóä E â âèäå:

D i = " ik (!; ~k(~r); ~r)Ek: (IV.65)

Ðàçðåøàÿ (IV.65) îòíîñèòåëüíî âåêòîðà ~D, íàéäåì:

Ei = ~" ik (!; ~k(~r); ~r)Dk; (IV.66)
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IV.4. Ìàòåìàòè÷åñêàÿ ìîäåëü ãåîìåòðè÷åñêîé îïòèêè

ãäå~" ik -òåíçîð, îáðàòíûé ê òåíçîðó " ik :

~" ij " jk = � i
k:

Ó÷èòûâàÿ ïðèáëèæåíèå ãåîìåòðè÷åñêîé îïòèêè�=L ! 0 è îöåíêè ( IV.59),
ïîëó÷èì â ïåðâîì ïðèáëèæåíèè ãåîìåòðè÷åñêîé îïòèêè èç ïåðâîãî óðàâíå-
íèÿ ( IV.55) è (IV.56):

� !
k

!
D

�
= 0; (IV.67)

�
k2~" ij � ki km ~"mj �

! 2

c2 � ij
�

D j = 0: (IV.68)

Âñëåäñòâèå âçàèìíîé îðòîãîíàëüíîñòè âåêòîðîâ ~k è ~D âûïîëíÿåòñÿ òîæäå-
ñòâî:

D i �
�

� i
j �

ki kj

k2

�
D j : (IV.69)

Ïðåäñòàâèì îáðàòíûé òåíçîð äèýëåêòðè÷åñêîé ïðîíèöàåìîñòè â âèäå:

~" ij = � ij + �" ij : (IV.70)

Òîãäà ñ ó÷åòîì (IV.67) óðàâíåíèÿ ( IV.68) ìîæíî çàïèñàòü â âèäå:
��

k2 �
! 2

c2

�
� ij + �" mj �

k2� i
m � ki km

�
�

D j = 0: (IV.71)

Óðàâíåíèÿ ( IV.71) ïðåäñòàâëÿþò ñîáîé ñèñòåìó îäíîðîäíûõ ëèíåéíûõ àë-
ãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî âåêòîðàD j . Êàê èçâåñòíî èç àëãåáðû,
äëÿ èõ íåòðèâèàëüíîé ðàçðåøèìîñòè íåîáõîäèìî è äîñòàòî÷íî ðàâåíñòâà íó-
ëþ îïðåäåëèòåëÿ ñèñòåìû:

det






�
k2 �

! 2

c2

�
� ij + �" mj �

k2� i
m � ki km

�



 = 0: (IV.72)

Óðàâíåíèå (IV.72) ìîæíî ðàññìàòðèâàòü êàê àëãåáðàè÷åñêîå óðàâíåíèå îò-
íîñèòåëüíî âîëíîâîãî âåêòîðà, k(~r). Åãî âîçìîæíûå ðåøåíèÿ èìåþò âèä:

k = k(~r; ! ) (IV.73)

è îïèñûâàþò âîçìîæíûå ìîäû ýëåêòðîìàãíèòíûõ âîëí â àíèçîòðîïíîé ñðå-
äå. Ýòî óðàâíåíèå íàçûâàåòñÿäèñïåðñèîííûì óðàâíåíèåì . Ïîäñòàâëÿÿ íàé-
äåííûå èç äèñïåðñèîííîãî óðàâíåíèÿ ðåøåíèÿ â óðàâíåíèÿ ( IV.71), ñîîòâåò-
ñòâóþùèå êàæäîé ìîäå êîëåáàíèé ôóíäàìåíòàëüíûå ðåøåíèÿ, â êîòîðûõ
íåçàâèñèìûõ êàæäûé ðàç áóäåò íå áîëåå äâóõ, ñîîòâåòñòâóþùèõ äâóì ðàç-
ëè÷íûì ñîñòîÿíèÿ ïîëÿðèçàöèè ýëåêòðîìàãíèòíîé âîëíû .
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Ãëàâà IV. Ìîäåëèðîâàíèå ãåîäåçè÷åñêèõ ëèíèé

IV.4.2 Ïðèíöèï Ôåðìà

Ïóñòü ïàðàìåòðè÷åñêèå óðàâíåíèÿ äâèæåíèÿ ôîòîíà èìåþò âèä:

~r = ~r(t) ) x i = x i (t); (IV.74)

ãäå ïàðàìåòð t åñòü âðåìÿ. Áåñêîíå÷íî ìàëàÿ îïòè÷åñêàÿ äëèíà ïóòè ôîòî-
íà, d� , â àíèçîòðîïíîé îïòè÷åñêîé ñðåäå ñ òåíçîðîì ïðåëîìëåíèÿ nik îïðå-
äåëÿåòñÿ ôîðìóëîé:

d� 2 = nik dxi dxk; (IV.75)

ãäåd~r = ( dx1; dx2; dx3) - âåêòîð áåñêîíå÷íî ìàëîãî ñìåùåíèÿ ôîòîíà. Àáñî-
ëþòíàÿ æå âåëè÷èíà ñêîðîñòè ôîòîíà â ñðåäå, v, â íàïðàâëåíèè d~r îïðåäå-
ëÿåòñÿ ñîîòíîøåíèåì:

v =
q

nik _x i _x k: (IV.76)

IV.5 Âûâîä óðàâíåíèé ñâåòîâûõ ëó÷åé èç ïðèíöèïà Ôåð-
ìà

Èòàê, çàäàäèì ôóíêöèþ Ëàãðàíæà ñâåòîâîãî ëó÷à â âèäå:

L =
p

nik dxi dxk: (IV.77)

Äèôôåðåíöèðóÿ ( IV.74) ïî âðåìåíè, ïîëó÷èì:

dxi = _x i dt ;

ãäå:

_x i =
dxi

dt
:

Òàêèì îáðàçîì, ôóíêöèîíàë äåéñòâèÿ äëÿ ñâåòîâûõ ëó÷åé ïðèíèìàåò âèä:

S =

2Z

1

p
nik _x i _xkdt : (IV.78)

Ñðàâíèâàÿ ôîðìóëû ýòîãî ðàçäåëà ñ ñîîòâåòñòâóþùèìè ôîðìóëàìè ïðåäû-
äóùåãî ðàçäåëà, à òàêæå (IV.1.3): (IV.78), (IV.75) è ò.ä., çàìå÷àåì, ÷òî ïðè
ïîäñòàíîâêàõ ñîîòâåòñòâóþùèõ âûðàæåíèé:

� ! s; nik ! gik (IV.79)
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IV.5. Âûâîä óðàâíåíèé ñâåòîâûõ ëó÷åé

çàäà÷à î íàõîæäåíèè òðàåêòîðèè ôîòîíà â àíèçîòðîïíîé è íåîäíîðîäíîé îï-
òè÷åñêîé ñðåäå íè÷åì ôîðìàëüíî íå îòëè÷àåòñÿ îò çàäà÷è î ãåîäåçè÷åñêîé
ëèíèè â ðèìàíîâîì ïðîñòðàíñòâå. Èòàê, ìîæíî ñäåëàòü ñëåäóþùåå óòâåð-
æäåíèå:

Â ïðåäåëå ãåîìåòðè÷åñêîé îïòèêè òðàåêòîðèÿ ôîòîíà (ëó÷ ñâå-
òà) â îïòè÷åñêè ïðîçðà÷íîé àíèçîòðîïíîé è íåîäíîðîäíîé ñðåäå
ñ òåíçîðîì ïðåëîìëåíèÿ nik (x) ñîâïàäàåò ñ ãåîäåçè÷åñêîé ëèíè-
åé â ðèìàíîâîì ïðîñòðàíñòâå ñ ìåòðè÷åñêèì òåíçîðîì gik (x) =
nik (x).

Òàêèì îáðàçîì óñòàíàâëèâàåòñÿ ìàêñèìàëüíî òåñíàÿ ñâÿçü ìåæäó ãåîìåò-
ðè÷åñêîé îïòèêîé è ðèìàíîâîé ãåîìåòðèåé.

Â ñâÿçè ñ ñóùåñòâîâàíèåì óêàçàííîãî âçàèìíî îäíîçíà÷íîãî ñîîòâåò-
ñòâèÿ ââåäåì îáúåêòû 
 ij;k è 
 i

jk , èíäóöèðîâàííûå òåíçîðîì ïðåëîìëåíèÿ,
êàê ìåòðèêîé, -


 ij;k =
1
2

(@i njk + @j nik � @knij ) ; (IV.80)


 i
jk = njl 
 jk;l ; (IV.81)

ãäå êîíòðàâàðèàíòíûé òåíçîð njl ÿâëÿåòñÿ îáðàòíûì ê òåíçîðó ïðåëîìëåíèÿ
nik , ò.å.:

njl nil = � j
i : (IV.82)

Îáúåêòû 
 ij;k è 
 i
jk , èíäóöèðîâàííûå òåíçîðîì ïðåëîìëåíèÿ, áóäåì â äàëü-

íåéøåì äëÿ ïðîñòîòû íàçûâàòü îïòè÷åñêèìè ñèìâîëàìè Êðèñòîôôåëÿ I-ãî
è II-ãî ðîäà, ñîîòâåòñòâåííî.

Îòìåòèì ñëåäóþùåå âàæíîå îáñòîÿòåëüñòâî. Ñàìè ýòè îáúåêòû, êàê è
ñèìâîëû Êðèñòîôôåëÿ, íå ÿâëÿþòñÿ òåíçîðíûìè îáúåêòàìè. Îäíàêî, ñ äðó-
ãîé ñòîðîíû õîðîøî èçâåñòíî, ÷òî ðàçíîñòü ñîîòâåòñòâóþùèõ ñèìâîëîâ
Êðèñòîôôåëÿ, èíäóöèðîâàííûõ ðàçëè÷íûìè ìåòðèêàìè, â îáùåé êîîðäè-
íàöèè ïðåäñòàâëÿåò òåíçîð III-ãî ðàíãà . Òàê êàê ñàìî ôèçè÷åñêîå ïðî-
ñòðàíñòâî, â êîòîðîì íàõîäèòñÿ è îïòè÷åñêàÿ ñðåäà, ÿâëÿåòñÿ åâêëèäîâûì,
òî â äåêàðòîâûõ êîîðäèíàòàõ 4 ñèìâîëû Êðèñòîôôåëÿ ýòîãî ïðîñòðàíñòâà
îáðàùàþòñÿ â íóëü. Â êðèâîëèíåéíûõ æå êîîðäèíàòàõ ñèìâîëû Êðèñòîô-
ôåëÿ åâêëèäîâà ïðîñòðàíñòâà,� ij;k è � i

jk , âîîáùå ãîâîðÿ, îòëè÷íû îò íóëÿ.
Ðàçíîñòè æå

� 
 ij;k = 
 ij;k � � ij;k ; � 
 i
jk = 
 i

jk � � i
jk (IV.83)

4À áîëåå òî÷íî, â àôôèííûõ êîîðäèíàòàõ.
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Ãëàâà IV. Ìîäåëèðîâàíèå ãåîäåçè÷åñêèõ ëèíèé

ÿâëÿþòñÿ êîìïîíåíòàìè òåíçîðîâ è îïèñûâàþò ïîýòîìó òåíçîðíûå ñâîéñòâà
îïòè÷åñêîé ñðåäû.

Òàêèì îáðàçîì, âîñïîëüçîâàâøèñü ðåçóëüòàòàìè ðàçäåëà (IV.1.3), ìû ñðà-
çó ìîæåì âûïèñàòü óðàâíåíèÿ ðàñïðîñòðàíåíèÿ ñâåòà â îïòè÷åñêè ïðîçðà÷-
íîé íåîäíîðîäíîé è àíèçîòðîïíîé ñðåäå , êîòîðûå, êàê áûëî óêàçàíî âûøå,
ÿâëÿþòñÿ óðàâíåíèÿìè ãåîäåçè÷åñêèõ ëèíèé â ìåòðèêå (IV.75):

d2x i

d� 2 + 
 i
jk

dxj

d�
dxk

d�
= 0: (IV.84)

Çàìåòèì, ÷òî äèôôåðåíöèðîâàíèå â ýòèõ óðàâíåíèÿõ îñóùåñòâëÿåòñÿ íå ïî
ïàðàìåòðó âðåìåíè, t, à ïî îïòè÷åñêîé äëèíå ïóòè, � . Âñëåäñòâèå (IV.75)
âûïîëíÿåòñÿ ñîîòíîøåíèå íîðìèðîâêè :

nik
dxi

d�
dxk

d�
= 1: (IV.85)

Äëÿ ðåøåíèÿ ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ( IV.84),
êàê èçâåñòíî, íåîáõîäèìî çàäàòü íà÷àëüíûå óñëîâèÿ â íåêîòîðîé òî÷êå
M (x0) = M0:

x i (� 0) = x i
0;

dxi

d�
(� 0) =

dxi

d�

�
�
�
�

0

= ui
0; (IV.86)

ãäåui - åäèíè÷íûé â ñìûñëå ìåòðèêè nik è êàñàòåëüíûé ê ñâåòîâîé òðàåê-
òîðèè âåêòîð:

ui =
dxi

d�
: (IV.87)

Ñîîòíîøåíèå íîðìèðîâêè ( IV.85) äîëæíî âûïîëíÿòüñÿ â ëþáîé òî÷êå ñâå-
òîâîãî ëó÷à, â òîì ÷èñëå, è â íà÷àëüíîé:

nik (x0)ui
0u

k
0 = 1: (IV.88)

Ïðè ÷èñëåííîì ðåøåíèè çàäà÷è óäîáíåå âñåãî âîñïîëüçîâàòüñÿ ñîîòíîøåíè-
åì ( IV.88), âûðàæàÿ îäíó èç êîìïîíåíò âåêòîðà ui

0 ÷åðåç äâå äðóãèå. Ïðè
ýòîì ñîãëàñíî òåîðèè ãåîäåçè÷åñêèõ ëèíèé (ðàçäåë (IV.1.3)) ñîîòíîøåíèå
íîðìèðîâêè ( IV.85) àâòîìàòè÷åñêè áóäåò âûïîëíÿòüñÿ â êàæäîé òî÷êå ñâå-
òîâîé êðèâîé.

IV.5.1 Ñâîéñòâà òåíçîðà ïðåëîìëåíèÿ

Íàðÿäó ñ êâàäðàòè÷íîé ôîðìîé îïòè÷åñêîé ñðåäû ( IV.75) ìîæíî ðàññìîò-
ðåòü è êâàäðàòè÷íóþ ôîðìó ïóñòîãî ðèìàíîâà ïðîñòðàíñòâà 5:

ds2 = gik (x)dxi dxk; (IV.89)
5Êîòîðîå â ðàññìàòðèâàåìîì íàìè ñëó÷àå ÿâëÿåòñÿ åâêëèäîâûì.
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ãäå jjgik jj = G - íåâûðîæäåííàÿ ìàòðèöà, ïðè÷åì êâàäðàòè÷íàÿ ôîðìà
(IV.89) ïîëîæèòåëüíî îïðåäåëåíà, âñëåäñòâèå ÷åãî:

g = det kGk > 0: (IV.90)

Òàêèì îáðàçîì, â êàæäîé òî÷êå M (x i ) ìíîæåñòâà òî÷åê M èìååì ïàðó
êâàäðàòè÷íûõ ôîðì, ( IV.75) è (IV.89), îïðåäåëÿåìûõ ñèììåòðè÷íûìè òåí-
çîðàìè 2-ãî ðàíãà nik è gik . 6 Ñîãëàñíî òåîðèè êâàäðàòè÷íûõ ôîðì 7 ïàðó
êâàäðàòè÷íûõ ôîðì, èç êîòîðûõ îäíà ïîëîæèòåëüíî îïðåäåëåíà, íåâûðîæ-
äåííûìè ïðåîáðàçîâàíèÿìè êîîðäèíàò â êàæäîé ïðîèçâîëüíîé, ôèêñèðî-
âàííîé òî÷êå M0 ìîæíî îäíîâðåìåííî ïðèâåñòè ê êàíîíè÷åñêîìó âèäó:

G0 =

0

@
1 0 0
0 1 0
0 0 1

1

A ; N0 =

0

@
n(1) 0 0
0 n(2) 0
0 0 n(3)

1

A ; (IV.91)

ãäåni - ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû N , îïðåäåëÿåìûå õàðàêòåðèñòè÷å-
ñêèì óðàâíåíèåì:

det kN � nGk = 0: (IV.92)

Ñîáñòâåííûå æå âåêòîðû, k
(� )

i ; � = 1; 3, îïðåäåëÿåìûå óðàâíåíèÿìè:

(N � nG)K = 0 )
�
nij � n(� )gij

�
k

(� )

j = 0; (IV.93)

áóäåì íàçûâàòü îïòè÷åñêèìè îñÿìè ñðåäû .

IV.6 Ïàêåò optica

Äëÿ ïîñòðîåíèÿ ñâåòîâûõ ëó÷åé è èõ òðóáîê ñîçäàíà ïàêåò ïðîãðàììíûõ
ïðîöåäóð optica [110]8. Ïîêàæåì íåêîòîðûå êîäû ïðîãðàììíûõ ïðîöåäóð.
Ââåäåì ïàðàìåòðû ïðîöåäóðû:
optica(Coord,S,S1,G,M0,V0,Init,N,a,graf) : Coord - ñïèñîê êîîðäèíàò, S
- êàíîíè÷åñêèé ïàðàìåòð � îïòè÷åñêàÿ äëèíà ïóòè, S1- ïåðèîä èçìåíåíèÿ
ïàðàìåòðà S (÷èñëî øàãîâ, ò.å. S=0..S1), G - ìåòðèêà (òåíçîð ïðåëîìëåíèÿ,
ñâÿçàííûé ñ òåíçîðîì äèýëåêòðè÷åñêîé ïðîíèöàåìîñòè), M0 - êîîðäèíàòû
öåíòðàëüíîé òî÷êè Ì0 ãåîäåçè÷åñêîé òðóáêè, V0 -êîðäèíàòû íà÷àëüíîãî

6Íàïîìíèì, ÷òî ìàòðèöà êâàäðàòè÷íîé ôîðìû âñåãäà ñèììåòðè÷íà.
7Ñì., íàïðèìåð, [ 35]
8Ïðè èñïîëüçîâàíèè ýòîãî ïàêåòà ññûëêà íà íåãî îáÿçàòåëüíà
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íàïðàâëÿþùåãî âåêòîðà Ê0 òðóáêè, Init- îïðåäåëÿåò ìàêñèìàëüíûå è ìèíè-
ìàëüíûå êîîðäèíàòû, â ïðåäåëàõ êîòîðûõ ãðàôèê áóäåò îòîáðàæàòüñÿ íà
ýêðàíå, À=[xmin..xmax], B=[ymin..ymax], Ñ=[zmin..zmax] äàåò ïîëå îáçîðà
ïîëó÷àåìîãî èçîáðàæåíèÿ; N - êîëè÷åñòâî êàäðîâ àíèìàöèè; a - íà÷àëüíûé
ðàäèóñ òðóáêè ãåîäåçè÷åñêèõ ëèíèé (ëó÷åé), graf - ïàðàìåòð, ïðèíèìàþùèé
çíà÷åíèÿ graphic - äëÿ ïîñòðîåíèÿ ãðàôèêà, animate - äëÿ ïîñòðîåíèÿ àíè-
ìàöèè.

> restart:
> with(tensor):
> Optic:=table():
> Optic[optica]:=proc(Coord,S,S1,G,M0,V0,Init,N,a,graf)
local nn,i,xx,GG,j,g,GG_1,g_1,dg,Cf1,Cf2,Geod,XX,U,dU,u,
du,v,dc,Geo,GEO,norm,dd,Geod1,Geod2,Norm,GEOD,Geodesic,XV,
Point,K0,k,K,KK,kk0,V,VV,Inits0,SS,XVS,M,kk,Inits,A,B,C,D,E,
Sol,points,STR,gr,vpoints,STV,grf,SumGSS,GeoU0,u_U0,L,
GSS,r,XV1,ss,kol,nnn,ssk,t,S_k,num,Points,SSK,kl,Points1,
gr1,T,ll,J,ii,GeoUL:
nn:=nops(Coord):
for i from 1 to nn do:
xx||i:=Coord[i]:
end do:
GG:=array(1..nn,1..nn,symmetric,sparse):
for i from 1 to nn do:
for j from 1 to nn do:
GG[i,j]:=G[i,j]:
end do:end do:
g:=create([-1,-1],eval(GG)):
GG_1:=linalg[inverse](GG):
g_1:=create([1,1],eval(GG_1)):
dg:=d1metric(g,Coord):
Cf1:=Christoffel1(dg):
Cf2:=Christoffel2(g_1,Cf1):
Geod:=geodesic_eqns(Coord,S,Cf2):
XX(S):=subs(seq(Coord[i]=Coord[i](S),i=1..nn),Coord):
U(S):=diff(XX(S),S):
dU(S):=diff(U(S),S):
u:=create([1],array(1..nn,U(S))):
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du:=create([1],array(1..nn,dU(S))):
v:=create([1],array(1..nn,[seq(v[i](S),i=1..nn)])):
dc:=get_compts(prod(prod(Cf2,u,[2,1]),u,[2,1])):
Geo:=linalg[matadd](dU(S),dc):
GEO:=[seq(Geo[i]=0,i=1..nn)]:
norm:=get_compts(prod(prod(g,u,[1,1]),u,[1,1]))=1:
dd:=get_compts(prod(prod(Cf2,v,[2,1]),v,[2,1])):
Geod1:=[seq(diff(XX(S)[i],S)=v[i](S),i=1..nn)]:
Geod2:=[seq(diff(v[i](S),S)=-dd[i],i=1..nn)]:
Norm:=get_compts(prod(prod(g,v,[1,1]),v,[1,1]))=1:
GEOD:=subs(seq(Coord[i]=Coord[i](S),i=1..nn),Geod2):
Geodesic:=[op(Geod1),op(GEOD)]:
XV:=seq(Coord[i](S),i=1..nn),seq(v[i](S),i=1..nn):
XV1:=seq(Coord[i](S),i=1..nn):
Point:=seq(Coord[i](0)=M0[i],i=1..nn):
K0:=seq(k[i]=V0[i],i=1..nn):
K:=array(1..nn,[seq(k[i],i=1..nn)]):
k:=create([1],eval(K)):
KK:=eval(subs(S=0,subs(seq(Coord[i]=Coord[i](S),
i=1..nn),get_compts(prod(prod(g,k,[1,1]),k,[1,1]))))):
kk0:=eval(subs(Point,KK)):
V:=linalg[scalarmul](K,1/sqrt(kk0)):
VV:=subs(K0,op(V)):
Inits0:={Point,seq(v[i](0)=VV[i],i=1..nn)}:
SS:=dsolve({op(Geodesic)} union Inits0,{XV},
type=numeric,output=listprocedure):
XVS:=subs(SS,[XV]):
A:=XVS(1):
for i from 0 to 7 do M(i):=x1(0)=rhs(Point[1])+a,
x2(0)=rhs(Point[2])+i*Pi/4,Point[3]: od:
kk:=(i)->eval(subs(M(i),KK)):
V:=(i)->linalg[scalarmul](K,1/sqrt(kk(i))):
VV:=(i)->subs(K0,V(i)): VV(3):
Inits:=(i)->[M(i),v[1](0)=VV(i)[1],v[2](0)=VV(i)[2],
v[3](0)=VV(i)[3]]:
B:=Inits(3):
for i from 0 to 7 do SS:=(i)->dsolve({op(Geodesic)}
union {op(Inits(i))},{XV},type=numeric,output=listprocedure):
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XVS:=(i)->subs(SS(i),[XV]): od:
C:=XVS(1)(3):
nnn:=proc(S) local SS,SSS:
SSK:=floor(S):
SSS:=floor(S*5):
25+piecewise(SSK<10 or SSK=10,20,SSK>10,SSS):
end proc:
num:=nnn(S1):
S_k:=(kl)->evalf(kl*S1/num):
points:={seq([rhs(M(i)[1])*cos(rhs(M(i)[2])),
rhs(M(i)[1])*sin(rhs(M(i)[2])),
cos(rhs(M(i)[1]))*cos(rhs(M(i)[3]))],i=0..7)}:
STR:=plots[pointplot3d](points,color=BLUE,
symbol=CIRCLE,symbolsize=24,axes=BOXED): STR:
if graf=graphic then
for i from 0 to 7 do
Points:=(i)->[seq([evalf(XVS(i)(S_k(kl))[1]*
cos(XVS(i)(S_k(kl))[2]),4),
evalf(XVS(i)(S_k(kl))[1]*sin(XVS(i)(S_k(kl))[2]),4),
evalf(cos(XVS(i)(S_k(kl))[1])*cos(XVS(i)(S_k(kl))[3]),4)],
kl=0..num)]:
gr:=(i)->plots[pointplot3d](Points(i),style=line,color=black);
od:
D:=plots[display](gr(0),gr(1),gr(2),gr(3),gr(4),
gr(5),gr(6),gr(7),STR):
elif graf=animate then
#ssk(K) - âûñ÷èòûâàåò ÷èñëî øàãîâ, íåîáõîäèìîå äëÿ âûâîäà âñåãî
#èíòåðâàëà èçìåíåíèÿ ïàðàìåòðà àíèìàöèè t
#ãäå S èçìåíÿåòñÿ îò [0,S1], N - êîëè÷åñòâî øàãîâ àíèìàöèè
ssk:=(K)->evalf(S1/N*K,4): ssk(4):
for i from 0 to 7 do
#L(i,S_k) - âûâîäèì ïîñëåäîâàòåëüíîñòü òî÷åê -
#ðåøåíèé äëÿ êàæäîé i-òîé ãåîäåçè÷åñêîé
L:=(i,ll)->[seq([evalf(XVS(i)(S_k(kl))[1]*
cos(XVS(i)(S_k(kl))[2]),4),
evalf(XVS(i)(S_k(kl))[1]*sin(XVS(i)(S_k(kl))[2]),4),
evalf(cos(XVS(i)(S_k(kl))[1])*cos(XVS(i)(S_k(kl))[3]),4)],
kl=0..ll)]:
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gr:=(i,ll)->plots[pointplot3d](L(i,ll),style=line,
color=black);
od:
GeoUL:=(ll)->plots[display]([seq(gr(i,ll),i=0..7),STR]):
GeoU0:=plots[display](seq(GeoUL(ll),ll=0..N),
insequence=true,title=convert(t=ssk(N),string));
end if:
end proc:

.
Ðèñ.IV.39. Ïðèìåíåíèå ïðîöå-
äóðû optica( [x1,x2,x3], s,30
, gg1, [0.1,0,0], [0,-1,0],
[[-1.6,1.6], [-1.6,1.6],
[0,1]], 50, 1, graphic) â
ãðàôè÷åñêîì ôîðìàòå:ëó÷ ñâåòà
âðàùàåòñÿ â îïòè÷åñêîé ñðåäå.

Ïðîäåìîíñòðèðóåì èñïîëíåíèå ïðî-
ãðàììíîé ïðîöåäóðû.Ââåäåì ìåòðèêó
gg1=

0

@
2 sinx1+cosx1

cos2 x1 0 0
0 sin2 x1 0
0 0 1

1

A

è èçîáðàçèì ãðàôèê ãåîäåçè-
÷åñêèõ òðóáîê ïî ñãåíåðèðî-
âàííûì íà÷àëüíûì óñëîâè-
ÿì: > AA:=optica([x1,x2,x3],
s,30,gg1,[0.1,0,0],[0,-1,0],
[[-1.6,1.6],
[-1.6,1.6],[0,1]],50,1, graphic):
>AA[8]
� (ïîëó÷åííûå ãåîäåçè÷åñêèå â äàííîì
ñëó÷àå ñîâìåùàþòñÿ íà îäíîì ãðà-
ôèêå, ïðè÷åì íà÷àëüíûå ïîëîæåíèÿ
ãåîäåçè÷åñêèõ îòìå÷àþòñÿ ñèíèìè
êðóæî÷êàìè):

Ââåäåì ìåòðèêó:

> gg4:=[[sin(x1)/(2*cos(x1)^2+1),0,0],[0,sin(x1),0],[0,0,1]]:

Ââåäåì ïàðàìåòðû ïðîöåäóðû:
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>AA:=optica([x1,x2,x3],s,30,gg4,[0.1,0,0],[0,-1,0],
[[-2.2,2.2],[-2.2,2.2],[-0.5,0.5]],50,1,graphic):

> AA[8];

.
Ðèñ.IV.40 Èçîáðàçèì ãðàôèê ãåîäåçè÷åñêèõ òðóáîê
ïî ñãåíåðèðîâàííûì íà÷àëüíûì óñëîâèÿì (ïîëó÷åí-
íûå ãåîäåçè÷åñêèå ñîâìåùàþòñÿ íà îäíîì ãðàôèêå,
ïðè÷åì ïîëîæåíèÿ ãåîäåçè÷åñêèõ îòìå÷àþòñÿ ñèíèìè
êðóæî÷êàìè).

Ââåäåì ìåòðèêó:

> gg3:=[[1,0,0],[0,x1^2*cos(x3)^2,0],[0,0,x1^2]]:
> AA:=optica([x1,x2,x3],s,10,gg3,[0.1,0,0],
[0,-1,0],[[-1.6,1.6],[-1.6,1.6],[0,1]],50,1,graphic):

Ïîñòðîèì ãðàôèê ãåîäåçè÷åñêèõ òðóáîê ïî ñãåíåðèðîâàííûì íà÷àëüíûì
óñëîâèÿì:

> AA[8];
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.
Ðèñ.IV.41 Èçîáðàçèì ãðàôèê ãåîäåçè÷åñêèõ òðóáîê ïî ñãåíå-
ðèðîâàííûì íà÷àëüíûì óñëîâèÿì (ïîëó÷åííûå ãåîäåçè÷åñêèå
ñîâìåùàþòñÿ íà îäíîì ãðàôèêå, ïðè÷åì ïîëîæåíèÿ ãåîäåçè÷å-
ñêèõ îòìå÷àþòñÿ ñèíèìè êðóæî÷êàìè).

Ïîñòðîèì äèíàìè÷åñêóþ âèçóàëèçàöèþ ãåîäåçè÷åñêèõ òðóáîê ïî ñãåíåðè-
ðîâàííûì íà÷àëüíûì óñëîâèÿì:

>AA:=optica([x1,x2,x3],s,10,gg3,[0.1,0,0],
[0,-1,0],[[-1.6,1.6],[-1.6,1.6],[0,1]],50,1,animate)[8]:AA;
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.
Ðèñ.IV.42 Îêíî Maple 17 ñ 38-ì êàäðîì àíèìàöèè äâèæåíèÿ ñâåòîâûõ
ëó÷åé.

Ââåäåì ìåòðèêó:

> gg4:=[[1/(1+x1^2),0,0],[0,cos(x3)^2/(1+x1^2),0],[0,0,x1^2]]:
> AA:=optica([x1,x2,x3],s,7,gg4,[0.1,0,0],[0,-1,0],
[[-1.6,1.6],[-1.6,1.6],[0,1]],50,1,graphic):

Ïîñòðîèì ãðàôèê ãåîäåçè÷åñêèõ òðóáîê ïî ñãåíåðèðîâàííûì íà÷àëüíûì
óñëîâèÿì:

> AA[8];
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.
Ðèñ.IV.43 Òðóáêè ñâåòîâûõ ëó÷åé â ìåòðèêå gg4.

Äèñïåðñèÿ � ðàñõîæäåíèå ñâåòîâûõ ëó÷åé ñ ðàçëè÷íîé äëèííîé âîëíû
(÷àñòîòîé).

> g:=[[exp(-omega),0,0],[0,x1^2*cos(x3)^2/(1+omega^2),0],
[0,0,x1^2*exp(-omega)]]:
> dispersion([x1,x2,x3],s,10,g,[1,3,0],[0,1,-1],0);
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.
Ðèñ.IV.44 Äèñïåðñèÿ ñâåòîâûõ ëó÷åé â ìåòðèêå g.

IV.7 Ãåîäåçè÷åñêèå ëèíèè â ãðàâèòàöèîííûõ ïîëÿõ

Ïðîáíûå ÷àñòèöû, êàê è ëó÷è ñâåòà, äâèæóòñÿ â ãðàâèòàöèîííîì ïîëå ïî
ãåîäåçè÷åñêèì ëèíèÿì ïñåâäîðèìàíîâà ïðîñòðàíñòâà, ìåòðèêà êîòîðîãî, gik ,
îïðåäåëÿåòñÿ óðàâíåíèÿìè Ýéíøòåéíà. Â ìàòåìàòè÷åñêîé ìîäåëè, òàêèì
îáðàçîì, äîáàâëÿåòñÿ, âî-ïåðâûõ, 4-õ ìåðíîñòü, âî-âòîðûõ, ïñåâäîðèìàíî-
âîñòü ïðîñòðàíñòâà è, â òðåòüèõ, ôàêòîð ìàññû ÷àñòèöû: ìàññèâíûå ÷àñòè-
öû äâèæóòñÿ ïî âðåìåíèïîäîáíûì ãåîäåçè÷åñêèì, áåçìàññîâûå � ïî èçî-
òðîïíûì. Ïîýòîìó âîçìîæíî èçîáðàçèòü ëèøü 2-ìåðíóþ èëè òðåõìåðíóþ
ïðîåêöèþ ãåîäåçè÷åñêîé ëèíèè. Ýòî ïîçâîëÿåò ñäåëàòü êîìàíäà óêàçàííîãî
ïàêåòàgeodesic4d, êîòîðàÿ òàêæå ìîæåò áûòü ðåàëèçîâàíà, êàê â ãðàôè÷å-
ñêîé, òàê è â äèíàìè÷åñêîé ìîäå.

Ïðèâåäåì ïðèìåð ðåàëèçàöèè ýòîé êîìàíäû äëÿ ìåòðèêè Øâàðöøèëüäà
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(ñì., íàïðèìåð, [ 32]):

ds2 =
�

1 �
2rg

r

�
dt2 �

dr2

1 � 2r g

r

� r 2(sin2 �d' 2 + d� 2)

Èòàê, ââåäåì ìåòðèêó Øâàðöøèëüäà, âûáèðàÿ ñèñòåìó åäèíèö, â êîòîðîé
rg = 1:

> gg:=[[-1/(1-2/r),0,0,0],[0,-r^2,0,0],
[0,0,-r^2*sin(theta)^2,0],[0,0,0,1-2/r]]:

Ââåäåì ïàðàìåòðû ïðîöåäóðû:

> A1:=geodesic4d([r,theta,phi,t],s,gg,[R,Theta,Phi,T],
[40,0,0,0],[0,0,0,1],4,5,38,1,0):

è èñïîëíèì >A1;

.
Ðèñ.IV.45 Äâèæåíèå ìàññèâíîé ÷àñòèöû â ïîëå
Øâàðøèëüäà. Ïîëó÷àåòñÿ ¾ðîçåòêà¿ � ñìåùåíèå ïå-
ðèãåëèÿ ïëàíåòû.
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×òîáû ïîëó÷èòü ãåîäåçè÷åñêóþ òðóáêó, íåîáõîäèìî ïðèìåíèòü ñëåäóþ-
ùèé ôîðìàò êîìàíäû:

A11:=geodesic4d([r,theta,phi,t],s,gg,[R,Theta,Phi,T],
[40,0,0,0],[0,0,0,1],4,5,38,1,1):
A11;

Â ðåçóëüòàòå ïîëó÷èì ñëåäóþùèé ðèñóíîê.

.
Ðèñ.IV.46 Äâèæåíèå òðóáêè èç 6-òè ìàññèâíûõ ÷à-
ñòèö â ïîëå Øâàðøèëüäà. Âèäíî, ÷òî âáëèçè ãðàâèòà-
öèîííîãî ðàäèóñà ãåîäåçè÷åñêèå ñãóùàþòñÿ è ïåðåïó-
òûâàþòñÿ.

Ïðèâåäåì åùå îäèí ïðèìåð ïîñòðîåíèÿ ìîäåëè äâèæåíèÿ â ïîëå Øâàðö-
øèëüäà:

A22:=geodesic4d([r,theta,phi,t],s,gg,[R,Theta,Phi,T],
[40,0,0,0],[0,0,0,1],6,5,28,1,1):
A22;
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IV.7. Ãåîäåçè÷åñêèå ëèíèè â ãðàâèòàöèîííûõ ïîëÿõ

Â ðåçóëüòàòå ïîëó÷èì ñëåäóþùèé ðèñóíîê.

.
Ðèñ.IV.47 Äâèæåíèå òðóáêè èç 6-òè ìàññèâíûõ ÷à-
ñòèö â ïîëå Øâàðøèëüäà. Èç íåãî òàêæå âèäíî, ÷òî
âáëèçè ãðàâèòàöèîííîãî ðàäèóñà ãåîäåçè÷åñêèå ñãóùà-
þòñÿ è ïåðåïóòûâàþòñÿ.
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Ãëàâà V

Ìîäåëèðîâàíèå äèíàìè÷åñêèõ ñèñòåì â
Maple

V.1 Áàëëèñòèêà: àðòèëëåðèéñêèé òðåíàæåð

V.1.1 Óðàâíåíèÿ äâèæåíèÿ

Ïðîäåìîíñòðèðóåì îñíîâíûå ïðèíöèïà ïîñòðîåíèÿ ñëîæíûõ äèíàìè÷åñêèõ
ñòðóêòóð. Ïîñêîëüêó â ýòîì ðàçäåëå íàñ íå èíòåðåñóþò ïðîáëåìû èíòåãðè-
ðîâàíèÿ óðàâíåíèé, â êà÷åñòâå ïðèìåðà ñîçäàíèÿ îñíàùåííîé äèíàìè÷åñêîé
ãðàôè÷åñêîé ìîäåëè ðàññìîòðèì ïðîñòóþ ìîäåëü äâèæåíèÿ òåëà â îäíîðîä-
íîì ïîëå òÿãîòåíèÿ ñ ëèíåéíîé ñèëîé ñîïðîòèâëåíèÿ ñðåäû:

m
d2~r
dt2

= � k~v � m~g; (V.1)

ãäåm - ìàññà òåëà,k - êîýôôèöèåíò ëèíåéíîãî òðåíèÿ, ~g - ïîñòîÿííûé âåê-
òîð óñêîðåíèÿ ñâîáîäíîãî ïàäåíèÿ. Ðåøåíèå ýòèõ óðàâíåíèé ñ íà÷àëüíûìè
óñëîâèÿìè:

~r(0) = ~0; _~r(0) = ~v0 (V.2)

èçâåñòíî:

x =
mv0 cos�

k

�
1 � e� kt

m

�
; (V.3)

y = �
mgt

k
+

m(mg + v0k sin� )
k2

�
1 � e� kt

m

�
: (V.4)

Íàéäåì âðåìÿ â ñåêóíäàõ, ñîîòâåòñòâóþùåå íàèâûñøåé òî÷êè ïîëåòà:
> T_h:=proc(v,alpha,m,k,g):
> diff(Y(t,v,alpha,m,k,g),t):
> solve(%,t):end proc:
> T_h(100,Pi/3,1,0.1,10);

6:238107164
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V.1. Áàëëèñòèêà: àðòèëëåðèéñêèé òðåíàæåð

Íàéäåì òàêæå ðàäèóñ-âåêòîð òåëà êàê ôóíêöèþ âðåìåíè è ïàðàìåòðîâ
äâèæåí èÿ:

> R:=(tau,v,a,M,K,G)->
> [evalf(X(tau,v,a,M,K,G)),evalf(Y(tau,v,a,M,K,G))]:
> evalf(R(5,100,0.45,1,0.1,10));

[354:2983274; 64:6149421]

Íàéäåì ðàäèóñ-âåêòîð òî÷êè òðàåêòîðèè, ñîîòâåòñòâóþùåé ìàêñèìàëüíîé
âûñîòå:

> R_h:=(v,alpha,m,k,g)->R(T_h(v,alpha,m,k,g),v,alpha,m,k,g):
> R_h(100,Pi/3,1,0.1,10);

[232:0508077; 242:2146873]
Íàéäåì ìàêñèìàëüíóþ âûñîòó ïîëåòà:

> %[2];
242:2146873

Ïîñòðîèì ãðàôèê òðàåêòîðèè ïîëåòà òåëà:
> plot([X(t,100,0.45,1,0.1,10),
Y(t,100,0.45,1,0.01,10),t=0..9],
labels=[`x, ìåòðîâ`,`y, ìåòðîâ`],
labeldirections=[HORIZONTAL,VERTICAL],
titlefont=[TIMES,ROMAN,12],
title=`Trajectory:
alpha=0,45;v0=100;m=1;k=0,1.`,
color=BLACK,thickness=2);

Ðèñ.V.48. Òðàåêòîðèÿ ïîëåòà òåëà â ïîëå òÿæåñòè.

Áåçðàçìåðíàÿ ïåðåìåííàÿ ïàäåíèÿ êàìíÿ:

219



Ãëàâà V. Ìîäåëèðîâàíèå äèíàìè÷åñêèõ ñèñòåì â MAPLE

� = k t
m

V.1.2 Ïðîãðàììíûå ïðîöåäóðû

Ñîçäàäèì ïðîöåäóðó ïðèáëèæåííîãî âû÷èñëåíèÿ âðåìåíè ïîëåòà òåëà,
ò.å., òàêîãî âðåìåíè, ïðè êîòîðîì y = 0.

> T_max:=(v0,alpha,g)->2*v0*sin(alpha)/g:
> T_max(100,0.5,10);
Âû÷èñëèì ýòî âðåìÿ: 9:588510772
> Xi1:=(v0,alpha,m,k,g)->
> fsolve(xi=(1+k*v0*sin(alpha)/(m*g))*(1-exp(-xi)),xi,0..
> 1+k*v0*sin(alpha)/(m*g)):
> Xi1(100,0.5,1,0.1,10);

0:8420497943
> exp(-Xi1(100,0.5,1,0.1,10));

0:4308265120

Âðåìÿ â ñåêóíäàõ ïîëåòà òåëà: Ìàêñèìàëüíî âîçìîæíîå, ïðè îòñóò-
ñòâèè ñîïðîòèâëåíèÿ:

> T_max(300,0.5,10);
28:76553232

Ðåàëüíîå:
> T1:=(v0,alpha,m,k,g)->Xi1(v0,alpha,m,k,g)*m/k:
T1(300,0.5,1,0.1,10);

21:55937352

X_max-ðåàëüíàÿ êîîðäèíàòà x ïàäåíèÿ ñíàðÿäà - äàëüíîñòü ñòðåëüáû:
> X_max:=(v0,alpha,m,k,g)->
X0(v0,alpha,m,k)*(1-exp(-Xi1(v0,alpha,m,k,g))):
X0(600,Pi/3,10,0.2);
X_max(600,Pi/3,10,0.2,10);

15000:00000
12107:83296

Ïîñòðîèì óïðàâëÿåìóþ ïðîöåäóðó âû÷èñëåíèÿ ðàäèóñà-âåêòîðà òåëà â
çàâèñèìîñòè îò âðåìåíè, ïîëàãàÿ, ÷òî ïîñëå ïàäåíèÿ (y=0) òåëî ëåæèò íà
çåìëå.

> RR:=(t,v0,alpha,m,k,g)->piecewise(t<T1(v0,alpha,m,k,g),
evalf(R(t,v0,alpha,m,k,g)),t>=T1(v0,alpha,m,k,g),[eva lf(X_max(v0,alpha
,m,k,g)),0]):

Ýòîò ôàêò ìû ó÷ëè ñ ïîìîùüþ êóñî÷íî çàäàííîé ôóíêöèè piecewise . Ïðîâåðèì
ðàáîòó ïðîöåäóðû:
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V.1. Áàëëèñòèêà: àðòèëëåðèéñêèé òðåíàæåð

> RR(10,300,0.5,1,0.1,10);
[1664:213938; 541:2847770]

> RR(100,300,0.5,1,0.1,10);
[2327:889722; 0]

> op(RR(100,300,0.5,1,0.1,10));
2327:889722; 0

Ïðîâåðèì èñïîëíåíèå ãðàôè÷åñêîé ïðîöåäóðû:

> plot([RR(t,300,0.5,1,0.1,10)[1],RR(t,300,0.5,1,0.1,10)[2], t=0..10]);

Ðèñ.V.49. Òðàåêòîðèÿ ïîëåòà òåëà â ïîëå òÿæåñòè.

V.1.3 Ñîçäàíèå îñíàùåííîé óïðàâëÿåìîé àíèìàöèîííîé ïðîöå-
äóðû ïîëåòà øàðà

Çàãðóçèì áèáëèîòåêóplottools äëÿ îòîáðàæåíèÿ êðóãà, èìèòèðóþùåãî
òåëî.

> with(plots):
> with(plottools):

Warning, the name changecoords has been redefined

Warning, the name arrow has been redefined

> display(plot(x^2,x=0..3,color=blue,thickness=3,scaling=CON STRAINED),
disk([2,3],1,color=red));

Ñîçäàäèì ïðîöåäóðó ïîñòðîåíèÿ ãðàôèêà ïîëåòà ÿäðà ðàäèóñà d.
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> Yadro:=proc(t,v0,alpha,m,k,g,d,c) local l,L,h,H:
l:=evalf(-2*d):
h:=evalf(-2*d):
L:=evalf(X_max(v0,alpha,m,k,g)+2*d):
H:=evalf(R_h(v0,alpha,m,k,g)[2]+2*d):
display(disk(RR(t,v0,alpha,m,k,g),d,color=c),
plot([RR(tau,v0,alpha,m,k,g)[1],RR(tau,v0,alpha,m,k,g )[2],tau=0..t],co
lor=c,scaling=CONSTRAINED,view=[l..L,
h..H])): end proc:

> Yadro(50,100,0.5,1,0.1,10,10,red);

Ïðîâåðèì èñïîëíåíèå ïðîöåäóðû.

Ðèñ.V.50. Ïîëåò ÿäðà â ïîëå òÿæåñòè.

Ñîçäàäèì ïîñëåäîâàòåëüíîñòü âðåìåí ïîëåòà:
> tt:=(i,v0,alpha,m,k,g)->evalf(T1(v0,alpha,m,k,g)*i/100):
tt(10,100,0.5,1,0.1,10);

0:8420497943

Ïðîâåðèì ïðèáëèæåííîå îáíóëåíèå âûñîòû â ¾ìîìåíò âðåìåíè¿ i=100,
ÿâíî ïðåâûøàþùèé âðåìÿ ïîëåòà ÿäðà:

> evalf(Y(tt(100,100,0.5,1,0.1,10),100,0.5,1,0.1,10));
� 0:4 10� 6

Ñîçäàäèì ïîñëåäîâàòåëüíîñòü ãðàôèêîâ ïîëåòà ÿäðà:
> Jadro:=(i,v0,alpha,m,k,g,d,c)->Yadro(tt(i,v0,alpha,m,k,g),
v0,alpha,m,k,g,d,c):
Jadro(58,100,0.8,1,0.1,10,5,red);
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V.1. Áàëëèñòèêà: àðòèëëåðèéñêèé òðåíàæåð

Ðèñ.V.51. Èñïîëíåíèå ïðîöåäóðû Yadro.

Ñîçäàäèì åùå îäíó ïðîöåäóðó Yadro2.
> Yadro2:=proc(t,v0,alpha,m,k,g,d,c)
local l,L,h,H:
l:=evalf(-0.1*X_max(v0,alpha,m,k,g)):
h:=evalf(-0.1*R_h(v0,alpha,m,k,g)[2]):
L:=evalf(1.1*X_max(v0,alpha,m,k,g)):
H:=evalf(1.1*R_h(v0,alpha,m,k,g)[2]):
display(disk(RR(t,v0,alpha,m,k,g),d,color=c),
plot([RR(tau,v0,alpha,m,k,g)[1],RR(tau,v0,alpha,m,k,g )[2],tau=0..t],co
lor=c,scaling=CONSTRAINED,view=[l..L,h..H])):end proc:

> Yadro2(5,100,0.5,1,0.1,10,10,red);

Ðèñ.V.52. Ïðîâåðêà èñïîëíåíèÿ ïðîöåäóðû Yadro2.

Ñîçäàäèì òåïåðü ïðîöåäóðó Yadro1, îñíàùåííóþ ëîêàëüíîé èíôîðìà-
öèåé î âðåìåíè ïîëåòà, âû÷èñëÿåìîãî â çàãëàâèè äîêóìåíòà ñ ïîìîùüþ
ñòðîêîâîé ïåðåìåííîé:
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> Yadro1:=proc(t,v0,alpha,m,k,g,d,c)
local l,L,h,H,ttt,T:
l:=evalf(-0.1*X_max(v0,alpha,m,k,g)):
h:=evalf(-0.1*R_h(v0,alpha,m,k,g)[2]):
L:=evalf(1.1*X_max(v0,alpha,m,k,g)):
H:=evalf(1.1*R_h(v0,alpha,m,k,g)[2]):
T:=T1(v0,alpha,m,k,g):
ttt:=piecewise(t<T,t,t>=T,T):
display(disk(RR(t,v0,alpha,m,k,g),d,color=c),
plot([RR(tau,v0,alpha,m,k,g)[1],RR(tau,v0,alpha,m,k,g )[2],tau=0..t],co
lor=c,scaling=CONSTRAINED,title=convert(evalf(ttt,4), string)),
view=[l..L,h..H]):end proc:

Ïðîâåðèì èñïîëíåíèå ýòîé ïðîöåäóðû:
> Yadro1(5,100,0.5,1,0.1,10,10,red);

Ðèñ.V.53. Ïðîâåðêà èñïîëíåíèÿ ïðîöåäóðû Yadro1. Â
òèòóëå îòîáðàæàåòñÿ ëîêàëüíîå âðåìÿ ïîëåòà 5 ñåêóíä.

Ñîçäàäèì òåïåðü ïðîöåäóðó Yadro3, â êîòîðîé ñ ïîìîùüþ ñòðîêîâîé ïåðå-
ìåííîé, çàíåñåííîé â òî÷êó ñ êîîðäèíàòîé x(t) òåëà îòîáðàæàåòñÿ âðåìÿ
ïîëåòà.

> Yadro3:=proc(t,v0,alpha,m,k,g,d,c)
local l,L,h,H,T,ttt:
l:=evalf(-2*d):
h:=evalf(-2*d):
L:=evalf(X_max(v0,alpha,m,k,g)+2*d):
H:=evalf(R_h(v0,alpha,m,k,g)[2]+2*d):
T:=T1(v0,alpha,m,k,g):
ttt:=piecewise(t<T,t,t>=T,T):
display(disk(RR(t,v0,alpha,m,k,g),d,color=c),
plot([RR(tau,v0,alpha,m,k,g)[1],RR(tau,v0,alpha,m,k,g )[2],tau=0..t],co
lor=c,scaling=CONSTRAINED,view=[l..L,h..H]),
plots[textplot]([X_max(v0,alpha,m,k,g),2*d,convert(ev alf(ttt,4),string
)],color=c,align=LEFT)):end proc:
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Ïðîâåðèì èñïîëíåíèå ýòîé ïðîöåäóðû:
> Yadro3(7,100,0.5,1,0.1,10,10,red);

Ðèñ.V.54. Ïðîâåðêà èñïîëíåíèÿ ïðîöåäóðû Yadro3.
Ðÿäîì ñ èçîáðàæåíèåì òåëà îòîáðàæàåòñÿ ëîêàëüíîå
âðåìÿ ïîëåòà 7 ñåêóíä.

Ñ ïîìîùüþ êîìàíäû display ñ îïöèåé insequence=true ñîçäàäèì ïðîöåäó-
ðó àíèìàöèè ïîëåòà òåëà:

> Yadro_fly:=(v0,alpha,m,k,g,d,c)->display(seq(Jadro(i,v0, alpha,m,k,g,d
,c),i=1..100),insequence=true,scaling=CONSTRAINED):
> Yadro_fly(300,0.5,1,0.1,10,50,red);

Ðèñ.V.55. Ïðîâåðêà èñïîëíåíèÿ ïðîöåäóðû
Yadro_fly .
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Ïîñëåäîâàòåëüíî ïîâòîðÿÿ òàêèå øàãè, ìû ïîñòðîèì îêîí÷àòåëüíóþ óïðàâ-
ëÿåìóþ ïðîöåäóðó äèíàìè÷åñêîé ãðàôèêè, ïîçâîëÿþùóþ ïðîèçâîäèòü
ñðàçó 3 âûñòðåëà ñ ðàçíûìè íà÷àëüíûìè óñëîâèÿìè è ïàðàìåòðàìè. Òà-
êèì îáðàçîì, óäàåòñÿ ñîçäàòü òðåíàæåð, íà êîòîðîì ìîæíî èçó÷àòü ñâîé-
ñòâà òðàåêòîðèè äâèæóùåãîñÿ â ïîëå òÿæåñòè òåëà.

> Fly_3Yadro(SS1,SS2,SS3);

>Fly_3Yadro:=proc(S1,S2,S3)
local L1,L2,L3,L,H1,H2,H3,H,T,T_1,T_2,T_3,ttt_1,ttt_2,ttt_3,d,i,
Ya1_i,Ya2_i,Ya3_i,c1,c2,c3,d1,d2,d3,s1,s2,s3,tau,t_i,G_i,Hm,Lm:
s1:=S1[1],S1[2],S1[3],S1[4],S1[5]:
s2:=S2[1],S2[2],S2[3],S2[4],S2[5]:
s3:=S3[1],S3[2],S3[3],S3[4],S3[5]:
d1:=S1[6]:c1:=S1[7]:d2:=S2[6]:c2:=S2[7]:d3:=S3[6]:c3:=S3[7]:
d:=evalf(1.2*max(d1,d2,d3)):
H1:=evalf(R_h(s1)[2]):
L1:=evalf(X_max(s1)):
H2:=evalf(R_h(s2)[2]):
L2:=evalf(X_max(s2)):
H3:=evalf(R_h(s3)[2]):
L3:=evalf(X_max(s3)):
H:=max(H1,H2,H3): L:=max(L1,L2,L3):
Hm:=evalf(H+2*d):Lm:=evalf(L+2*d):
T_1:=T1(s1):T_2:=T1(s2):T_3:=T1(s3):
T:=max(T_1,T_2,T_3):
plots[display](Yadro4_fly(T,op(S1),L,H),
Yadro4_fly(T,op(S2),L,H),Yadro5_fly(T,op(S3),L,H)):end proc:

V.1.4 ×èñëåííûå ýêñïåðèìåíòû íà îñíîâå ìíîãîïàðàìåòðè÷åñêîé
ìîäåëè

Èòàê, â ñîçäàííîé ïðîãðàììíîé ïðîöåäóðå Yadro_�y(v0,alpha,m,k,g,d,c) -
ïåðâûé ïàðàìåòð, v0, - ñêîðîñòü â ì/ñåê, alpha - óãîë âûëåòà â ðàäèàíàõ, m
- ìàññà òåëà â êã, k - êîýôôèöèåíò òðåíèÿ â êã/ñåê, g - óñêîðåíèå ñâîáîäíîãî
ïàäåíèÿ â ì/ 2, d - ðàäèóñ ÿäðà â ì, c- öâåò ÿäðà.

Çàâèñèìîñòü òðàåêòîðèè îò óãëà áðîñàíèÿ:
Âûïóñòèì 3 ñíàðÿäà ïîä ðàçíûìè óãëàìè Pi/6, Pi/4, Pi/3 è ïðî÷èìè îäèíà-
êîâûìè õàðàêòåðèñòèêàìè
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>SS1:=[1000,Pi/4,1,0.1,10,50,blue];
SS2:=[1000,Pi/6,1,0.1,10,50,black];
SS3:=[1000,Pi/3,1,0.1,10,50,red];

Ðèñ.V.56. Îêíî Maple 17 ñ äåìîíñòðàöèåé ðàáîòû
òðåíàæåðà ïî èçó÷åíèþ äâèæåíèÿ òåëà â ïîëå òÿæå-
ñòè. Ïîêàçàí 61-é êàäð èç 100-êàäðîâîëãî ôèëüìà.

V.2 Êîìïüþòåðíàÿ ìîäåëü ëèíåéíûõ êîëåáàíèé
> restart:
> CompMod:=Table():

Çàäàäèì óðàâíåíèå ëèíåéíûõ êîëåáàíèé ñ ëèíåéíîé ñèëîé òðåíèÿ:

d2x
dt2

+ m� 0
dx
dt

+ m! 2
0x = f (t);

ãäå m � ìàññà ãðóçà,� 0 � êîýôôèöèåíò ëèíåéíîãî òðåíèÿ, ! 0 � ñîáñòâåííàÿ
÷àñòîòà êîëåáàíèé (omega20 = k=m, ãäåk - êîýôôèöèåíò óïðóãîñòè, f (t)
- âíåøíÿÿ (âûíóæäàþùàÿ ñèëà).
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> CompMod[EqOscillations]:=
> proc(x,t,f,omega0,beta0) local X,F,T,dX,d2X:
> X:=(T)->subs(t=T,x(t)):
> F:=(T)->subs(t=T,f):
> dX:=(T)->subs(t=T,diff(x(t),t)):
> d2X:=(T)->subs(t=T,diff(x(t),t$2)):
> d2X(t)+beta0*dX(t)+omega0^2*X(t)=F(t):
> end proc:

> CompMod[EqOscillations](xi,tau,exp(-tau)*cos(tau),3,0.1);

d2

d� 2 � (� ) + 0 :1
d
d�

� (� ) + 9 � (� ) = e � � cos (� )

Çàäàäèì íà÷àëüíûå óñëîâèÿ â ñòàíäàðòíîì âèäå:
x (t0 ) = x0; v (t0 ) = v0

:

> CompMod[Inits]:=proc(x,t,InVal) local X,T,dX:
> X:=(T)->subs(t=T,x(t)):
> dX:=subs(t=InVal[1],D(x)(t)):
> [X(InVal[1])=InVal[2],dX=InVal[3]]:
> end proc:

> CompMod[Inits](xi,tau,[1,2,3]);
[� (1) = 2 ; D (� ) (1) = 3]

Ñîçäàäèì ïðîöåäóðó òî÷íîãî ðåøåíèÿ (â êâàäðàòóðàõ) óðàâíåíèÿ êîëå-
áàíèé t � ñïèñîê âèäà [t,t1], ãäå t � îáîçíà÷åíèå ïåðåìåííîé, t1 � çíà÷åíèå,
ïðè êîòîðîì âû÷èñëÿåòñÿ ðåøåíèå:

> CompMod[SolveOscillations]:=
> proc(x,t,f,omega0,beta0,InVal)
> local X,dX,F,T,T1,IN,S1,S2,SS1,SS2,T2:
> T2:=t[2]:
> X:=(T)->subs(t[1]=T,x(t[1])):
> dX:=(T)->subs(t[1]=T,diff(x(t[1]),t[1])):
> F:=(T)->subs(t[1]=T,f):
> IN:=(T)->subs(t[1]=T,CompMod[Inits](x,t[1],InVal)):
> S1:=(T)->dsolve({CompMod[EqOscillations](X,T,F(T),
> omega0,beta0),op(IN(T))},X(T)):
> S2:=(T1)->subs(T=T1,simplify(diff(S1(T),T))):
> SS1:=(T2)->subs(T=T2,S1(T)):
> SS2:=(T2)->subs(T=T2,S2(T)):
> [rhs(SS1(T2)),rhs(SS2(T2))]:
> end proc:
Â ýòîé ïðîöåäóðå: x � íåèçâåñòíàÿ ôóíêöèÿ (êîîðäèíàòà òî÷êè ìàññû),

t=[t,t1] � t � ïåðåìåííàÿ t, t1 � åå çíà÷åíèå, ïðè êîòîðîì íàõîäèòñÿ ðåøå-
íèå, f(t)=F(t)/m � âûíóæäàþùàÿ âíåøíÿÿ ñèëà, òî÷íåå � óñêîðåíèå, omega0
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� ÷àñòîòà ñîáñòâåííûõ êîëåáàíèé, beta0 � êîýôôèöèåíò ëèíåéíîãî òðåíèÿ,
InVal=[x0,v0] � íà÷àëüíûå çíà÷åíèÿ êîîðäèíàòû è ñêîðîñòè ìàññû. Ïðè ýòîì
ðåøåíèå âûâîäèòñÿ â ñïèñî÷íîì ôîðìàòå [x(t1),v(t1)].

Ïðèìåð 1. Ðàññìîòðèì ïðèìåð ðåçîíàíñà:

> SSS:=(t1)->
> CompMod[SolveOscillations](xi,[tau,t1],cos(tau),1,0.1,[1,0,2]):

> SSS(1):

> plot(SSS(t)[1],t=0..30*Pi,numpoints=1000,
> color=black,labels=[t,`x(t)`],
> title=`Êîëåáàíèÿ â óñëîâèÿõ ðåçîíàíñà`);

Ïðèìåð 2. Ðàññìîòðèì ïðèìåð äâóõêðàòíîé ÷àñòîòû âûíóæäàþùåé ñè-
ëû:

> SSS1:=(t1)->CompMod[SolveOscillations](xi,
> [tau,t1],cos(2*tau),1,0.1,[1,0,2]);

> plot(SSS1(t)[1],t=0..20*Pi,numpoints=1000,
> color=black,labels=[t,`x(t)`],
> title=`Êîëåáàíèÿ â óñëîâèÿõ êðàòíûõ ÷àñòîò`);

229



Ãëàâà V. Ìîäåëèðîâàíèå äèíàìè÷åñêèõ ñèñòåì â MAPLE

> plot(SSS1(t)[1]^2/2,t=0..20*Pi,numpoints=1000,
> color=black,labels=[t,`E(t)/m`],
> title=`Ýíåðãèÿ êîëåáàíèé â óñëîâèÿõ êðàòíûõ ÷àñòîò`);
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V.3 Ïðîãðàììà òðåíàæåðà ëèíåéíûõ êîëåáàíèé

Ñîçäàäèì èíñòðóìåíòû äëÿ òðåíàæåðà:

V.3.1 Ïðóæèíà

Ñîçäàäèì êîìàíäó ïðóæèíû äëèííîé l, ðàäèóñà r, êîëè÷åñòâîì âèòêîâ n,
öâåòà c ñ îïöèÿìè h èëè v - h- ãîðèçîíòàëüíàÿ, v - âåðòèêàëüíàÿ:

> plot([cos(tt),10-sin(tt)-10/(2*Pi*10)*tt,
> tt=0..2*Pi*10],color=red);

> CompMod[Spring]:=proc(l,r,n,c,d)
> local VV,EQ,EQ_opora,tt,GG,opora,u,EQ_Shar,v,Shar:
> if d=h then
> EQ:=[l/(2*Pi*n)*tt,r*cos(tt),r*sin(tt)]:
> EQ_opora:=[0,u*cos(tt),u*sin(tt)]:
> EQ_Shar:=[l+r*sin(v),r*cos(u)*cos(v),r*sin(u)*cos(v)]:
> elif
> d=v then
> EQ:=[r*cos(tt),r*sin(tt),l-l/(2*Pi*n)*tt]:
> EQ_opora:=[u*cos(tt),u*sin(tt),l]:
> EQ_Shar:=[r*cos(u)*cos(v),r*sin(u)*cos(v),r*sin(v)]:
> end if:
> opora:=plot3d(EQ_opora,tt=0..2*Pi,
> u=0..1.5*r,scaling=CONSTRAINED,color=gray):
> GG:=plots[spacecurve](EQ,tt=0..2*Pi*n,
> color=c,scaling=CONSTRAINED,numpoints=100*n):
> Shar:=plot3d(EQ_Shar,u=0..2*Pi,
> v=-Pi/2..Pi/2,style=PATCHNOGRID,
> shading=ZGRAYSCALE,scaling=CONSTRAINED):
> plots[display](opora,GG,Shar):
> end proc:
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> CompMod[Spring](5,2,10,red,h);

V.4 Êîìïüþòåðíàÿ ìîäåëü íåëèíåéíûõ êîëåáàíèé

Çàäàäèì òåïåðü ïîòåíöèàë â âèäå ïîëèíîìà ÷åòâåðòîãî ïîðÿäêà ÷åòíûõ
ñòåïåíåé ïî x:

> U:=(x,k,b)->b^2/2*(x^2-k/(2*b^2))^2;

U := ( x; k; b) 7! 1=2b2
�

x2 � 1=2
k
b2

� 2

Òîãäà ôóíêöèÿ ñèëû, F (x) = � dU=dxðàâíà:

> F:=(x,k,b)->-diff(U(x,k,b),x);

F := ( x; k; b) 7! � 2b2
�

x2 � 1=2
k
b2

�
x

> F(x,k,b);

� 2b2
�

x2 � 1=2
k
b2

�
x

Ñèëà ÿâëÿåòñÿ íå÷åòíîé ïî x ôóíêöèåé è îïèñûâàåòñÿ ïîëèíîìîì òðå-
òüåãî ïîðÿäêà. Ýòî ïðîñòåéøèé âèä íåëèíåéíîé ñèëû óïðóãîñòè. Òàêîé
âèä ñèëû ïðèâîäèò ê ðàçëè÷íûì íåëèíåéíûì ÿâëåíèÿì, â òîì ÷èñëå ê
ñïîíòàííîìó íàðóøåíèþ ñèììåòðèè, çàêëþ÷àþùåãîñÿ â íàðóøåíèè ñèì-
ìåòðèè êîëåáàòåëüíîé ñèñòåìû â ðåçóëüòàòå äåéñòâèÿ äèññèïàòèâíûõ ñèë.

> plot(U(x,1,1),x=-1.1..1.1);
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> Eq_n:=(m,k,b,beta0)->diff(x(t),t$2)-
> subs(x=x(t),F(x,k,b)/m)+beta0*diff(x(t),t)=0:

> Eq_n(m,k,b,beta0);

d2

dt2
x (t) + 2 b2

�
(x (t))2 � 1=2

k
b2

�
x (t) m� 1 + beta0

d
dt

x (t) = 0

> expand(%);

d2

dt2
x (t) + 2

b2 (x (t))3

m
�

x (t) k
m

+ beta0
d
dt

x (t) = 0

> IC:=x(0)=0,D(x)(0)=1;
IC := x (0) = 0 ; D (x) (0) = 1

> S1:=dsolve({Eq_n(1,1,1,0.1),IC},x(t),
> type=numeric,output=listprocedure):

> S1_1_1_0_1:=subs(S1,x(t));
S1_ 1_ 1_ 0_ 1 := proc ( t) ::: endproc

> S1_1_1_0_1(1);
1:01231042063906

> plot(S1_1_1_0_1(t),t=0..100,numpoints=5000);
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> V1_1_1_0_1:=subs(S1,diff(x(t),t));
> V1_1_1_0_1(1);

V1 _ 1_ 1_ 0_ 1 := proc ( t) ::: endproc
0:877150673964212

> plot(V1_1_1_0_1(t),t=0..100,numpoints=5000);

> E1:=V1_1_1_0_1(t)^2/2;
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E1 := 1=2 (V1 _ 1_ 1_ 0_ 1 (t))2

> plot(E1(t),t=0..100,numpoints=5000);

> IC2:=x(0)=0,D(x)(0)=10;
IC2 := x (0) = 0 ; D (x) (0) = 10

> S2:=dsolve({Eq_n(1,1,1,0.1),IC2},x(t),
> type=numeric,output=listprocedure);

> S2_1_1_1_0_1:=subs(S2,x(t));
S2_ 1_ 1_ 1_ 0_ 1 := proc ( t) ::: endproc

> S2_1_1_1_0_1(1);
� 1:39545993174939

> plot(S2_1_1_1_0_1(t),t=0..100);
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> G1:=plot([S1_1_1_0_1(t),S2_1_1_1_0_1(t)],
> t=0..100,numpoints=5000,thickness=[2,1],color=black,
> labels=[�,`Amplitude of oscillation`],
> labeldirections=[HORIZONTAL,VERTICAL],title=
> `Spontane Broken of Symmetry`):

> Txt:=plots[textplot]([90,0.2,`Time`],font=[TIMES,ROMAN,14]):

> plots[display](G1,Txt);
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> plots[animate](S2_1_1_1_0_1(x*t),x=0..100,t=0..1,style=POINT,
> numpoints=
> 5000,frames=32);

> GS:=(T)->plot(S2_1_1_1_0_1(t),t=0..T,color=black);

> GS(10);

237



Ãëàâà V. Ìîäåëèðîâàíèå äèíàìè÷åñêèõ ñèñòåì â MAPLE

> plots[display](seq(GS(i),i=1..100),insequence=true);
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V.5 Ñîçäàíèå ïðîöåäóð àíèìàöèè äëÿ äåìîíñòðàöèé

> UG:=plot(U(x,2,1),x=-2..2,filled=true,color=red):

> UG;

> IC3:=x(0)=0,D(x)(0)=1;
IC3 := x (0) = 0 ; D (x) (0) = 1

> S3:=dsolve({Eq_n(1,2,1,0.02),IC3},x(t),
> type=numeric,output=listprocedure);

S3_ 1_ 2_ 0_ 02 := proc ( t) ::: endproc

> S3_1_2_0_02(1);
1:20632747147795

> plot(S3_1_2_0_02(t),t=0..200,numpoints=5000);
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> V:=subs(S3,diff(x(t),t));
V := proc ( t) ::: endproc

> E:=(t)->V(t)^2/2+U(S3_1_2_0_02(t),2,1);

E := t 7! 1=2 (V (t))2 + 1=2
�

(S3_ 1_ 2_ 0_ 02 (t))2 � 1
� 2

> E(1);
0:970469914859435

> GG:=(T)->plot([S3_1_2_0_02(t),E(t),t=0..T],
> color=black,thickness=2);

> GG(20);
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> GGG:=(t)->plots[display](UG,GG(t));

> GGG(10);

> plots[display]([seq(GGG(i),i=1..100)],insequence=true);
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V.6 Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå íåëèíåéíûõ îáîá-
ùåííî - ìåõàíè÷åñêèõ ñèñòåì â ñèñòåìå êîìïüþ-
òåðíîé ìàòåìàòèêè Maple

V.6.1 Ââåäåíèå

Óíèêàëüíûå ãðàôè÷åñêèå âîçìîæíîñòè ñèñòåìû êîìïüþòåðíîé ìàòåìàòè-
êè (ÑÊÌ) Maple, â ÷àñòíîñòè, âîçìîæíîñòè ñîçäàíèÿ òðåõìåðíûõ àíèìà-
öèîííûõ ìîäåëåé, õîðîøî ïðîðàáîòàííûå ïðîãðàììíûå ïðîöåäóðû ÷èñëåí-
íîãî èíòåãðèðîâàíèÿ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
(ÎÄÓ), ñïëàéíîâîé è B - ñïëàéíîâîé èíòåðïîëÿöèè ôóíêöèé ïîçâîëÿþò ðàñ-
ñìàòðèâàòü ÑÊÌ Maple â êà÷åñòâå ìîùíîãî ñîâðåìåííîãî èíñòðóìåíòà ìà-
òåìàòè÷åñêîãî ìîäåëèðîâàíèÿ [ 9], [4], [6], [8]. Â íàñòîÿùåå âðåìÿ ìåòîäû ìà-
òåìàòè÷åñêîãî ìîäåëèðîâàíèÿ â ÑÊÌ íà÷àëè ýôôåêòèâíî ïðèìåíÿòüñÿ â
èññëåäîâàíèÿõ ìàòåìàòè÷åñêèõ ìîäåëåé êàê ôóíäàìåíòàëüíûõ ôèçè÷åñêèõ
ÿâëåíèé, òàê è ïðèêëàäíûõ çàäà÷. Â ÷àñòíîñòè, ìîíîãðàôèÿ Ä.Ï. Ãîëîñ-
êîêîâà [ 4] öåëèêîì ïîñâÿùåíà ïðîáëåìàì ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ
â ÑÊÌ Maple îáúåêòîâ ìàòåìàòè÷åñêîé ôèçèêè � ôèçè÷åñêèõ ïîëåé, ãèä-
ðîäèíàìè÷åñêèõ ïðîöåññîâ, ïðîöåññîâ òåïëîïåðåíîñà è äèôôóçèè; â ôóí-
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äàìåíòàëüíîé ìîíîãðàôèè Â.Ï. Äüÿêîíîâà [ 6] îáøèðíàÿ ãëàâà ïîñâÿùåíà
ïðèìåíåíèþ ÑÊÌ Maple â ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè, â ÷àñòíîñòè,
ìîäåëèðîâàíèþ ýëåêòðîííûõ ñõåì è èçìåðèòåëüíûõ ñèñòåì íà îñíîâå ýô-
ôåêòà Äîïëåðà; ìîíîãðàôèÿ Ì.Í. Êèðñàíîâà [ 8] ñîäåðæèò ìàòåðèàëû ïî
ìàòåìàòè÷åñêîìó ìîäåëèðîâàíèþ ñëîæíûõ ìåõàíè÷åñêèõ ñèñòåì ñî ñâÿçÿ-
ìè è âèçóàëèçàöèè ìàòåìàòè÷åñêèõ ìîäåëåé ýòèõ ñèñòåì. Â [20], [22], [23],
[24], [26] � ìåòîäû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ñ ïîìîùüþ ÑÊÌ Maple
óñïåøíî ïðèìåíÿþòñÿ äëÿ ðåøåíèÿ âåñüìà ñëîæíûõ çàäà÷ ðåëÿòèâèñòñêîé
êèíåòèêè, òåîðèè ãðàâèòàöèè è êîñìîëîãèè ðàííåé âñåëåííîé. Âàæíûì ïðå-
èìóùåñòâîì ÑÊÌ Maple ÿâëÿåòñÿ è âîçìîæíîñòü èíòåãðàöèè ýòîé ñèñòåìû ñ
ÑÊÌ MatLab, êîòîðàÿ ïðèñïîñîáëåíà ê ìîäåëèðîâàíèþ ýëåêòðîííûõ ñèñòåì
è òåõíîëîãè÷åñêèõ ïðîöåññîâ.

Îáúåêòîì èññëåäîâàíèÿ ýòîãî ðàçäåëà ÿâëÿåòñÿ ìàòåìàòè÷åñêîå ìîäåëè-
ðîâàíèå íåëèíåéíûõ îáîáùåííî-ìåõàíè÷åñêèõ ñèñòåì, (ÍÎÌÑ), â ñðåäå êîì-
ïüþòåðíîé ìàòåìàòèêè Maple [ 98, 99, 100]. Òàêèå ñèñòåìû â íàèáîëåå îáùåì
ñëó÷àå îïèñûâàþòñÿ ñèñòåìîé íåëèíåéíûõ ÎÄÓ, ðàçðåøåííûõ îòíîñèòåëüíî
ñòàðøèõ ïðîèçâîäíûõ ôóíêöèé yi (t), âèäà:

y(n i )
i

= Fi (y1; :::; yN ; y0
1; :::; y0

N ; y00
1; :::; y00

N ; :::; y(n i � 1)
1

; t); ( i = 1; N ); (V.5)

ãäå y(n) =dnf/dtn � îáîçíà÷åíèå n-òîé ïðîèçâîäíîé ôóíêöèè f ïî íåçà-
âèñèìîé ïåðåìåííîé t, � âðåìåíè, à Fi � íåïðåðûâíî-äèôôåðåíöèðóåìûå
ôóíêöèè ñâîèõ ïåðåìåííûõ. Â áîëüøèíñòâå ñëó÷àåâ n=2, îäíàêî, íàïðèìåð,
ïðè ðàññìîòðåíèè äâèæåíèÿ ðåëÿòèâèñòñêîé çàðÿæåííîé ÷àñòèöû â ìàãíèò-
íîì ïîëå ñ ó÷åòîì ìàãíèòî-òîðìîçíîãî èçëó÷åíèÿ n=3 (ñì., íàïðèìåð, [ 32]);
à â ðÿäå ñëó÷àåâ n ìîæåò äîñòèãàòü è çíà÷åíèÿ 4. Ê ñëó÷àþ n=3 ñâîäèòñÿ,
íàïðèìåð, è âàæíàÿ çàäà÷à ãåîäåçèè îðèåíòèðîâàíèÿ íà ìåñòíîñòè - çàäà-
÷à î âîññòàíîâëåíèè êðèâîé ïî åå íàòóðàëüíûì óðàâíåíèÿì, ò.å., ïî çàäàí-
íûì ôóíêöèÿì êðèâèçíû è êðó÷åíèÿ (ñì., íàïðèìåð, [ 35]). Â äàëüíåéøåì
ê îáîáùåííî-ìåõàíè÷åñêèì ñèñòåìàì ìû áóäåì îòíîñèòü â äàëüíåéøåì ëþ-
áûå ñèñòåìû, êîòîðûå ïîëíîñòüþ îïèñûâàþòñÿ óðàâíåíèÿìè âèäà ( V.5)1. Ê
òàêèì ñèñòåìàì ìîãóò îòíîñèòüñÿ, â ÷àñòíîñòè, è ãåîìåòðî - îïòè÷åñêèå ñè-
ñòåìû, â êîòîðûõ ôîòîí ìîæåò ðàññìàòðèâàòüñÿ êàê ìàòåðèàëüíàÿ òî÷êà,
äâèæóùàÿñÿ ïî òðàåêòîðèè, ñëîæíûå ýëåêòðîííûå ñõåìû è ýëåêòðè÷åñêèå
ñåòè, íåéðîííûå ñåòè, ãîìîãåííûå õèìè÷åñêèå ñèñòåìû, â êîòîðûõ ïðîòåêà-
þò õèìè÷åñêèå ðåàêöèè è ò.ï. Áóäåì â äàëüíåéøåì ïîëàãàòü âûïîëíåííûìè
íà÷àëüíûå óñëîâèÿ äëÿ ñèñòåìû (V.5):

1Â äàëüíåéøåì òàêèå ñèñòåìû äëÿ ïðîñòîòû áóäåì òàêæå íàçûâàòü ìåõàíè÷åñêèìè.
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y(k)
i

(t)
�
�
�
t= t0

= Ck
i ; (k = 1; ni � 1; i = 1; N ); (V.6)

ñîîòâåòñòâóþùèå ñòàíäàðòíîé çàäà÷å Êîøè, ãäåCk
i - íà÷àëüíûå çíà÷åíèÿ

ïðîèçâîäíûõ k-ãî ïîðÿäêà ôóíêöèé yi(t).
Êàê èçâåñòíî, äîñòàòî÷íî ýôôåêòèâíûõ è îáùèõ ìåòîäîâ àíàëèòè÷åñêîãî

èññëåäîâàíèÿ ïîâåäåíèÿ ÍÎÌÑ, îïèñûâàåìûõ çàäà÷åé Êîøè ( V.5)-(V.6), íå
ñóùåñòâóåò. Ïðèìåíåíèå ìåòîäîâ êà÷åñòâåííîé òåîðèè äèôôåðåíöèàëüíûõ
óðàâíåíèé òðåáóåò, âî-ïåðâûõ, àâòîíîìíîñòü ñèñòåìû( V.5), à, âî-âòîðûõ, ñ
óâåëè÷åíèåì ÷èñëà ñòåïåíåé ñâîáîäû, S, ñèñòåìû (V.5):

S =
P N

i=1 ni (III.3) ñëîæíîñòü èññëåäîâàíèÿ ñ ïîìîùüþ êà÷åñòâåííîé òåî-
ðèè äèôôåðåíöèàëüíûõ óðàâíåíèé, à òåì áîëåå, èõ âèçóàëèçàöèè, ðåçêî âîç-
ðàñòàåò ïðè S> 2 2. Ôàêòè÷åñêè, åäèíñòâåííûì íàäåæíûì ìåòîäîì èññëåäî-
âàíèÿ íåëèíåéíûõ ìåõàíè÷åñêèõ ñèñòåì ÿâëÿåòñÿ ÷èñëåííîå ðåøåíèå çàäà÷è
Êîøè, êîòîðîå ñâîäèòñÿ îáû÷íî ê ÷èñëåííîìó èíòåãðèðîâàíèþ íîðìàëüíîé
ñèñòåìû ÎÄÓ, ñîîòâåòñòâóþùåé ñèñòåìå (V.5) ñ ñîîòâåòñòâóþùèìè íà÷àëü-
íûìè óñëîâèÿìè, ïîëó÷åííûìè èç ( V.6). Íåîáõîäèìîñòü ïðåäâàðèòåëüíîãî
ïðåîáðàçîâàíèÿ ñèñòåìû ( V.5) ê íîðìàëüíîìó âèäó âûçâàíî âûñîêîé ñòåïå-
íüþ ðàçðàáîòàííîñòè òåîðèè è ÷èñëåííûõ ìåòîäîâ èìåííî äëÿ íîðìàëüíûõ
ñèñòåì ÎÄÓ. Íåîáõîäèìîñòü ïðèìåíåíèÿ äîñòàòî÷íî ñëîæíûõ ÷èñëåííûõ
ìåòîäîâ, ñâÿçàííàÿ ñ ýòèì îáñòîÿòåëüñòâîì íåîáõîäèìîñòü ïðîôåññèîíàëü-
íîãî ïðîãðàììèðîâàíèÿ, ñëîæíîñòü ìàíèïóëÿöèé ñ ÷èñëåííûìè ðåøåíèÿìè,
â ÷àñòíîñòè, ñëîæíîñòè âèçóàëèçàöèè äèíàìèêè íåëèíåéíûõ ìåõàíè÷åñêèõ
ñèñòåì ÿâëÿþòñÿ ñîâîêóïíûì ôàêòîðîì, ðåçêî îãðàíè÷èâàþùèì îáëàñòü èñ-
ñëåäóåìûõ íåëèíåéíûõ ìåõàíè÷åñêèõ ñèñòåì, êàê ìàòåìàòèêàì, òàê è ñïå-
öèàëèñòàì â ïðèëîæåíèÿõ ìàòåìàòèêè, íå ÿâëÿþùèõñÿ ïðîôåññèîíàëüíûìè
ïðîãðàììèñòàìè. Ñèñòåìû êîìïüþòåðíîé ìàòåìàòèêè, â ïðèíöèïå, çàìåòíî
ïðèáëèæàþò òàêèõ ñïåöèàëèñòîâ ê ïðèìåíåíèþ ìåòîäîâ êîìïüþòåðíîãî ìî-
äåëèðîâàíèÿ, íî âñå æå è çäåñü ïðèìåíèòåëüíî ê èññëåäîâàíèþ ñèñòåì íåëè-
íåéíûõ ÎÄÓ äëÿ òàêèõ ñïåöèàëèñòîâ ñîõðàíÿåòñÿ çàìåòíàÿ äèñïðîïîðöèÿ
ìåæäó çàòðà÷åííûìè óñèëèÿìè è ïîëó÷åíèåì ðåçóëüòàòà. Êðîìå òîãî, ïðè
ïðÿìîì ïðèìåíåíèè ïðîãðàììíûõ ïðîöåäóð ÑÊÌ, ïî-ïðåæíåìó, îñòàþòñÿ
ñëàáûìè âîçìîæíîñòè ïðîâåäåíèÿ êîìïüþòåðíîãî ìîäåëèðîâàíèÿ ñèñòåì ñ
áîëüøèì ÷èñëîì ñòåïåíåé ñâîáîäû è ïàðàìåòðîâ.

Öåëüþ íàøåãî èññëåäîâàíèÿ ÿâëÿåòñÿ ðàçðàáîòêà àëãîðèòìîâ è ïàêåòîâ
(êîìïëåêñà) ïðîãðàìì â ÑÊÌ Maple äëÿ êîìïüþòåðíîãî èññëåäîâàíèÿ íåëè-
íåéíûõ îáîáùåííî-ìåõàíè÷åñêèõ ñèñòåì è ïîñòðîåíèÿ ìíîãîïàðàìåòðè÷å-

2 ñì., íàïðèìåð, [ 36], [37].
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ñêèõ ïðîãðàììíûõ ïðîöåäóð âèçóàëèçàöèè ìàòåìàòè÷åñêèõ ìîäåëåé ýòèõ
ñèñòåì, â òîì ÷èñëå, è ïðîöåäóð äèíàìè÷åñêîé âèçóàëèçàöèè (àíèìàöèè) ìà-
òåìàòè÷åñêèõ ìîäåëåé ÍÎÌÑ. Ïðè ýòîì ñòàâèëèñü çàäà÷è: 1). äîñòèæåíèÿ
ìàêñèìàëüíîé âíåøíåé ïðîñòîòû ïðîãðàììíûõ ïðîöåäóð äëÿ íåïðîôåññè-
îíàëüíûõ â ïðîãðàììèðîâàíèè ïîëüçîâàòåëåé; 2). ïðåäîñòàâëåíèÿ ïîëüçî-
âàòåëþ âîçìîæíîñòè óïðàâëåíèÿ ïðîöåññîì ÷èñëåííîãî èíòåãðèðîâàíèÿ; 3).
âîçìîæíîñòè âûâîäà ÷èñëåííûõ ðåøåíèé è ìàíèïóëÿöèè èìè â ôîðìàõ, íàè-
áîëåå áëèçêèõ ê ôóíêöèîíàëüíûì, 4). äîñòèæåíèÿ ìàêñèìàëüíîé ñêîðîñòè
âû÷èñëåíèé ïðè ñîõðàíåíèè èõ òî÷íîñòè; 5). ðàçðàáîòêè ìåòîäîâ è èíñòðó-
ìåíòîâ âèçóàëèçàöèè è àíèìàöèè ìàòåìàòè÷åñêèõ ìîäåëåé ÍÎÌÑ. Â ðàìêàõ
äàííîãî ðàçäåëà áóäåò îïèñàíî ðåøåíèå ïåðâûõ ÷åòûðåõ çàäà÷, - ðåøåíèþ
ïÿòîé çàäà÷è ïîñâÿùåíû äðóãèå ðàçäåëû. Îòìåòèì, ÷òî âàæíîé èäååé ïî-
ñòðîåíèÿ ïàêåòà ïðîãðàìì ÿâèëàñü èäåÿ èñïîëüçîâàíèÿ ñïëàéíîâîé è Â -
ñïëàéíîâîé èíòåðïîëÿöèè ôóíêöèé, ïîçâîëèâøåé ñîçäàòü àâòîìàòèçèðîâàí-
íûé âûâîä ÷èñëåííûõ ðåøåíèé ÎÄÓ â ôîðìå êóñî÷íî-çàäàííûõ ôóíêöèé.

V.6.2 Áëîê-ñõåìà êîìïëåêñà ïðîãðàìì

Äëÿ îáåñïå÷åíèÿ ãèáêîé ðàáîòû ñ ÷èñëåííûìè ðåøåíèÿìè áûëè ñîçäàíû
ñïåöèàëüíûå âíóòðåííèå ïðîãðàììíûå ïðîöåäóðû, ïîçâîëÿþùèå ïðîâîäèòü
ñòàíäàðòíûå îïåðàöèè àíàëèçà ôóíêöèè îäíîé ïåðåìåííîé ñî ñïëàéíàìè, à
òàêæå êîíâåðòèðîâàòü èõ â êóñî÷íî-çàäàííûå ôóíêöèè. Â ðåçóëüòàòå áûë
ïîëó÷åí ïðîãðàììíûé àïïàðàò àíàëèòè÷åñêîãî (ïðèáëèæåííîãî) èññëåäî-
âàíèÿ ÍÎÌÑ â ÑÊÌ Maple [ 113]3. Âàæíûì äîñòîèíñòâîì ðàçðàáîòàííîãî
êîìïëåêñà ïðîãðàìì ÿâëÿåòñÿ åãî íåçàâèñèìîñòü îò âåðñèè Maple, íà÷èíàÿ
ñ âåðñèè 1997 ãîäà Maple5.5 è êîí÷àÿ âåðñèåé 2013 ãîäà Maple 17. Ïðåäñòàâ-
ëåííûé êîìïëåêñ ïðîãðàìì ñîñòîèò èç äâóõ íåçàâèñèìûõ ïàêåòîâ ïðîãðàìì.

Ïàêåò ïðîãðàìì DifEq ñîäåðæèò ïðîãðàììû ðàñïîçíàâàíèÿ ââåäåííûõ
ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé è íà÷àëüíûõ óñëîâèé (a), ïðîãðàì-
ìû àâòîìàòè÷åñêîãî ïðåîáðàçîâàíèÿ ââåäåííûõ äàííûõ â çàäà÷ó Êîøè äëÿ
íîðìàëüíîé ñèñòåìû îòíîñèòåëüíî óíèôèöèðîâàííûõ ïåðåìåííûõ, (b), ïðî-
ãðàììû ÷èñëåííîãî ðåøåíèÿ çàäà÷è Êîøè íà çàäàííîì èíòåðâàëå ñ âîçìîæ-
íîñòüþ êîíòðîëÿ è ïåðåêëþ÷åíèÿ ìåòîäà ÷èñëåííîãî èíòåãðèðîâàíèÿ ïðè
çàäàííîì çíà÷åíèè íåçàâèñèìîé ïåðåìåííîé, (ñ). Ïàêåò ïðîãðàìì Splines
ñîäåðæèò ïðîãðàììû ãåíåðàöèè ðàâíîìåðíûõ êóáè÷åñêèõ ñïëàéíîâ è B-
ñïëàéíîâ ïî çàäàííîé ôóíêöèè íà çàäàííîì èíòåðâàëå, (d,f), ïðîãðàììû
êîíâåðòèðîâàíèÿ ñïëàéíîâ è B-ñïëàéíîâ â êóñî÷íî-íåïðåðûâíûå ôóíêöèè è

3Ïðè èñïîëüçîâàíèè ïðîãðàììíîãî êîìïëåêñà ññûëêà íà àâòîðñòâî îáÿçàòåëüíà.
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îáðàòíûå îïåðàöèè, (e,g), ïðîãðàììû îïåðàöèé íàä ñïëàéíàìè (h). Îïåðà-
öèè óêàçàííûõ ïàêåòîâ èíòåãðèðóþòñÿ â ïðîãðàììå êîíâåðòèðîâàíèÿ ÷èñ-
ëåííûõ ðåøåíèé â êóñî÷íî-çàäàííûå ôóíêöèè, (i).Íèæå ìû îïèøåì îñíîâ-
íûå àëãîðèòìû ðàçðàáîòàííîãî êîìïëåêñà ïðîãðàìì è ïðîäåìîíñòðèðóåì íà
ïðèìåðàõ èñïîëíåíèå ïðîãðàììíûõ ïðîöåäóð.

.
Ðèñ.V.57 Áëîê-ñõåìà êîìïëåêñà ïðîãðàìì èññëåäîâàíèÿ íåëèíåé-
íûõ îáîáùåííî ìåõàíè÷åñêèõ ñèñòåì.

V.7 Ïàêåò ïðîãðàìì ïðåîáðàçîâàíèÿ ñèñòåìû óðàâíå-
íèé è ðåøåíèÿ çàäà÷è Êîøè

V.7.1 Ðàñïîçíàâàíèå èíôîðìàöèè îá ÎÄÓ (áëîê a)

Ðàññìîòðèì ÎÄÓ n-ãî ïîðÿäêà, ðàçðåøåííîãî îòíîñèòåëüíî ñòàðøåé ïðîèç-
âîäíîé ôóíêöèè y(x):
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y(n) = F
�

x; y; y0; :::; y(n� 1)
�

y(n) = F
�

x; y; y0; :::; y(n� 1)
�

: (V.7)

Äëÿ çàäàíèÿ n-òîé ïðîèçâîäíîé ôóíêöèè y(x) ïî ïåðåìåííîé x â ÑÊÌ
Maple ñóùåñòâóþò äâå àëüòåðíàòèâíûå ïðîöåäóðû: di�(y(x),x$n) è
(D@@n)(y)(x). Âòîðàÿ èç ýòèõ ïðîöåäóð ïðåäóñìàòðèâàåò âîçìîæíîñòü âû-
÷èñëåíèÿ ïðîèçâîäíîé â çàäàííîé òî÷êå, ÷òî âåñüìà óäîáíî äëÿ çàäàíèÿ
íà÷àëüíûõ óñëîâèé. Ñîçäàäèì ïðîãðàììíóþ ïðîöåäóðó DifEq[Di�Op], ïîç-
âîëÿþùóþ èçâëå÷ü ïîëíóþ èíôîðìàöèþ î ñòàðøåé ïðîèçâîäíîé â ïðàâîé
÷àñòè óðàâíåíèÿ (V.7)4:

[> DifEq[Di�Op]:=proc(X) local var,s,i,ss,�,tt:
if op(0,X)=di� then: var:=op(X)[2];s:=op(X)[1];
for i from 1 do
if(nops(s)=1) then
�:=(op(0,s)); tt:=(op(1,s)); break:
else s:=op(s)[1]; end if; end do:
[di�,i,�,tt]:
elif op(1,op(0,op(0,X)))=D then
[D,op(2,op(0,op(0,X))),
op(-1,op(0,X)),op(-1,X)]:
elif op(0,op(0,X))=D then
[D,1,op(-1,op(1,op(0,X))),op(-1,X)]:
else �:= op(0,X):tt:=op(-1,X): [0,�,tt]:
end if:end proc:
Ïðîäåìîíñòðèðóåì èñïîëíåíèå ýòîé ïðîöåäóðû íà äâóõ ïðèìåðàõ:
[> DifEq[Di�Op]((D@@4)(F)(tau));
[D, 4, F, � ]
[> DifEq[Di�Op](di�(Sigma(zeta),zeta));
[di� , 1, � , � ]
Òàêèì îáðàçîì, ïðè äåéñòâèè íà ïðîèçâîäíóþ äàííàÿ ïðîãðàììíàÿ ïðî-

öåäóðà ñîçäàåò óïîðÿäî÷åííûé ñïèñîê - òèï îïåðàòîðà ïðîèçâîäíîé, ïîðÿäîê
ïðîèçâîäíîé, èìÿ íåèçâåñòíîé ôóíêöèè è èìÿ íåçàâèñèìîé ïåðåìåííîé. Ýòî
ïîçâîëÿåò ïåðåéòè â äàëüíåéøåì îò îáîçíà÷åíèé ïîëüçîâàòåëÿ ê íåêîòîðûì
óíèôèöèðîâàííûì âíóòðåííèì èìåíàì çàâèñèìûõ è íåçàâèñèìûõ ïåðåìåí-
íûõ, ÷òî ïîçâîëÿåò àâòîìàòèçèðîâàòü ïðîöåññû ðàáîòû ñ óðàâíåíèÿìè.

4 Èäåþ ýòîãî àëãîðèòìà ïîäñêàçàë À.Â. Ìàòðîñîâ, êîòîðîìó Þ.Ã. Èãíàòüåâ âûðàæàåò ïðèçíàòåëü-
íîñòü.
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V.7.2 Ïðèâåäåíèå çàäà÷è Êîøè äëÿ ñèñòåìû ÎÄÓ ïðîèçâîëüíîãî
ïîðÿäêà ê çàäà÷å Êîøè äëÿ íîðìàëüíîé ñèñòåìû ÎÄÓ ñ
óíèôèöèðîâàííûìè èìåíàìè ïåðåìåííûõ (áëîê b)

Áëîê (b) âêëþ÷àåò òðè ïðîãðàììíûå ïðîöåäóðû, îñóùåñòâëÿþùèå ïîýòàï-
íîå êîíâåðòèðîâàíèå ñèñòåìû ÎÄÓ ( V.5) ñ íà÷àëüíûìè óñëîâèÿìè ( V.6) ê
çàäà÷å Êîøè äëÿ íîðìàëüíîé ñèñòåìû ÎÄÓ ñ óíèôèöèðîâàííûìè èìåíàìè
ïåðåìåííûõ. Çíàíèå èíôîðìàöèè î ñòàðøåé ïðîèçâîäíîé óðàâíåíèÿ ( V.7)
ïîçâîëÿåò êîíâåðòèðîâàòü ýòî óðàâíåíèå ê íîðìàëüíîé ñèñòåìå ÎÄÓ ñ óíè-
ôèöèðîâàííûìè îáîçíà÷åíèÿìè, ÷òî îáåñïå÷èâàåò àâòîìàòèçàöèþ ìàíèïó-
ëÿöèé ñ ýòèìè óðàâíåíèÿìè. Äîãîâîðèìñÿ î ñëåäóþùåì ïîðÿäêå ïðèñâîåíèÿ
óíèôèöèðîâàííûõ èìåí çàâèñèìûõ ïåðåìåííûõ. Äëÿ ýòîãî ðàññìîòðèì óïî-
ðÿäî÷åííûé ñïèñîê DifEq[MatAlf] èç âîñüìè èìåí: [X,Y,Z,U,V,W,Phi,Theta],
êîòîðûé, êîíå÷íî, ìîæíî ïðîäîëæèòü, íî äëÿ ýòîãî íåò íèêàêèõ ïðè÷èí
ïðàêòè÷åñêîãî õàðàêòåðà. Îáîçíà÷èì ïåðåìåííóþ, ââåäåííóþ ïîëüçîâàòå-
ëåì, ïîñðåäñòâîì X, åå ïåðâóþ ïðîèçâîäíóþ � Y, âòîðóþ ïðîèçâîäíóþ - Z, è
ò.ä., à íåçàâèñèìóþ ïåðåìåííóþ ïîñðåäñòâîì t. Ïîëó÷åííàÿ ñèñòåìà è áóäåò
ÿâëÿòüñÿ èñêîìîé íîðìàëüíîé ñèñòåìîé ÎÄÓ ñ óíèôèöèðîâàííûìè èìåíà-
ìè ïåðåìåííûõ:

dX 1
i

dt
= X 2

i ;
dX 2

i

dt
= X 3

i ; :::;
dX ni � 1

i

dt
= Fi ; (i = 1; N ) (V.8)

ãäåF = F (t; X 1
1; :::; X nN

N ) è äëÿ êðàòêîñòè ïîëîæåíî X k = DifEq[MatAlf] k !
X 1 = X; X 2 = Y; : : :. è ñèñòåìîé íà÷àëüíûõ óñëîâèé äëÿ ýòèõ óðàâíåíèé,
ñîîòâåòñòâóþùèõ íà÷àëüíûì óñëîâèÿì ( V.6) :

X k
i
(t0) = Ck

i ; (k = 1; ni � 1; i = 1; N ); (V.9)

V.7.3 Ïðèâåäåíèå ÎÄÓ ïðîèçâîëüíîãî ïîðÿäêà ê íîðìàëüíîé ñè-
ñòåìå ÎÄÓ ñ óíèôèöèðîâàííûìè èìåíàìè ïåðåìåííûõ

Ïåðâûé èç óêàçàííûõ àëãîðèòìîâ � àëãîðèòì ïðèâåäåíèÿ ÎÄÓ ïðîèçâîëü-
íîãî ïîðÿäêà ê íîðìàëüíîé ñèñòåìå ÎÄÓ ÎÄÓ ïðîèçâîëüíîãî ïîðÿäêà ê
íîðìàëüíîé ñèñòåìå ÎÄÓ ðåàëèçóåòñÿ ïðîãðàììíîé ïðîöåäóðîé
DifEq[Oden_ConvNorm]:

[> DifEq[DiffOp]:=proc(X) local var,s,i,ss,ff,tt:
if op(0,X)=diff then: var:=op(X)[2];s:=op(X)[1];
for i from 1 do
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if(nops(s)=1) then
ff:=(op(0,s)); tt:=(op(1,s)); break:
else s:=op(s)[1]; end if; end do:
[diff,i,ff,tt]:
elif op(1,op(0,op(0,X)))=D then
[D,op(2,op(0,op(0,X))),
op(-1,op(0,X)),op(-1,X)]:
elif op(0,op(0,X))=D then
[D,1,op(-1,op(1,op(0,X))),op(-1,X)]:
else ff:= op(0,X):tt:=op(-1,X): [0,ff,tt]:
end if:
end proc:

Êàê âèäíî, ïðîöåäóðà DifEq[Oden_ConvNorm] èñïîëüçóåò äâå ïðîìåæó-
òî÷íûå ïðîöåäóðû, DifEq[Di�Op] è DifEq[MatAlf]. Ðàññìîòðèì èñïîëíåíèå
ýòîé ïðîöåäóðû íà ïðèìåðå óðàâíåíèÿ â îáîçíà÷åíèÿõ ïîëüçîâàòåëÿ:

SIV (� ) =
�
SIII (� )

� 2
S3(� ) + S0(� ) + sin �: (V.10)

Ïîëüçîâàòåëü ìîæåò ââåñòè ýòî óðàâíåíèå â òàêîé, íàïðèìåð, ôîðìå:
[> Eq1:=(D@@4)(S)(xi)=((D@@3)(S)(xi))�2*S(xi)�3+D(S)(xi)+sin(xi);
Ðåçóëüòàò ïðèìåíåíèÿ íàøåé ïðîöåäóðû ê óðàâíåíèþ ( V.10) ïîëó÷àåòñÿ

ñëåäóþùèì:

[>DifEq[Oden_ConvNorm]:=proc(EQ,k)
local lsd,rsd,ls,dd,nn,ff,xx,zz,i,sbs:
lsd:=lhs(EQ):rsd:=rhs(EQ):ls:=DifEq[DiffOp](lsd);
dd:=op(1,ls):nn:=op(2,ls):ff:=op(3,ls):xx:=op(4,ls):
zz:=op(nn,DifEq[MatAlf]):
if dd=D then
sbs:=(t)->[ff(xx)=X[k](t),seq((dd@@i)(ff)(xx)=
(DifEq[MatAlf][i+1])[k](t),i=1..nn-1),xx=t]:
elif dd=diff then
sbs:=(t,k)->[ff(xx)=X[k](t),seq(diff(ff(xx),xx$i)=
op(i,DifEq[MatAlf])[k](t),i=1..nn-1),xx=t]:
end if:
[[nn,ff,xx,dd],[seq(op(i,DifEq[MatAlf])[k],i=1..nn)],
sbs(t,k),[seq(diff((DifEq[MatAlf][i])[k](t),t)=
(DifEq[MatAlf][i+1])[k](t),i=1..nn-1),
diff(zz[k](t),t)=subs(sbs(t,k),rsd)]]:
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end proc:

- îí ñîñòîèò èç óïîðÿäî÷åííîãî ñïèñêà ÷åòûðåõ óïîðÿäî÷åííûõ ñïèñêîâ:
ïåðâûé - ñîäåðæèò: [ïîðÿäîê óðàâíåíèÿ, èñêîìóþ ôóíêöèþ, íåçàâèñèìóþ
ïåðåìåííóþ, òèï äèôôåðåíöèàëüíîãî îïåðàòîðà], ââåäåííûå ïîëüçîâàòåëåì.
Âòîðîé ñïèñîê ñîäåðæèò óïîðÿäî÷åííóþ ñèñòåìó íîâûõ ôóíêöèé. Òðåòèé
ñïèñîê ñîäåðæèò ïðàâèëà çàìåíû ïåðåìåííûõ â ÎÄÓ, ÷åòâåðòûé ñïèñîê ñî-
äåðæèò óïîðÿäî÷åííóþ íîðìàëüíóþ ñèñòåìó ÎÄÓ. Êàê âèäíî, ïðîöåäóðà
DifEq[Oden_ConvNorm] ñîäåðæèò äâà îáÿçàòåëüíûõ ïàðàìåòðà, ïåðâûé �
äèôôåðåíöèàëüíîå óðàâíåíèå, à âòîðîé, k, � ëþáîå èìÿ èëè ÷èñëî, íåîáõî-
äèìîå äëÿ ïîìåòêè óðàâíåíèÿ è âõîäÿùèõ â íåãî ïåðåìåííûõ. Ñîîòâåòñòâó-
þùàÿ ìåòêà ïîìåùàåòñÿ êàê íèæíèé èíäåêñ ó ñîîòâåòñòâóþùèõ âåëè÷èí.
Â ðàññìîòðåííîì ïðèìåðå k=2. Â ÷àñòíîñòè, åñëè ìû õîòèì îòêàçàòüñÿ îò
èíäåêñèðîâàíèÿ ôóíêöèé, äîñòàòî÷íî âìåñòî èíäåêñà ââåñòè � - äâà àïîñòðî-
ôà.

V.7.4 Ïðèâåäåíèå ñèñòåìû ÎÄÓ ïðîèçâîëüíîãî ïîðÿäêà ê íîð-
ìàëüíîé ñèñòåìå ÎÄÓ ñ óíèôèöèðîâàííûìè èìåíàìè ïå-
ðåìåííûõ

Àíàëîãè÷íî ââîäèòñÿ è îäíîïàðàìåòðè÷åñêàÿ ïðîöåäóðà ïðèâåäåíèÿ ñèñòå-
ìû ÎÄÓ ( V.5) ê íîðìàëüíîé ñèñòåìå ÎÄÓ DifEq[SysOden_ConvNorm]

> DifEq[SysOden_ConvNorm]:=proc(SysEq)
local NN,i,k,FF,EQI,ParEq,nn,NP,ff,fff,XX,xx,zz,dd,sbs,SBS:
EQI:=(i)->SysEq[i]:
z:=(i,XX)->(DifEq[MatAlf][nn(i)])[i](XX):
dd:=ParEq(1,1)[4]:
if dd=D then
sbs:=(i,t)->[fff(i,xx)=X[i](t),seq((D@@k)(ff(i))(xx)=
FF(i,k+1,t),k=1..nn(i)-1)]:
elif dd=diff then
sbs:=(i,t)->[fff(i,xx)=X[i](t),seq(diff(fff(i,xx),xx$k)=
FF(i,k+1,t),k=1..nn(i)-1)]:
end if:
SBS:=(t)->[seq(op(sbs(i,t)),i=1..NN),xx=t]:
NP:=DifEq[summ]([seq(nn(i),i=1..NN)]):
[NP,SBS(t),[seq(seq(diff((#
DifEq[MatAlf][k])[i](t),t)=
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(DifEq[MatAlf][k+1])[i](t),k=1..nn(i)-1),i=1..NN),
seq(diff(zz(i,t),t)=subs(SBS(t),rhs(EQI(i))),i=1..NN)]]:
end proc:

Ðåçóëüòàò ïðèìåíåíèÿ ýòîé ïðîöåäóðû, êîòîðûé äëÿ êðàòêîñòè ìû íå ïðè-
âîäèì, ïðåäñòàâëÿåòñÿ â âèäå òðåõ óïîðÿäî÷åííûõ ñïèñêîâ: â ïåðâîì ñî-
äåðæèòñÿ îäèí ýëåìåíò S - ÷èñëî óðàâíåíèé íîðìàëüíîé ñèñòåìû (÷èñëî
ñòåïåíåé ñâîáîäû ÍÎÌÑ); âî âòîðîì � ïðåîáðàçîâàíèÿ ïîëüçîâàòåëüñêèõ
ôóíêöèé ê óíèôèöèðîâàííûì ôóíêöèÿì íîðìàëüíîé ñèñòåìû; òðåòèé ñïè-
ñîê - åñòü óïîðÿäî÷åííàÿ íîðìàëüíàÿ ñèñòåìà îáûêíîâåííûõ äèôôåðåíöè-
àëüíûõ óðàâíåíèé, ïðè÷åì ïåðâûå S-N óðàâíåíèé ïðåäñòàâëÿþò ñîáîé ðå-
çóëüòàò ñòàíäàðòíîé çàìåíû ïåðåìåííûõ âèäà y'=z.

V.7.5 Ïðèâåäåíèå çàäà÷è Êîøè (V.5)-(V.6) ê çàäà÷å Êîøè äëÿ
íîðìàëüíîé ñèñòåìû ÎÄÓ ñ óíèôèöèðîâàííûìè èìåíàìè
ïåðåìåííûõ

Íà îñíîâå ïðîãðàìì ðàñïîçíàâàíèÿ ñèñòåìû ÎÄÓ (áëîê ¾a¿) è ïðîãðàìì
ïðèâåäåíèÿ ÎÄÓ ê íîðìàëüíîìó âèäó ñòðîèòñÿ äâóõïàðàìåòðè÷åñêàÿ ïðî-
ãðàììíàÿ ïðîöåäóðà
DifEq[SysCauchy_ConvNorm](System ODE, Inits Conditions)
ïðèâåäåíèÿ ñèñòåìû ÎÄÓ ïðîèçâîëü-íîãî ïîðÿäêà ( V.5) ñ íà÷àëüíûìè óñëî-
âèÿìè ( V.6) ê çàäà÷å Êîøè äëÿ íîðìàëüíîé ñèñòåìû ÎÄÓ îòíîñèòåëüíî
óíèôèöèðîâàííûõ ïåðåìåííûõ X k

i (t) ( 5) ñ íà÷àëüíûìè óñëîâèÿìè ( V.9),
ò.å., ê çàäà÷å Êîøè äëÿ íîðìàëüíîé ñèñòåìû ÎÄÓ. Ðåçóëüòàò ïðèìåíåíèÿ
ïðîöåäóðû âûâîäèò óïîðÿäî÷åííûé ñïèñîê èç øåñòè óïîðÿäî÷åííûõ ñïèñ-
êîâ: â ïåðâîì ñîäåðæèòñÿ äâà ÷èñëà: S - ÷èñëî óðàâíåíèé íîðìàëüíîé ñè-
ñòåìû è M=max(n1,..,nN) - ìàêñèìàëüíûé ïîðÿäîê óðàâíåíèé â èñõîäíîé
ñèñòåìå óðàâíåíèé, âî âòîðîì - óïîðÿäî÷åííûå ñïèñêè íîâûõ ïåðåìåííûõ, -
÷èñëî ýòèõ ñïèñêîâ ðàâíî M, âûáðàííûõ ïî ñëåäóþùåìó ïðèíöèïó - â ïåð-
âîì ñïèñêå ñîäåðæàòñÿ íîâûå ïåðåìåííûå, X[i] , ïîëó÷åííûå èç íåçàâèñèìûõ
ôóíêöèé ïîëüçîâàòåëÿ, âî âòîðîì - ïåðâûå ïðîèçâîäíûå îò ýòèõ ïåðåìåí-
íûõ, Y[i] , åñëè âòîðûå ïðîèçâîäíûå îò ýòèõ ïåðåìåííûõ ñîäåðæàòñÿ â ñèñòå-
ìå ÎÄÓ, è ò.ä., - äî M-1-ãî ñïèñêà. Òàêèì îáðàçîì, êîëè÷åñòâî âíóòðåííèõ
ñïèñêîâ íåçàâèñèìûõ ôóíêöèé ñîâïàäàåò ñ ìàêñèìàëüíûì ïîðÿäêîì óðàâíå-
íèé èñõîäíîé ñèñòåìû, M. Òðåòèé ñïèñîê ñîäåðæèò ïðåîáðàçîâàíèÿ ïîëüçî-
âàòåëüñêèõ ôóíêöèé ê óíèôèöèðîâàííûì ôóíêöèÿì íîðìàëüíîé ñèñòåìû,
÷åòâåðòûé ñïèñîê - åñòü óïîðÿäî÷åííàÿ íîðìàëüíàÿ ñèñòåìà îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé, ïðè÷åì ïåðâûå S-N óðàâíåíèé ïðåäñòàâëÿ-
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þò ñîáîé ðåçóëüòàò ñòàíäàðòíîé çàìåíû ïåðåìåííûõ âèäà y'=z, â ïÿòîì -
íà÷àëüíûå óñëîâèÿ äëÿ íîðìàëüíîé ñèñòåìû ÎÄÓ â ôîðìå ( V.9), â øåñòîì
- îäèí ýëåìåíò - íà÷àëüíîå çíà÷åíèå íåçàâèñèìîé ïåðåìåííîé. Ñîçäàííàÿ
ïðîöåäóðà óäîáíà äëÿ èçâëå÷åíèÿ ðàçëè÷íîé èíôîðìàöèè îá èñõîäíîé ñè-
ñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé è íà÷àëüíûõ óñëîâèé.

V.7.6 Ïðîãðàììíûå ïðîöåäóðû ÷èñëåííîãî ðåøåíèÿ çàäà÷è Êî-
øè äëÿ ñèñòåìû (V.5) (áëîê c)

Áëîê ¾c¿ ñîäåðæèò äâå ïðîãðàììíûå ïðîöåäóðû ÷èñëåííîãî ðåøåíèÿ ñè-
ñòåìû ÎÄÓ ( V.5) ñ íà÷àëüíûìè óñëîâèÿìè ( V.6), - òðåõïàðàìåòðè÷åñêóþ
ïðîãðàììíóþ ïðîöåäóðó
DifEq[NumDsolve](System ODE, Inits Conditions, Method)
è ïÿòèïàðàìåòðè÷åñêóþ ïðîöåäóðó
DifEq[ReNumDsolve](System ODE, Inits Conditions, Method1,x1,Method2).
Ïåðâàÿ êîìàíäà ñîçäàåò ïðîöåäóðó ðåøåíèÿ ñèñòåìû ÎÄÓ ñ ïîìîùüþ ìå-
òîäà Method, âñòðîåííîãî â ïàêåò Maple; çíà÷åíèå ýòîãî ïàðàìåòðà 45 ñî-
îòâåòñòâóåò ìåòîäó Ðóíãå-Êóòòà 4-5 ïîðÿäêîâ,78 � ìåòîäó Ðóíãå-Êóòòà 7-8
ïîðÿäêîâ, rosenbrock� ìåòîäó Ðîçåíáðîêà, sti� � ìåòîäó sti� èíòåãðèðî-
âàíèÿ æåñòêèõ óðàâíåíèé,classic � êëàññè÷åñêîìó ìåòîäó (ïî óìîë÷àíèþ
ìåòîäîì Ýéëåðà), taylor � ìåòîäîì ðàçëîæåíèÿ â ðÿäû Òåéëîðà (ñì., íàïðè-
ìåð [17,18] ). Ïðè ýòîì Âûâîä ðåøåíèé îñóùåñòâëÿåòñÿ â âèäå óïîðÿäî÷åí-
íîãî ñïèñêà â âëîæåííûìè â íåãî M óïîðÿäî÷åííûìè ñïèñêàìè. Ïðè ýòîì
ïåðâûé óïîðÿäî÷åííûé ñïèñîê ñîäåðæèò ÷èñëåííûå çíà÷åíèÿ N èñêîìûõ
ôóíêöèé: [X[1](t),..X[N](t)], ïîðÿäîê çàïèñè çíà÷åíèé ôóíêöèé â ñïèñêå ñîâ-
ïàäàåò ñ ïîðÿäêîì çàïèñè äèôôåðåíöèàëüíûõ óðàâíåíèé ñèñòåìû. Âòîðîé
óïîðÿäî÷åííûé ñïèñîê ñîäåðæèò çíà÷åíèÿ ïåðâûõ ïðîèçâîäíûõ òåõ ôóíê-
öèé, ïðîèçâîäíûå êîòîðûõ íå íèæå âòîðîãî ïîðÿäêà ñîäåðæàòñÿ â ñèñòåìå
ÎÄÓ. Ïîðÿäîê çàïèñè çíà÷åíèé ïåðâûõ ïðîèçâîäíûõ ôóíêöèé â ñïèñêå ñîâ-
ïàäàåò ñ ïîðÿäêîì çàïèñè äèôôåðåíöèàëüíûõ óðàâíåíèé ñèñòåìû - ïðè ýòîì
ïðîïóñêàþòñÿ çíà÷åíèÿ ïðîèçâîäíûõ òåõ ôóíêöèé, ïðîèçâîäíûå âûøå ïåð-
âîãî ïîðÿäêà êîòîðûõ íå ñîäåðæàòñÿ â ñèñòåìå ÎÄÓ. Òðåòèé óïîðÿäî÷åííûé
ñïèñîê ñîäåðæèò çíà÷åíèÿ ïåðâûõ ïðîèçâîäíûõ òåõ ôóíêöèé, ïðîèçâîäíûå
êîòîðûõ íå íèæå òðåòüåãî ïîðÿäêà ñîäåðæàòñÿ â ñèñòåìå ÎÄÓ. Ïîðÿäîê
çàïèñè çíà÷åíèé âòîðûõ ïðîèçâîäíûõ ôóíêöèé â ñïèñêå ñîâïàäàåò ñ ïîðÿä-
êîì çàïèñè äèôôåðåíöèàëüíûõ óðàâíåíèé ñèñòåìû - ïðè ýòîì ïðîïóñêàþòñÿ
çíà÷åíèÿ âòîðûõ ïðîèçâîäíûõ òåõ ôóíêöèé, ïðîèçâîäíûå âûøå âòîðîãî ïî-
ðÿäêà êîòîðûõ íå ñîäåðæàòñÿ â ñèñòåìå ÎÄÓ, è ò.ä..
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Äëÿ äåìîíñòðàöèè ôîðìàòà ââîäà ñèñòåìû è âûâîäà ðåøåíèé ðàññìîòðèì
ïðèìåð èíòåãðèðîâàíèÿ ñóùåñòâåííî íåëèíåéíîé ñèñòåìû ÎÄÓ ñ ìàêñè-
ìàëüíûì 3-ì ïîðÿäêîì ïðîèçâîäíûõ:

d2F
dx2 = �

d2Z
dx2 ;

d3Z
dx3 = � F 2;

d�
dx

= F 3 = sin x (V.11)

ñ íà÷àëüíûìè óñëîâèÿìè:

F (� ) = 1; F 0(� ) = 0; Z( � ) = 1; Z 0(� ) = � 1; Z 00(� ) = � 1=3; �( � ) = 0 :
(V.12)

Ñèñòåìó (V.11) ïîëüçîâàòåëü ìîæåò ââåñòè, íàïðèìåð, òàêèì ñïîñîáîì 5:

>ODE1:=[(D@@2)(F)(x)=Phi(x)*(D@@2)(Z)(x),(D@@3)(Z)(x)=
-F(x)\^{}2,D(Phi)(x) = F(x)\^{}3+sin(x)];

à íà÷àëüíûå óñëîâèÿ (V.12) äëÿ ýòîé ñèñòåìû ââîäÿòñÿ ñëåäóþùèì îáðà-
çîì:

> Inits1:=[F(Pi)=1,D(F)(Pi)=0,Z(Pi)=1,D(Z)(Pi)=-1,
(D@@2)(Z)(Pi)=1/3,Phi(Pi)=0];

Ïðîöåäóðà ðåøåíèÿ ñèñòåìû ( V.11) ñ íà÷àëüíûìè óñëîâèÿìè ( V.12) ìå-
òîäîì Ðîçåíáðîêà îñóùåñòâëÿåòñÿ êîìàíäîé:

>SS:=DifEq[NumDsolve](Eqs,Inits1,rosenbrock);

� ïðè ýòîì ðåøåíèþ ìû ïðîèçâîëüíî ïðèñâîèëè èìÿ SS. ×èñëåííîå ðå-
øåíèå âûâîäèòñÿ ôóíêöèåé SS(x):

>SS\eqref{GrindEQ__1_};

[[-1.56150852237610560,5.32544568814217101,-2.15254989920542972],
[3.95149696118901738,-3.48591778864530966],[1.81299087038185602]]

Â äàííîì ñëó÷àå ñïèñîê ðåøåíèé ñîñòîèò èç òðåõ âíóòðåííèõ ñïèñêîâ
(M=3 ), â ïåðâîì èç íèõ ñîäåðæèòñÿ 3 ÷èñëà (N=3 ) � ýòî çíà÷åíèÿ ôóíêöèé
[F(V.5),Z(V.5),Ô(V.5)], âî âòîðîì ñïèñêå ñîäåðæèòñÿ äâà ÷èñëà, ïîñêîëüêó
â ñèñòåìå (V.11) ñîäåðæàòñÿ ëèøü äâå ïðîèç-âîäíûå íå íèæå 2-ãî ïîðÿäêà,
- ýòî çíà÷åíèÿ ïåðâûõ ïðîèçâîäíûõ [F'( V.5),Z'(V.5)], íàêîíåö, òðåòèé ñïè-
ñîê ñîäåðæèò ëèøü îäíî ÷èñëî � ýòî çíà÷åíèå âòîðîé ïðîèçâîäíîé ôóíêöèè
Z�(V.5). Äëÿ âûâîäà îäíîãî èç ýòèõ ñïèñêîâ, i-ãî, äîñòàòî÷íî ïðèìåíèòü ïðî-
öåäóðó SS(V.5)[i]:

5 Óðàâíåíèÿ ââîäÿòñÿ óïîðÿäî÷åííûì ñïèñêîì.
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>SS\eqref{GrindEQ__1_}[1];

[-1.56150852237610560, 5.32544568814217101, -2.15254989920542972]

Ãðàôèê òðàåêòîðèè ñèñòåìû â êîíôèãóðàöèîííîì ïðîñòðàíñòâå E3 : f X 1 =
F; X 2 = Z; X 3 = � g ìîæíî ïîëó÷èòü ïðîñòîé êîìàíäîé Maple, êàê è äëÿ
òðåõìåðíîãî ãðàôèêà îáû÷íîé ôóíêöèè:

>plots[spacecurve](SS[1](t),t=0..10,color=black,axes=BOXED,
labels=[`X[1]`,`X[2]`,`X[3]`]);

.
Ðèñ.V.58 Òðåõìåðíàÿ êîíôèãó-
ðàöèîííàÿ òðàåêòîðèÿ ñèñòåìû
(V.11)-(V.12) [F(t),Z(t), � (t)] ïðè
èçìåíåíèè ¾âðåìåíè¿ íà èíòåðâàëå
[0,10]

.
Ðèñ.V.59 Äâóìåðíàÿ ôàçîâàÿ
òðàåêòîðèÿ ñèñòåìû (V.11)-(V.12)
[F'(t),Z'(t)] ïðè èçìåíåíèè ¾âðåìå-
íè¿ íà èíòåðâàëå [0,10].

Êîììåíòèðóÿ ãðàôèêè ( Ðèñ.V.58, Ðèñ.V.59), çàìåòèì, ÷òî èçëîìû òðàåê-
òîðèè íà íèõ � êàæóùèéñÿ ýôôåêò ìàñøòàáîâ ãðàôèêîâ � ïðè óâåëè÷åíèè
ìàñøòàáà èçëîìû ïðîïàäàþò. Äàëåå, ïðîãðàììíàÿ ïðîöåäóðà
DifEq[ReNumDsolve](Eqs, Inits, Method1,x1, Method2) ïîñòðîåíà íà îñ-
íîâå ðàññìîòðåííûé âûøå ïðîöåäóðû
DifEq[NumDsolve] è âñòðîåííîé â Maple ïðîãðàììíîé ïðîöåäóðû
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piecewise(x>=x0 and x<x1,f1, x>x1,f2) êóñî÷íî - çàäàííîé ôóíêöèè, òàê
÷òî íà èíòåðâàëå [x0,x1] ïðè ÷èñëåííîì èíòåãðèðîâàíèè ñèñòåìû ÎÄÓ ïðè-
ìåíÿåòñÿ ìåòîä Method1, à íà èíòåðâàëå (x1,. . . ) � ìåòîä Method2. Ïðè ýòîì
íà÷àëüíûìè óñëîâèÿìè äëÿ ÷èñëåííîãî èíòåãðèðîâàíèÿ ìåòîäîì Method2
ÿâëÿþòñÿ ðåçóëüòàòû ÷èñëåííîãî èíòåãðèðîâàíèÿ ñèñòåìû ÎÄÓ â òî÷êå x1,
ïîëó÷åííûå ìåòîäîì Method2. Óêàçàííûé ìåòîä ìîæíî íàçâàòü ìåòîäîì
èíòåãðèðîâàíèÿ ñ ïåðåçàãðóçêîé íà÷àëüíûõ óñëîâèé. Äàííûé ìåòîä ñëåäó-
åò ïðèìåíÿòü â òåõ ñëó÷àÿõ, êîãäà íà íåêîòîðîì îòðåçêå ñòàíäàðòíûå ìå-
òîäû èíòåãðèðîâàíèÿ íå äàþò õîðîøèõ ðåçóëüòàòîâ. Ñëåäóåò îòìåòèòü, ÷òî
ïðîãðàììíûå ïðîöåäóðû DifEq[NumDsolve] è DifEq[ReNumDsolve] íå òðåáó-
þò âûïîëíåíèÿ ïîëüçîâàòåëåì ïðåäâàðèòåëüíûõ îïåðàöèé ïî ïðèâåäåíèþ
ñèñòåìû ÎÄÓ ê íîðìàëüíîìó âèäó, òàê êàê ýòè îïåðàöèè ÿâëÿþòñÿ âñòðîåí-
íûìè ïðîöåäóðàìè â óêàçàííûå, � íîðìèðîâàíèå ñèñòåìû ÎÄÓ è èçâëå÷åíèå
âñåé íåîáõîäèìîé èíôîðìàöèè ïðîèçâîäèòñÿ àâòîìàòè÷åñêè.

V.7.7 Òî÷íîñòü è ñêîðîñòü âû÷èñëåíèé

Äëÿ òåñòèðîâàíèÿ ïàêåòà ïðîãðàìì DifEq íà òî÷íîñòü âû÷èñëåíèé, à òàêæå
âûÿñíåíèÿ íåìàëîâàæíîãî äëÿ çàäà÷ êîìïüþòåðíîãî ìîäåëèðîâàíèÿ âîïðî-
ñà î ñêîðîñòè âû÷èñëåíèé ðàçëè÷íûìè ÷èñëåííûìè ìåòîäàìè ìîæíî ïðîâå-
ñòè ÷èñëåííîå èíòåãðèðîâàíèå ðàçëè÷íûõ òî÷íî ðåøàåìûõ íåëèíåéíûõ ñè-
ñòåì ÎÄÓ ðàçëè÷íûìè ìåòîäàìè ñ ïîìîùüþ ïðîãðàììíûõ DifEq[NumDsolve]
è DifEq[ReNumDsolve]. Ïðè ýòîì ðåàëüíîå âðåìÿ, íåîáõîäèìîå äëÿ èíòåãðè-
ðîâàíèÿ ñèñòåìû è ïðåäñòàâëåíèÿ ÷èñëåííûõ ðåçóëüòàòîâ â ãðàôè÷åñêîì
âèäå ìîæíî âû÷èñëèòü ñ ïîìîùüþ âñòðîåííîé â Maple ôóíêöèè time(), êî-
òîðàÿ îïðåäåëÿåò òî÷íîå âðåìÿ â ñåêóíäàõ ïî âñòðîåííîìó â êîìïüþòåð òàé-
ìåðó. Òî÷íîñòü è ñêîðîñòü âû÷èñëåíèé òåñòèðîâàëèñü ïî öåëîìó ðÿäó òî÷íî
ðåøàåìûõ íåëèíåéíûõ ñèñòåì ÎÄÓ, ïðèìåðû êîòîðûõ ìîæíî íàéòè, âî ìíî-
ãèõ ó÷åáíèêàõ ïî äèôôåðåíöèàëüíûì óðàâíåíèÿì. Ðàññìîòðèì ñëåäóþùèé
ïðèìåð çàäà÷è Êîøè äëÿ íåëèíåéíîé ñèñòåìû ÎÄÓ [ 129]:

dy
dx

=
y
x

;
dz
dx

= �
y
z

(V.13)

ñ íà÷àëüíûìè óñëîâèÿìè:

y
�

1
2

�
=

1
2

; z
�

1
2

�
=

p
3

2
: (V.14)

Óêàçàííàÿ çàäà÷à Êîøè òî÷íî ðåøàåòñÿ:

y(x) = x; z(x) =
p

1 � x2; (z � 0); (V.15)
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òàê ÷òî x2 + y2 = 1, ò.å. êîíôèãóðàöèîííîé òðàåêòîðèåé ñèñòåìû ÿâëÿåò-
ñÿ îêðóæíîñòü åäèíè÷íîãî ðàäèóñà. Õîòÿ íàéäåííîå òî÷íîå ðåøåíèå çàäà÷è
Êîøè èìååò âåñüìà ïðîñòîé âèä, ñ òî÷êè çðåíèÿ ïðèìåíåíèÿ ÷èñëåííûõ ìå-
òîäîâ èíòåãðèðîâàíèÿ ñèñòåìà (V.13) ÿâëÿåòñÿ äîñòàòî÷íî íåóäîáíîé: îíà
íå ÿâëÿåòñÿ àâòîíîìíîé è èìååò îñîáûå òî÷êè ïðè x=0, z=0. Ïîýòîìó ñè-
ñòåìà ÎÄÓ ( V.13) è ïîäîáíûå åé óäîáíû äëÿ òåñòèðîâàíèÿ ÷èñëåííûõ ìå-
òîäîâ ðåøåíèÿ ÎÄÓ. Ðàññìîòðèì ïðèìåð ÷èñëåííîãî ðåøåíèÿ çàäà÷è Êîøè
(V.14)-(V.15) è ìàíèïóëÿöèè ñ ýòèìè ðåøåíèÿìè. Ñðàçó îãîâîðèìñÿ, ÷òî äëÿ
ñîçäàííîãî êîìïëåêñà ïðîãðàìì èññëåäîâàíèå ñèñòåìû ( V.14)-(V.15) ÿâëÿ-
åòñÿ ýëåìåíòàðíîé çàäà÷åé, íî ìû ïðîäåìîíñòðèðóåì íà ýòîé çàäà÷è âñå
îñîáåííîñòè ïðèìåíåíèÿ ïàêåòà ïðîãðàìì, ÷òîáû íå çàãðîìîæäàòü èçëîæå-
íèå ãðîìîçäêèìè âûðàæåíèÿìè. Äàëåå, õîòÿ ñèñòåìà ( V.14) óæå ÿâëÿåòñÿ
íîðìàëüíîé, òåì èíòåðåñíåå áóäåò ïðîâåðèòü äëÿ ýòîãî ñëó÷àÿ èñïîëíåíèå
ïðîöåäóð ïðåîáðàçîâàíèÿ åå ê çàäà÷å Êîøè äëÿ íîðìàëüíîé ñèñòåìû ñ óíè-
ôèöèðîâàííûìè èìåíàìè ïåðåìåííûõ:

>DifEq[SysCauchy\_ConvNorm]([diff(y(x),x)=y(x)/x,
sqrt\eqref{GrindEQ__3_}/2]);

[[2; 1]; [[X 1(t); X 2(t)]]; []; [y(x) = X 1(t); z(x) = X 2(t)] ;h
d
dtX 1(t) = X 1(t)

t ; d
dtX 2(t) = � X 1(t)

X 2(t)

i
;

h
X 1

�
1
2

�
= 1

2; X 2
�

1
2

�
=

p
3

2

i
; 1

2

i

Ñëåäóåò çàìåòèòü, ÷òî äàííàÿ êîìàíäà íå ÿâëÿåòñÿ îáÿçàòåëüíîé äëÿ ðåøå-
íèÿ ñèñòåìû óðàâíåíèé, íî îíà õîðîøî äåìîíñòðèðóåò ñòðóêòóðó âíóòðåí-
íèõ ïðîãðàììíûõ ïðîöåäóð. Ñàìî ÷èñëåííîå ðåøåíèå, íàïðèìåð, ìåòîäîì
Ðîçåíáðîêà ñðàçó äîñòèãàåòñÿ êîìàíäîé:

>SS1:=DifEq[NumDsolve]([diff(y(x),x)=y(x)/x,
diff(z(x),x)=-y(x)/z(x)],
[y(1/2)=1/2,z(1/2)=sqrt\eqref{GrindEQ__3_}/2],
rosenbrock);

è âûâîäèòñÿ â ôóíêöèîíàëüíîì ñïèñî÷íîì âèäå, ñîîòâåòñòâóþùåì âåêòîð-
íîé ôóíêöèè ñêàëÿðíîãî àðãóìåíòà. Ïðîäåìîíñòðèðóåì ïîñòðîåíèå êîíôè-
ãóðàöèîííîé òðàåêòîðèè ñèñòåìû (V.14)-(V.15)

r = [ y(x); z(x)] = [ X 1(t); X 2(t)]
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ïðè èíòåãðèðîâàíèè ìåòîäîì Ðîçåíáðîêà. Ïîñòðîåíèå òðàåêòîðèè äîñòèãà-
åòñÿ ïðîñòîé ñòàíäàðòíîé êîìàíäîé Maple, â êîòîðîé ìû óêàçàëè äâå íåîáÿ-
çàòåëüíûå îïöèè: scaling = CONSTRAINED � äëÿ ñîõðàíåíèÿ ìàñøòàáà, è
color=black, äëÿ îïðåäåëåíèÿ öâåòà êðèâîé:

>plot([SS4(t)[1,1],SS4(t)[1,2],t=-1..1],
scaling=CONSTRAINED,color=black);

.
Ðèñ.V.60 Êîíôèãóðàöèîííàÿ òðàåêòîðèÿ ñèñòåìû
(V.14) - (V.15) [X1(t),X2(t)] ïðè èçìåíåíèè ¾âðåìåíè¿
t íà èíòåðâàëå [-1,1].

Çàìåòèì, ÷òî âèçóàëüíî èçìåíåíèå ôàçîâûõ òðàåêòîðèè â çàâèñèìîñòè îò
ïðèìåíÿåìûõ èç ïåðå÷èñëåííûõ âûøå ìåòîäîâ ÷èñëåííîãî èíòåãðèðîâàíèÿ
îáíàðóæèòü íå óäàåòñÿ. Äëÿ âûÿñíåíèÿ âîïðîñà î òî÷íîñòè ìåòîäîâ èíòå-
ãðèðîâàíèÿ áóäåì âû÷èñëÿòü ëîãàðèôì ìîäóëÿ ðàçíîñòè ÷èñëåííîãî, Z(t),
è òî÷íîãî, Z0(t), ðåøåíèé ( V.15):

L(t) = lg jZ (t) � Z0(t)j: (V.16)

Âðåìÿ T - ðàñ÷åòà è ïîñòðîåíèÿ êîíôèãóðàöèîííûõ äèàãðàìì òèïà
Ðèñ.V.61ìîæíî âû÷èñëèòü ñ ïîìîùüþ âñòðîåííîé â Maple êîìàíäû time() .
Íà ãèñòîãðàììå Ðèñ.V.64ïîêàçàíà çàâèñèìîñòü âðåìåíè âûïîëíåíèÿ äàííîé
îïåðàöèè îò ìåòîäà ÷èñëåííîãî èíòåãðèðîâàíèÿ (ñì. [ 98] � [ 100]).
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Âû÷èñëåíèÿ ïðîâîäèëèñü íà êîìïüþòåðå AMD Athlon T M 64� 2 Dual Core
Processor 4200+ 2.2 ÃÃö 2,00 ÃÁ ÎÇÓ. Äàííûå î ñêîðîñòè âû÷èñëåíèé ìå-
òîäîì ðàçëîæåíèÿ â ðÿäû Òåéëîðà, taylor, íå ïðèâåäåíû íà ãèñòîãðàììå
Ðèñ.V.64, ïîñêîëüêó ýòî âðåìÿ íåñîïîñòàâèìî âåëèêî ïî ñðàâíåíèþ ñ äðóãè-
ìè ìåòîäàìè.

Íåêîòîðûå ðåçóëüòàòû îïðåäåëåíèÿ òî÷íîñòè ðåøåíèÿ ñîçäàííûõ ïðî-
ãðàììíûõ ïðîöåäóð ïðåäñòàâëåíû íà Ðèñ.V.61, Ðèñ.V.62. Ñðàâíèòåëüíàÿ
òî÷íîñòü ìåòîäîâ ÷èñëåííîãî èíòåãðèðîâàíèÿ ïîêàçàíû íà ãèñòîãðàììå
Ðèñ.V.63.

Âñþäó íà ãèñòîãðàììàõ � rk45 � ìåòîä Ðóíãå � Êóòòà 4-5 ïîðÿäêîâ, rk78 �
ìåòîä Ðóíãå-Êóòòà 7-8 ïîðÿäêîâ, Rosn � ìåòîä Ðîçåíáðîêà, Stif � ìåòîä sti�,
Tayl � ìåòîä ðàçëîæåíèé Òåéëîðà, Clas � êëàññè÷åñêèé ìåòîä.

.
Ðèñ.V.61 Ëîãàðèôì àáñîëþòíîé
òî÷íîñòè ÷èñëåííîãî èíòåãðèðîâà-
íèÿ ñèñòåìû (V.14)-(V.15) ìåòîäîì
Ðóíãå-Êóòòà 4-5 ïîðÿäêîâ.

.
Ðèñ.V.62 Ëîãàðèôì àáñîëþòíîé
òî÷íîñòè ÷èñëåííîãî èíòåãðèðîâà-
íèÿ ñèñòåìû (V.14)-(V.15) ìåòîäîì
Ðóíãå-Êóòòà 7-8 ïîðÿäêîâ.
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.
Ðèñ.V.63 Çàâèñèìîñòü ñðåäíåãî ëîãàðèôìà àáñîëþò-
íîé ïîãðåøíîñòè, hLi , ìåòîäà ÷èñëåííîãî ðåøåíèÿ çà-
äà÷è Êîøè.

Òàê, íàïðèìåð, âðåìÿ, çàòðà÷èâàåìîå íà âû÷èñëåíèÿ ñ ïîìîùüþ ìåòîäà
Ðóíãå-Êóòòà ñîñòàâëÿåò äëÿ ðàññìîòðåííîãî ïðèìåðà ïîðÿäêà 0,062 ñåê, â
òî âðåìÿ, êàê ýòà æå îïåðàöèÿ, âûïîëíåííàÿ ñ ïîìîùüþ ìåòîäà Òåéëîðà
çàíèìàåò 66,2 ñåê, ò.å., â 1000 ðàç áîëüøå. Êëàññè÷åñêèé ìåòîä äàåò ñëèø-
êîì ïëîõèå ðåçóëüòàòû äëÿ íåëèíåéíûõ ñèñòåì ÎÄÓ. Òàêèì îáðàçîì, îïòè-
ìàëüíûìè ìåòîäàìè âû÷èñëåíèé (äîñòàòî÷íî õîðîøàÿ òî÷íîñòü ïðè âûñî-
êîé ñêîðîñòè âû÷èñëåíèé ìîæíî ïðèçíàòü ìåòîäû Ðîçåíáðîêà è sti�-ìåòîä,
à ìåòîäîì, äàþùèì íàèáîëüøóþ òî÷íîñòü ïðè ñðåäíåé ñêîðîñòè âû÷èñëåíèé
ìîæíî ïðèçíàòü ìåòîä Ðóíãå-Êóòòà 7-8 ïîðÿäêîâ.
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.
Ðèñ.V.64 Çàâèñèìîñòü ñðåäíåãî âðåìåíè, T (â ñåêóí-
äàõ), ðàñ÷åòà è ïîñòðîåíèÿ êîíôèãóðàöèîííîé äèà-
ãðàììû äëÿ ñèñòåìû (V.14)-(V.15) îò ìåòîäà ÷èñëåí-
íîãî ðåøåíèÿ çàäà÷è Êîøè: rk45 � ìåòîä Ðóíãå-Êóòòà
4-5 ïîðÿäêîâ, rk78 � ìåòîä Ðóíãå-Êóòòà 7-8 ïîðÿäêîâ,
Rosn- ìåòîä Ðîçåíáðîêà, Stif � ìåòîä sti�, Clas � êëàñ-
ñè÷åñêèé ìåòîä.

V.8 Ïðîãðàììíûå ïðîöåäóðû ñïëàéíîâîé èíòåðïîëÿ-
öèè ôóíêöèé

V.8.1 Ñïëàéíû

Îïèøåì òåïåðü àëãîðèòìû è ïðîãðàììíûå ïðîöåäóðû ïàêåòà ïðîãðàìì
Splines, ïîçâîëÿþùèå àâòîìàòè÷åñêè ïîëó÷àòü ðåøåíèå çàäà÷è Êîøè äëÿ
íåëèíåéíîé ñèñòåìû ÎÄÓ ïðîèçâîëüíîãî ïîðÿäêà â ôîðìå ðàâíîìåðíûõ êó-
áè÷åñêèõ ñïëàéíîâ è B-ñïëàéíîâ. Äëÿ ñîçäàíèÿ àïïàðàòà àíàëèòè÷åñêîãî èñ-
ñëåäîâàíèÿ ðåøåíèé íåëèíåéíîé ñèñòåìû ÎÄÓ è ïðîâåäåíèå êîìïüþòåðíî-
ãî ìîäåëèðîâàíèÿ íåëèíåéíûõ îáîáùåííî-ìåõàíè÷åñêèõ ñèñòåì áûëè ñîçäà-
íû ñïåöèàëèçèðîâàííûå ïðîãðàììíûå ïðîöåäóðû, ïîçâîëÿþùèå âûïîëíÿòü
íàä ñïëàéíàìè àëãåáðàè÷åñêèå è èíòåãðî-äèôôåðåíöèàëüíûå îïåðàöèè, à
òàêæå îïåðàöèè âçàèìîîáðàòíîãî êîíâåðòèðîâàíèÿ ñïëàéíîâ è B-ñïëàéíîâ
â êóñî÷íî- è êóñî÷íî-ïàðàìåòðè÷åñêè- çàäàííûå ôóíêöèè. Òàêèì îáðàçîì,
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óäàëîñü äîáèòüñÿ âàæíîãî ðåçóëüòàòà � ñîçäàòü êîìïëåêñ ïðîãðàìì, ïîçâî-
ëÿþùèé ïðîâîäèòü àíàëèòè÷åñêîå êîìïüþòåðíîå èññëåäîâàíèå íåëèíåéíûõ
îáîáùåííî-ìåõàíè÷åñêèõ ñèñòåì.

Äàäèì íåêîòîðûå íåîáõîäèìûå â äàëüíåéøåì îïðåäåëåíèÿ è ïîíÿòèÿ òåî-
ðèè ñïëàéíîâ (ñì., íàïðèìåð, [ 130], [128]).

Îïðåäåëåíèå ÎV.1. Ïóñòü íåêîòîðàÿ ôóíêöèÿ f(x) çàäàíà íà îòðåçêå
[a,b], è ïóñòü äëÿ íåêîòîðîãî öåëîãî n 2 Z äëÿ âíóòðåííèõ òî÷åê îòðåçêà
[a,b] âûïîëíåíî óñëîâèå:

x0 < x 1 < x 2 < � � � xn� 1 < x n; (x0 � a; xn � b):
Êóáè÷åñêèì ñïëàéíîì îòíîñèòåëüíî ôóíêöèè f(x) íà îòðåçêå [a,b] íà-

çûâàåòñÿ ôóíêöèÿ S(x), óäîâëåòâîðÿþùàÿ òðåì óñëîâèÿì:

1. íà êàæäîì îòðåçêå [x i � 1; x i ] (i = 1; n) S(x) ÿâëÿåòñÿ ìíîãî÷ëåíîì
òðåòüåé ñòåïåíè;

2. S(x) ÿâëÿåòñÿ ôóíêöèåé êëàññà C3 íà âñåì îòðåçêå [a,b];

3. â òî÷êàõ xi (i = 0; n)âûïîëíÿåòñÿ ðàâåíñòâî S(x i ) = f (x i ); (i = 0; n).
(14) Îïðåäåëåíèå 2. Íàòóðàëüíûì êóáè÷åñêèì ñïëàéíîì íàçûâàåòñÿ
êóáè÷åñêèé ñïëàéí, óäîâëåòâîðÿþùèé òàêæå ãðàíè÷íûì óñëîâèÿì âè-
äà:

S00(a) = S00(b) = 0 :

Äëÿ íàòóðàëüíûõ êóáè÷åñêèõ ñïëàéíîâ ñïðàâåäëèâà òåîðåìà Øåíáåðãà �
Óèòíè:

Òåîðåìà ÒV.1. Äëÿ ëþáîé ôóíêöèè f(x) è ëþáîãî ðàçáèåíèÿ îòðåçêà [a,b]
cóùåñòâóåò îäèí è òîëüêî îäèí íàòóðàëüíûé ñïëàéí S(x).

Îïðåäåëåíèå 3 . Ðàâíîìåðíûì ñïëàéíîì íàçûâàåòñÿ êóáè÷åñêèé ñïëàéí,
ïîëó÷åííûé ðàâíîìåðíûì ðàçáèåíèåì îòðåçêà [a,b]:

x i � x i � 1 = � ; (8i 2 1; n):
Ñïëàéí ïîðÿäêà n ïðåäñòàâëÿåòñÿ ìíîãî÷ëåíîì n-ãî ïîðÿäêà íà êàæäîì

îòðåçêå. Òàêèì îáðàçîì, ñïëàéí n-ãî ïîðÿäêà, S(x; p), ìîæíî ðàññìàòðèâàòü
êàê êóñî÷íî-çàäàííóþ íà îòðåçêå [a; b] ôóíêöèþ, ïðåäñòàâëåííóþ ìíîãî÷ëå-
íîì p-ãî ïîðÿäêà íà êàæäîì îòðåçêå, ñ êîýôôèöèåíòàìè òàêèìè, ÷òîáû îáåñ-
ïå÷èâàòü ïðèíàäëåæíîñòü S(x; p) ôóíêöèÿì êëàññà Cp íà âñåì îòðåçêå [a; b].
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Â ïàêåòå CurveFitting ñèñòåìû Maple èìåþòñÿ âñòðîåííûå ïðîöåäóðû
ïîñòðîåíèÿ ñïëàéíîâîé èíòåðïîëÿöèè Spline (ñì., íàïðèìåð, [3]), êîòîðûå
ìîãóò èìåòü ôîðìàò Spline( xydata, v, dgr, endpts) èëè Spline (xdata, ydata,
v, dgr, endpts), ãäåxydata � äâóìåðíûé ìàññèâ âèäà [. . . ,[xi,yi],. . . ], xdata,
ydata � îäíîìåðíûå ìàññèâû âèäà [. . . ,xi,..], [. . . ,yi,. . . ]; v � èìÿ íåçàâèñèìîé
ïåðåìåííîé, dgr � íåîáÿçàòåëüíûé ïàðàìåòð, çàäàíèå êîòîðîãî îñóùåñòâ-
ëÿåòñÿ â ôîðìå degree=p, ãäåp 2 Z � íàèâûñøàÿ ñòåïåíü èíòåðïîëÿöè-
îííûõ ïîëèíîìîâ. Ïî óìîë÷àíèþ p=3, è ïîëó÷àåòñÿ êóáè÷åñêèé ñïëàéí.
Íàêîíåö, endpts � íåîáÿçàòåëüíûé ïàðàìåòð, óïðàâëÿþùèé òèïîì ñïëàé-
íà, íàïðèìåð, endpoints='natural' äàåò íàòóðàëüíûé ñïëàéí. Ïðèìåíåíèå
ïðîöåäóðû Spline ê äâóìåðíîìó èëè äâóì îäíîìåðíûì ìàññèâàì ãåíåðè-
ðóåò ñïëàéí, êîòîðûé â ÑÊÌ Maple, ïðåäñòàâëÿåòñÿ, ôàêòè÷åñêè, êóñî÷íî-
çàäàííîé ôóíêöèé ñ âåðòèêàëüíûì ôîðìàòîì âûâîäà åå êóñêîâ. Íåñìîòðÿ
íà òî, ÷òî ïðîãðàììíûå ïðîöåäóðû ñïëàéíîâîé èíòåðïîëÿöèè ôóíêöèé ñè-
ñòåìû Maple âåñüìà äîñòîâåðíî è íàäåæíî îñóùåñòâëÿþò ïîñòðîåíèå ñïëàé-
íîâîé èíòåðïîëÿöèè ÷èñëîâûõ áàç äàííûõ óêàçàííûõ ìàññèâîâ, ïðîãðàìì-
íûé àïïàðàò äåéñòâèé ñî ñïëàéíàìè â ÑÊÌ îòñóòñòâóåò, ÷òî íå ïîçâîëÿåò
íåïîñðåäñòâåííî ïðèìåíÿòü ðåçóëüòàòû ñïëàéíîâîé èíòåðïîëÿöèè ÷èñëåí-
íûõ ðåøåíèé äëÿ àíàëèòè÷åñêèõ èññëåäîâàíèé ìîäåëåé. Ïîýòîìó äëÿ ñî-
çäàíèÿ ýôôåêòèâíîãî àïïàðàòà êîìïüþòåðíîãî ìîäåëèðîâàíèÿ íåëèíåéíûõ
îáîáùåííî-ìåõàíè÷åñêèõ ñèñòåì â ÑÊÌ íåîáõîäèìî ðàçðàáîòàòü ïðîãðàìì-
íîå îáåñïå÷åíèå îïåðàöèé íàä ñïëàéíàìè.

V.8.2 Ïðîöåäóðû êîíâåðòèðîâàíèÿ ñïëàéíîâ

Èñïîëüçóÿ ïðîöåäóðó Spline, ñîçäàäèì íåîáõîäèìóþ â äàëüíåéøåì ïðîìåæó-
òî÷íóþ 6-òè ïàðàìåòðè÷åñêóþ îáðàòíóþ ê Spline ïðîñòóþ ïðîöåäóðó ãåíåðà-
öèè ðàâíîìåðíûõ n-êóñî÷íûõ êóáè÷åñêèõ ñïëàéíîâ îòíîñèòåëüíî ôóíêöèè
f(x), çàäàííîé íà îòðåçêå [a,b], Splines[SplineF](f,x,a,b,n,z) ñ ïåðåäà÷åé èìåíè
z åå íåçàâèñèìîìó àðãóìåíòó:

>Splines[SplineF]:=proc(f,x,a,b,n,z) local F,X,Basa:
Basa:=[seq([a+i*(b-a)/n,eval(F(a+i*(b-a)/n))],i=0..n)]:
CurveFitting[Spline](Basa,z): end proc:

Ââåäåì ïðåäâàðèòåëüíî òðåõïàðàìåòðè÷åñêóþ ïðîöåäóðó
Splines[Conv_List](sp,t,z) êîíâåðòèðîâàíèÿ ñïëàéíà sp ôóíêöèè f íà çàäàí-
íîì îòðåçêå â óïîðÿäî÷åííûé ñïèñîê, ñîñòîÿùèé èç ÷åòíîãî ÷èñëà ýëåìåí-
òîâ, â êîòîðîì êàæäàÿ ïàðà ïðåäñòàâëÿåò ñîáîé óïîðÿäî÷åííûé íàáîð ýëå-

262



V.8. Ïðîãðàììíûå ïðîöåäóðû ñïëàéíîâîé èíòåðïîëÿöèè ôóíêöèé

ìåíòîâ, ïåðâûé èç êîòîðûõ � íåðàâåíñòâî, óñòàíàâëèâàþùåå âåðõíþþ ãðà-
íèöó èíòåðâàëà, à âòîðîé � ñïëàéí íà äàííîì èíòåðâàëå:

>Splines[Conv\_List]:=proc(sp,t,z)
local LSS0,LSS,T,ddd,NN0,NN1,t1,DDD:
LSS0:=convert(sp,list):LSS:=(T)-> subs(t=T,LSS0):
NN0:=nops(LSS0):NN1:=(NN0+1)/2:
ddd:=rhs(op(3,LSS(t)))-rhs(op(1,LSS(t))):
t1:=rhs(op(1,LSS(t)))-ddd:DDD:=t1+NN1*ddd:
[seq(op(i,LSS(z)),i=1..NN0-1),(z<DDD,op(-1,LSS(z)))]:
end proc:

Çàìåòèì, ÷òî ïðîöåäóðà àâòîìàòè÷åñêè ðàñïîçíàåò ïàðàìåòðû ñïëàéíà. Ñî-
çäàäèì òàêæå è îáðàòíóþ ïðîöåäóðó êîíâåðòèðîâàíèÿ ñïèñêà â êóñî÷íî-
çàäàííóþ ôóíêöèþ, piecewise :

>Splines[Conv_Piece]:=proc(Ls,t,z) local T,LS0,LSS0:
LS0:=(T)->subs(t=T,Ls):
LSS0:=(t)->subs(op(-2,LS0(t))=NULL,LS0(t)):
piecewise(op(LSS0(z))):
end proc:

Çäåñü ïðèìåíåíà âñòðîåííàÿ ïðîöåäóðà Maple NULL� êîìàíäà ïóñòîãî ìíî-
æåñòâà Ø. Â êà÷åñòâå ïðèìåðîâ ãåíåðàöèè ñïëàéíîâ, íà êîòîðûõ ìû áóäåì
äåìîíñòðèðîâàòü ïðèìåíåíèå áîëåå ñëîæíûõ îïåðàöèé ðàññìîòðèì ñëåäóþ-
ùèå òðè:

>PPS6:=(z)->Splines[SplineF](sin(x),x,0,2*Pi,6,z):
PPS12:=(z)->Splines[SplineF](sin(x),x,0,2*Pi,12,z):
PPS24:=(z)->Splines[SplineF](sin(x),x,0,2*Pi,24,z):

Âñå òðè ñïëàéíà ñîçäàíû ïî îòíîøåíèþ ê ôóíêöèè f(x)=sin(x) íà îòðåçêå
[0,2� ] ñ èìåíåì íåçàâèñèìîé ïåðåìåííîé z: ñïëàéí PPS6 ñîäåðæèò 6 èíòåð-
âàëîâ, PPS12 � 12 èíòåðâàëîâ è PPS24 � 24 èíòåðâàëà. Ðåçóëüòàò ãåíåðàöèè
ñïëàéíîâ ìû íå ïðèâîäèì èç-çà ãðîìîç-äêîñòè ðåçóëüòàòà. Çàìåòèì òîëüêî,
÷òî óæå 6-êóñî÷íûé ñïëàéí, PPS6, äàåò ãðàôèê, êî-òîðûé âèçóàëüíî íåâîç-
ìîæíî îòëè÷èòü îò ãðàôèêà ïîðîæäàþùåé åãî ôóíêöèè sin(x). Ýôôåêòèâ-
íóþ ïðîâåðêó êîððåêòíîñòè ñîçäàííûõ ïðîãðàììíûõ ïðîöåäóð ìîæíî ïðî-
âåñòè, äâàæäû êîíâåðòèðóÿ ñãåíåðèðîâàííûé ñïëàéí ñ ïîìîùüþ ïðîöåäóð
Splines[Conv_List] è Splines[Conv_Piece]. Ïðîâåðêà ïîêàçûâàåò ðåçóëüòàòû,
êîòîðûå ãðàôè÷åñêè íåîòëè÷èìû îò îðèãèíàëà.
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V.9 Ïðîãðàììíûå ïðîöåäóðû îïåðàöèé íàä ñïëàéíàìè

V.9.1 Ïðîöåäóðà äèôôåðåíöèðîâàíèÿ ñïëàéíîâ

Îïåðàöèÿ âû÷èñëåíèÿ ïðîèçâîäíîé n-ãî ïîðÿäêà â òî÷êå t0 îò ñïëàéíà ìîæ-
íî ââåñòè ïðîñòîé ïðîãðàììíîé ïðîöåäóðîé ñ ïîìîùüþ âñòðîåííîé â Maple
ïðîãðàììíîé ïðîöåäóðîé convert(DSP(T),piecewise,T), êîíâåðòèðóþùåé
ñïëàéí â êóñî÷íî-çàäàííóþ ôóíêöèþ:

>Splines[SplineDiff]:=proc(spline,t,t0,n) local F,X,T,DSP,DS:
F:=(X)->subs(t=X,spline):DSP:=(T)->subs(X=T,diff(F(X),X\n)):
DS:=(T)->convert(DSP(T),piecewise,T):DS(t0):
end proc:

Âû÷èñëèì, íàïðèìåð, ñ ïîìîùüþ ïîñòðîåííîé ïðîöåäóðû ïåðâóþ ïðîèçâîä-
íóþ ñïëàéíà PPS6 â òî÷êå � /4:

>Splines[SplineDiff](PPS6(t),t,Pi/4,1);

207
p

3
160� � 0; 7133207

p
3

160� � 0; 7133
Ïðÿìîå âû÷èñëåíèå çíà÷åíèÿ sin( � /4) = äàåò

p
2=2 � 0; 7071, ò.å., îòëè-

÷àåòñÿ îò ïðåäûäóùåãî â òðåòüåì çíàêå. Îäíàêî, óæå ïðè óâåëè÷åíèè ÷èñëà
èíòåðâàëîâ â äâà ðàçà (ñïëàéí PPS12) òî÷íîñòü èíòåðïîëÿöèè âîçðàñòàåò íà
ïîðÿäîê: PPS12( � /4)?0,7072. Äëÿ èñïîëüçîâàíèÿ ïðîèçâîäíîé îò çàäàííîãî
ñïëàéíà êàê ôóíêöèè íåîáõîäèìî òåïåðü ïðîñòî îïðåäåëèòü ýòó ôóíêöèþ:

>F:=(x)->Splines[SplineDiff](PPS(t),t,x,1):

V.9.2 Ïðîöåäóðû âû÷èñëåíèÿ ôóíêöèé îò ñïëàéíîâ

Ïðîöåäóðû íàõîæäåíèÿ ôóíêöèè f(S,t) îò ñïëàéíà S ìîæíî ñîçäàòü äâóìÿ
ïóòÿìè.

Ïåðâûé, ñàìûé ïðîñòîé, îñíîâàí íà ïåðâîíà÷àëüíîì êîíâåðòèðîâàíèè èñ-
õîäíîé àïïðîêñèìàöèè â ñïèñîê è ïîñòðîåíèè íà îñíîâå åãî íîâîé áàçû äëÿ
ñïëàéíà. Âòîðîé, áîëåå ñëîæíûé, ñîñòîèò â íà÷àëüíîì êîíâåðòèðîâàíèè èñ-
õîäíîãî ñïëàéíà â ñïèñîê, ïðåîáðàçîâàíèå ôóíêöèé ñïèñêà è êîíâåðòèðîâà-
íèå ýòîãî ñïèñêà â êóñî÷íî-çàäàííóþ ôóíêöèþ. Ïîëó÷åííàÿ âòîðûì ñïîñî-
áîì ôóíêöèÿ óæå íå ÿâëÿåòñÿ, ñòðîãî ãîâîðÿ, ñïëàéíîì n-ãî ïîðÿäêà, òàê êàê
íà êàæäîì èíòåðâàëå ïðåäñòàâëÿåòñÿ óæå íå ìíîãî÷ëåíîì n-ãî ïîðÿäêà, à
ôóíêöèåé îò ýòîãî ìíîãî÷ëåíà. Îäíàêî, ïðè ýòîì ñîõðàíÿåòñÿ ïðèíàäëåæ-
íîñòü êóñî÷íî-çàäàííîé ôóíêöèè f(S) êëàññó Cn, åñëè ñàìà ôóíêöèÿf(x)

264



V.9. Ïðîãðàììíûå ïðîöåäóðû îïåðàöèé íàä ñïëàéíàìè

ïðèíàäëåæèò ýòîìó êëàññó. Ïåðâàÿ èç óêàçàííûõ ïðîöåäóð 4-õ ïàðàìåòðè-
÷åñêàÿ ïðîöåäóðà Splines[SplineFunctionPoint]èìååò âèä:

>Splines[SplineFunctionPoint]:=proc(sp,t,f,z)
local LS,n,N,t1,d,F,T,k,X,FF,FFF,TT,tN,Basa,LS1:
LS:=(sp,t,z)->Splines[Conv_List](sp,t,z):
n:=(sp,t,z)->nops(LS(sp,t,z)):
N:=(sp,t,z)->1/2*n(sp,t,z):
d:=(sp,t,z)->rhs(LS(sp,t,z)[3])-rhs(LS(sp,t,z)[1]):
t1:=(sp,t,z)->rhs(LS(sp,t,z)[1]):
TT:=(k,sp,t,z)->t1(sp,t,z)+(k-1)*d(sp,t,z):
tN:=(sp,t,z)->TT(N(sp,t,z)-1,sp,t,z):
F:=(k,sp,t,z)->subs(z=TT(k,sp,t,z),LS(sp,t,z)[2*k]):
FF:=(sp,X,T,f)->subs({sp=X,t=T},f):
FFF:=(k,sp,t,z)->eval(FF(sp,F(k,sp,t,z),TT(k,sp,t,z),f)):
Basa:=[seq([TT(k,sp,t,z),FFF(k,sp,t,z)],k=1..N(sp,t,z))]:
CurveFitting[Spline](Basa,z):
end proc:

Çäåñü ïåðâûé ïàðàìåòð åñòü ñïëàéí, âòîðîé � åãî íåçàâèñèìàÿ ïåðåìåííàÿ,
òðåòèé � ôóíêöèÿ îò ñïëàéíà, ÷åòâåðòûé � ïðèñâîåííîå íîâîå èìÿ íåçàâèñè-
ìîé ïåðåìåííîé. Âòîðàÿ èç óêàçàííûõ ïðîöåäóð ñ òàêèìè æå ïàðàìåòðàìè
èìååò âèä:

>Splines[SplineFunction]:=proc(sp,t,f,z)
local LS,n,N,t1,d,F,T,k,X,FF,FFF,TT,tN,SBS,LS1:
LS:=(sp,t,z)->Splines[Conv_List](sp,t,z):
n:=(sp,t,z)->nops(LS(sp,t,z)): N:=(sp,t,z)->1/2*n(sp,t,z):
d:=(sp,t,z)->rhs(LS(sp,t,z)[3])-rhs(LS(sp,t,z)[1]):
t1:=(sp,t,z)->rhs(LS(sp,t,z)[1]):
TT:=(k,sp,t,z)->t1(sp,t,z)+(k-1)*d(sp,t,z):
tN:=(sp,t,z)->TT(N(sp,t,z)-1,sp,t,z):
F:=(k,sp,t,z)->LS(sp,t,z)[2*k]: FF:=(sp,X,T,f)
->subs(\{sp=X,t=T\},f):FFF:=(k,sp,t,z)
->eval(FF(sp,F(k,sp,t,z),z,f)):
SBS:={seq(LS(sp,t,z)[2*k]=FFF(k,sp,t,z),k=1..N(sp,t,z))}:
LS1:=subs(SBS,LS(sp,t,z)):Splines[Conv_Piece](LS1,t,z):
end proc:
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.
Ðèñ.V.65 Ñðàâíåíèå ôóíêöèé îò ñïëàéíà
PPS6(z), ïîëó÷åííîé ïðîöåäóðîé Splines
[SplineFunctionPoint] (òîíêàÿ ëèíèÿ), ïðî-
öåäóðîé Splines[SplineFunction] (æèðíàÿ
ëèíèÿ) ñ ôóíêöèåé x� sin 2(x) (òî÷å÷íàÿ ëè-
íèÿ).

Ýòîò ðåçóëüòàò, êàê è ìíîãèå äðóãèå, íàãëÿäíî ïîêàçûâàþò ïðàêòè÷åñêè
ïîëíîå ñîâïàäåíèå ðåçóëüòàòîâ èíòåðïîëÿöèè ôóíêöèè ñïëàéíîâ ñ ïîìîùüþ
ïðîöåäóðû Splines[SplineFunction] ñ ôóíêöèåé-îðèãèíàëîì äàæå ïðè íåáîëü-
øîì ÷èñëå èíòåðâàëîâ è çíà÷èòåëüíîå ðàñõîæäåíèå ðåçóëüòàòîâ ïðè ïðèìå-
íåíèè ïðîöåäóðû Splines[SplineFunctionPoint]6.

V.9.3 Ïðîöåäóðà âû÷èñëåíèÿ ôóíêöèé îò äâóõ ñïëàéíîâ

Â äàëüíåéøåì íàì ïîíàäîáÿòñÿ ôóíêöèè îò äâóõ ñïëàéíîâ, S1è
S2, - f(S1,S2,t) . Â ÷àñòíîñòè, òàêèå ôóíêöèè áóäóò ïîëåçíûìè ïðè âû-
÷èñëåíèè îïðåäåëåííûõ èíòåãðàëîâ, êîãäà ïî ôîðìóëå Íüþòîíà íåîáõîäè-
ìî âû÷èñëèòü ðàçíîñòü äâóõ ñïëàéíîâ. Ñîçäàäèì ïðîöåäóðó âû÷èñëåíèÿ

6 Çàìåòèì, ÷òî ñ óâåëè÷åíèåì ÷èñëà èíòåðâàëîâ ïðîöåäóðà Splines[SplineFunctionPoint]òàêæå íà÷èíàåò
äàâàòü íåïëîõèå ðåçóëüòàòû.
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òàêèõ ôóíêöèé. Ïðè ýòîì âàæíî, ÷òîáû ñïëàéíû ñîâïàäàëè êàê âíåøíè-
ìè, òàê è âíóòðåííèìè èíòåðâàëàìè. Áóäåì ïðåäïîëàãàòü ñïëàéíû ðàâíî-
ìåðíûìè. Äëÿ ââîäà ïðîöåäóðû âû÷èñëåíèÿ ôóíêöèè îò ïàðû ñïëàéíîâ,
Splines[BiSplineFunction , èñïîëüçóåì ðàññìîòðåííûé âûøå âòîðîé ìåòîä
ïîñòðîåíèÿ ïðîãðàììíîé ïðîöåäóðû âû÷èñëåíèÿ ôóíêöèè îò ñïëàéíà. Ñî-
çäàííàÿ ïðîãðàììíàÿ ïðîöåäóðà Splines[BiSplineFunction](S1,S2,t) àâ-
òîìàòè÷åñêè ðàñïîçíàåò ââîäèìûå ïîëüçîâàòåëåì ñïëàéíû S1, S2è ïðè èõ
íåñîîòâåòñòâèè äðóãó âûäàåò ïîëüçîâàòåëþ ñîîáùåíèå îá ýòîì è ïðåêðàùàåò
âûïîëíåíèå îïåðàöèé.

>Splines[BiSplineFunction]:=proc(sp1,sp2,t,f,z)
local LS_1,LS_2,N1,N2,n1,n2,t1_1,t1_2,d1,d2,d,
t1,N,n,F1,F2,T,k,TT,tN,FF,FFF,SBS,LSS:
LS_1:=(sp1,t,z)->Splines[Conv_List](sp1,t,z):
LS_2:=(sp2,t,z)->Splines[Conv_List](sp2,t,z):
N1:=(sp1,t,z)->1/2*nops(LS_1(sp1,t,z)):
n1:=(sp1,t,z)->nops(LS_1(sp1,t,z)):
d1:=(sp1,t,z)->rhs(LS_1(sp1,t,z)[3])-rhs(LS_1(sp1,t,z)[1]):
t1_1:=(sp1,t,z)->rhs(LS_2(sp1,t,z)[1]):
N2:=(sp2,t,z)->1/2*nops(LS_2(sp2,t,z)):
n2:=(sp2,t,z)->nops(LS_2(sp2,t,z)):
d2:=(sp2,t,z)->rhs(LS_2(sp2,t,z)[3])-rhs(LS_2(sp2,t,z)[1]):
t1_1:=(sp1,t,z)->rhs(LS_1(sp1,t,z)[1]):
t1_2:=(sp2,t,z)->rhs(LS_2(sp2,t,z)[1]):
if N1(sp1,t,z)<>N2(sp2,t,z) or
d1(sp1,t,z)<>d2(sp2,t,z) or t1_1(sp1,t,z)<>t1_2(sp2,t,z)
then print("Èíòåðâàëû ñïëàéíîâ íå ñîâïàäàþò"):
else
N:=(sp1,t,z)->N1(sp1,t,z):n:=(sp1,t,z)->n1(sp1,t,z):
d:=(sp1,t,z)->d1(sp1,t,z):t1:=(sp1,t,z)->t1_1(sp1,t,z):
TT:=(k,sp1,t,z)->t1(sp1,t,z)+(k-1)*d(sp1,t,z):
tN:=(sp1,t,z)->TT(N(sp1,t,z)-1,sp1,t,z):
F1:=(k,sp1,t,z)->LS_1(sp1,t,z)[2*k]:
F2:=(k,sp2,t,z)->LS_2(sp2,t,z)[2*k]:
FF:=(sp1,sp2,X,Y,T,f)->subs({sp1=X,sp2=Y,t=T},f):
FFF:=(k,sp1,sp2,t,z)->
eval(FF(sp1,sp2,F1(k,sp1,t,z),F2(k,sp2,t,z),z,f)):
SBS:={seq(LS_1(sp1,t,z)[2*k]=FFF(k,sp1,sp2,t,z),
k=1..N(sp1,t,z))}:LSS:=subs(SBS,LS_1(sp1,t,z)):
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Splines[Conv_Piece](LSS,t,z):
end if:end proc:

V.9.4 Ïðîöåäóðà âû÷èñëåíèÿ îïðåäåëåííîãî èíòåãðàëà îò ôóíê-
öèè ñïëàéíà

Ñîçäàäèì òåïåðü ïðîöåäóðó âû÷èñëåíèÿ îïðåäåëåííîãî èíòåãðàëà îò ôóíê-

öèè f, çàäàííîé â ñïëàéíîâîé èíòåðïîëÿöèè, âèäà
bR

a
f (S; t)dt; ãäåS(t) � ðàâ-

íîìåðíûé N- êóñî÷íûé ñïëàéí, îïðåäåëåííûé íà íåêîòîðîì îòðåçêå [t1,tn] ,
è [a,b] � ïðîèçâîëüíûé âåùåñòâåííûé îòðåçîê. Ïðåäâàðèòåëüíî ââåäåì ïðî-
öåäóðó âû÷èñëåíèÿ ñòóïåí÷àòîé ôóíêöèè, êîòîðàÿ â îòëè÷èå îò ñòàíäàðò-
íûõ Maple-ôóíêöèé õîðîøî îïðåäåëåíà íà ãðàíèöàõ èíòåðâàëîâ:

>Splines[MyHeaviside]:=(x,a,b)->
piecewise(x<a or x>b,0,x=a,1,x=b,1,x>a and x<b,1):

íà îñíîâå êîòîðîé îïðåäåëèì 4-õ ïàðàìåòðè÷åñêóþ ïðîãðàììíóþ ïðîöåäó-
ðó âû÷èñëåíèÿ îïðåäåëåííîãî èíòåãðàëà íà îòðåçêå [a,b] îò ôóíêöèè f
ñïëàéíà sp(t) .

>Splines[SplineDefInt]:=proc(sp,t,f,a,b) local
#
LS,N,n,t1,tn,ST,d,K1,K2,F,T,k,FG,FGN,FF,FFF,TT,LS1,SP1,NumInt:
LS:=convert(sp,list):N:=1/2*(nops(LS)+1):n:=nops(LS)+1:
d:=rhs(LS[3])-rhs(LS[1]):t1:=rhs(LS[1])-d:tn:=t1+N*d:
TT:=(k)->t1+(k-1)*d:ST:=(T)->Splines[MyHeaviside](T,t1,tn):
K1:=floor((a-t1)/d):K2:=ceil((b-t1)/d):
if ST(a)=0 then
print("Íèæíèé ïðåäåë èíòåãðèðîâàíèÿ ìåíüøå
íèæíåé ãðàíèöû èíòåðâàëà",a<t1):
elif ST(b)=0 then
print("Âåðõíèé ïðåäåë èíòåãðèðîâàíèÿ áîëüøå
âåðõíåé ãðàíèöû èíòåðâàëà",b>tn):
elif ST(a)=1 and ST(b)=1 then
F:=(T,k)->piecewise(k<N,FG(T,k),k=N,FGN(T)):
FF:=(sp,X,T,f)->subs(\{sp=X,t=T\},f):
FFF:=(T,k)->eval(FF(sp,F(T,k),T,f)):
FG:=(T,k)->eval(subs(t=T,LS[2*k])):
FGN:=(T)->eval(subs(t=T,LS[n-1])):
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if K1=K2-1 then NumInt:=Splines[Integral](a,b,20,6,T,FFF(T,K1+1)):
else
NumInt:=Splines[Integral](a,TT(K1+1),20,6,T,FFF(T,K1+1))+
Splines[Integral](TT(K2),b,100,6,T,FFF(T,K2))
+sum(Splines[Integral](TT(k),TT(k+1),20,6,T,FFF(T,k+1)),
k=K1+1..K2-1):
end if:
end if:
NumInt:
end proc:

Ñîçäàííàÿ ïðîöåäóðà àâòîìàòè÷åñêè ðàñïîçíàåò ïàðàìåòðû ñïëàéíà è â ñëó-
÷àÿõ, êîãäà ãðàíèöû îòðåçêà[a,b] âûõîäÿò çà ãðàíèöû îïðåäåëåíèÿ ñïëàé-
íà, âûäàåò ïîëüçîâàòåëþ ñîîáùåíèå è ïðåêðàùàåò âûïîëíåíèå îïåðàöèè.
Ñîçäàííàÿ ïðîöåäóðà èñïîëüçóåò ïðîìåæóòî÷íóþ ïðîöåäóðó ïðèáëèæåííî-
ãî èíòåãðèðîâàíèÿ ìåòîäîì ïðÿìîóãîëüíèêîâ, Splines[Integral] . Ðàññìîò-
ðèì ïðèìåð èíòåãðèðîâàíèÿ ñïëàéíà, äëÿ ÷åãî áóäåì ñðàâíèâàòü òî÷íîå çíà-

÷åíèå èíòåãðàëà:
2�R

0
x sin2(x)dx = � 2 � 9; 869604404ñî çíà÷åíèÿìè èíòåãðà-

ëà, âû÷èñëåííîãî íà ðàññìîòðåííûõ âûøå ñïëàéíàõ PPS6(x),PPS12(x):

>Splines[SplineDefInt](PPS6(t),t,t*PPS6(t)\^{}2,0,2*Pi);

9.319671503

>Splines[SplineDefInt](PPS12(t),t,t*PPS12(t)\^{}2,0,2*Pi);

9.810990839.
Òàêèì îáðàçîì, ïðè óâåëè÷åíèè â 2 ðàçà ÷èñëà èíòåðâàëîâ ñïëàéíà òî÷-

íîñòü âû÷èñëåíèÿ îïðåäåëåííîãî èíòåãðàëà âîçðîñëà áîëåå, ÷åì íà ïîðÿäîê,
è îøèáêà âû÷èñëåíèé äëÿ ðàññìîòðåííîãî ïðèìåðà íå ïðåâûøàåò 1%.

V.10 Ïðîãðàììíûå ïðîöåäóðû îïåðàöèé íàä
B - ñïëàéíàìè

Îïðåäåëåíèå ÎV.2. B-ñïëàéíîì (áàçèñíûì ñïëàéíîì) íàçûâàþò ñïëàéí-
ôóíêöèþ, èìåþùóþ íàèìåíüøèé íîñèòåëü äëÿ çàäàííîé ñòåïåíè, ïîðÿäêà
ãëàäêîñòè è ðàçáèåíèÿ îáëàñòè îïðåäåëåíèÿ.
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Ôóíäàìåíòàëüíàÿ òåîðåìà óñòàíàâëèâàåò, ÷òî ëþáàÿ ñïëàéí-ôóíêöèÿ äëÿ
çàäàííîé ñòåïåíè, ãëàäêîñòè è îáëàñòè îïðåäåëåíèÿ ìîæåò áûòü ïðåäñòàâëå-
íà êàê ëèíåéíàÿ êîìáèíàöèÿ B-ñïëàéíîâ òîé æå ñòåïåíè è ãëàäêîñòè íà òîé
æå îáëàñòè îïðåäåëåíèÿ (ñì., íàïðèìåð, [ 130], [128]). Â ÑÊÌ Maple ôóíêöèÿ
âû÷èñëåíèÿ B-ñïëàéíîâ, BSplineCurve, ñîäåðæèòñÿ, êàê è ôóíêöèÿSpline ,
â ïàêåòåCurveFitting . Ïðîãðàììíàÿ ïðîöåäóðà BSplineCurve èìååò ôîð-
ìàò ââîäà, àíàëîãè÷íûé ôîðìàòó ââîäà ïðîöåäóðû Spline:
BSplineCurve(xydata,v,opts ) èëè BSplineCurve(xdata, ydata,v,opts ),
ãäå òåïåðü, íåîáÿçàòåëüíûå ïàðàìåòðû èìåþò ôîðìàò order=k èëè knots
=knotlist , à knowlist � ñïèñîê óçëîâ. Îäíàêî, ôîðìàò âûâîäà ïðîöåäó-
ðû BSplineCurve ñóùåñòâåííî îòëè÷àåòñÿ îò ôîðìàòà âûâîäà ïðîöåäóðû
Spline � âìåñòî êóñî÷íî - çàäàííîé íà îòðåçêå [a,b] ôóíêöèè
S(x) BSplineCurv âûâîäèò äâà ñïèñêà êóñî÷íî- çàäàííûõ ôóíêöèé S(t) è
x(t) â âåðòèêàëüíîì ôîðìàòå, ãäå t � íîâûé ïàðàìåòð, êîòîðûé ïðèíèìàåò
çíà÷åíèÿ íà íåêîòîðîì èíòåðâàëå [k,n] n>k , ãäåk; n 2 Z, ïðè ýòîì îòðåçîê
[k,n] ðàçáèâàåòñÿ íà öåëî÷èñëåííûå îòðåçêè:[i; i +1] ; i = k; n. Ôàêòè÷åñêè,
ôîðìàò âûâîäà B-ñïëàéíà ýêâèâàëåíòåí âûâîäó êóñî÷íî-ïàðàìåòðè÷åñêè-
çàäàííîé ôóíêöèè:

x = x(t); S = S(t) ) r = [ x(t); S(t)]; (V.17)

õîòÿ è íå ñîâïàäàåò ñ íåé, ÷òî ñîçäàåò áîëüøèå íåóäîáñòâà äëÿ ïîëüçîâàòåëÿ.
Äëÿ óñòðàíåíèÿ óêàçàííîãî íåäîñòàòêà ÑÊÌ Maple ââåäåì 6-òè ïàðàìåò-

ðè÷åñêóþ ïðîöåäóðó
Splines[BSplineF(f,x,a,b,n,z) ãåíåðàöèè n-êóñî÷íîãî B-ñïëàéíà íà îñ-
íîâå çàäàííîé íà èíòåðâàëå [a,b] ôóíêöèè f(x) è ïîñëåäóþùåãî êîíâåð-
òèðîâàíèÿ ïîëó÷åííîãî B-ñïëàéíà â êóñî÷íî � ïàðàìåòðè÷åñêè çàäàííóþ
ôóíêöèþ âèäà ( V.17):

>Splines[BSplineF]:=proc(f,x,a,b,n,z) local
F,X,Basa,BS,BSy,BSx,x\_min,x\_max,Xt,Yt:
F:=(X)->subs(x=X,f):
Basa:=[[a,eval(F(a))],seq([a+i*(b-a)/n,
eval(F(i*(b-a)/n))],i=0..n),[b,eval(F(b))],[b,eval(F(b))]]:
BS:=CurveFitting[BSplineCurve](Basa,X,order=4):
BSy:=(X)->op(-1,BS(X)):
BSx:=(X)->op(-2,BS(X)):
x_min:=min(\rhs(BSy(X)))-1:
x_max:=max(\rhs(BSy(X))):
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Yt:=evalf(convert(op(subs(X=z,BS))[2],piecewise,z)):
Xt:=evalf(convert(op(subs(X=z,BS))[1],piecewise,z)):
[Xt,Yt,x\_min,x\_max]:
end proc:

Òàêæå ñîçäàäèì òðåõïàðàìåòðè÷åñêóþ ïðîöåäóðó
Splines[ConvBSpline_Piece](BS,x,z) êîíâåðòèðîâàíèÿ B-ñïëàéíà BS(x) â
êóñî÷íî � ïàðàìåòðè÷åñêè çàäàííóþ ôóíêöèþ ñ èìåíåì z ïàðàìåòðà:

>Splines[ConvBSpline\_Piece]:=proc(BS,x,z)
local X,BBS,BSy,BSx,x\_min,x\_max,Xt,Yt:
BBS:=(X)->subs(x=X,BS):
BSy:=(X)->op(-1,BBS(X)):
BSx:=(X)->op(-2,BBS(X)):
x_min:=min(\rhs(BSy(X)))-1:
x_max:=max(\rhs(BSy(X))):
Yt:=evalf(convert(op(subs(X=z,BBS(X)))[2],piecewise,z)):
Xt:=evalf(convert(op(subs(X=z,BBS(X)))[1],piecewise,z)):
[Xt,Yt,x_min,x_max]:
end proc:

Ñîçäàííûå ïðîöåäóðû êîíâåðòèðîâàíèÿ óñòàíàâëèâàþò ñâÿçü ìåæäó B
- ñïëàéíîâûì è ñïëàéíîâûì ïðåäñòàâëåíèÿìè èíòåðïîëÿöèè è ïîçâîëÿþò
èñïîëüçîâàòü ìîùíûé àïïàðàò B-ñïëàéíîâ àíàëèòèçàöèè ïðîöåññà ÷èñëåí-
íîãî èíòåãðèðîâàíèÿ íåëèíåéíûõ ñèñòåì ÎÄÓ.

V.11 Ñïëàéíîâîå ïðåäñòàâëåíèå ÷èñëåííîãî ðåøåíèÿ
íåëèíåéíîé ñèñòåìû ÎÄÓ

Èíòåãðèðóåì, íàêîíåö, ïðîãðàììíûå ïðîöåäóðû îïèñàííîãî çäåñü ïàêåòà
ïðîãðàìì Splines ñ ïðîãðàììíûìè ïðîöåäóðàìè ïàêåòà DifEq â áëîêå ¾i¿
êîíâåðòèðîâàíèÿ ÷èñëåííûõ ðåøåíèé íåëèíåéíîé ñèñòåìû ÎÄÓ â êóñî÷íî-
çàäàííûå ôóíêöèè (ñì. Ðèñ. 1 â ðàáîòå [1]). Ýòîò áëîê ñîäåðæèò ÷åòûðå
ïðîãðàììíûå ïðîöåäóðû:
DifEq[ODESpline], DifEq[ODEBSpline],
DifEq[ReODESpline], DifEq[ReODEBSpline]. Ïðîöåäóðà àâòîìàòèçèðîâàí-
íîé ñïëàéíîâîé îáðàáîòêè ÷èñëåííîãî ðåøåíèÿ çàäà÷è Êîøè äëÿ íåëèíåé-
íîé ñèñòåìû ïðîèçâîëüíîãî ÷èñëà ÎÄÓ ïðîèçâîëüíîãî ïîðÿäêà
DifEq[ODESpline](Eqs,Inits,Method,x1,n,i,k,x) ñîäåðæèò 8 ïàðàìåòðîâ:
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Eqs - óïîðÿäî÷åííûé ñïèñîê ñèñòåìû ÎÄÓ, Inits � óïîðÿäî÷åííûé ñïèñîê
íà÷àëüíûõ óñëîâèé, Method � Ìåòîä èíòåãðèðîâàíèÿ, x1 � êîíå÷íàÿ òî÷êà
èíòåðâàëà èíòåãðèðîâàíèÿ, n � ÷èñëî èíòåðâàëîâ ñïëàéíà, i � ïîðÿäêîâûé
íîìåð âûâîäèìîé ôóíêöèè 7, k � ïîðÿäîê ïðîèçâîäíîé ýòîé ôóíêöèè, x -
ïðèñâàèâàåìîå èìÿ íåçàâèñèìîé ïåðåìåííîé:

>DifEq[ODESpline]:=proc(Eqs,Inits,Method,x1,n,i,k,x)
local AAA,NN,XX,nn,nnn,l,x0,Eqs1,Inits1,SS,SD,
SD1,SD11,t,xj,SD1j,XXik,SXXik,z1,BS:
AAA:=DifEq[SysCauchy_ConvNorm](Eqs,Inits):
NN:=AAA[1,1]:XX:=AAA[2]:nn:=nops(XX):
nnn:=(i)->nops(AAA[2,i]):x0:=AAA[6]:
xj:=(l)->x0+(x1-x0)*l/n:Eqs1:={op(AAA[4])}:
Inits1:={op(AAA[5])}:
if Method=45 then
SS:=dsolve(Eqs1 union Inits1,type=numeric,
method=rkf45,output=listprocedure):
elif Method=78 then
SS:=dsolve(Eqs1 union Inits1,type=numeric,
method=dverk78,output=listprocedure):
elif Method=stiff then
SS:=dsolve(Eqs1 union Inits1,type=numeric,
stiff=true,output=listprocedure):
elif Method=rosenbrock then
SS:=dsolve(Eqs1 union Inits1,type=numeric,
method=rosenbrock,output=listprocedure):
elif Method=taylor then
SS:=dsolve(Eqs1 union Inits1,type=numeric,
method=taylorseries,output=listprocedure):
elif Method=classic then
SS:=dsolve(Eqs1 union Inits1,type=numeric,
method=classical,output=listprocedure):
end if:
SD:=subs(SS,XX):SD1:=[rhs(SS[1]),SD]:SD1j:=(l)->SD1(xj(l)):
XXik:=(i,k,l)->[SD1j(l)[1],(SD1j(l)[2])[i,k]]:
SXXik:=(i,k)->[seq(XXik(i,k,l),l=0..n)]:
BS:=(i,k,x)->CurveFitting[Spline](SXXik(i,k),x):

7 Ñîâïàäàåò ñ ïîðÿäêîâûì íîìåðîì óðàâíåíèÿ â ñèñòåìå ÎÄÓ.
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BS(i,k,x):
end proc:

Àíàëîãè÷íî ñòðîèòñÿ è 8-ìè ïàðàìåòðè÷åñêàÿ ïðîöåäóðà
DifEq[ODEBSpline], íî â â íåé èñïîëüçîâàíà ïðîöåäóðà
Splines[ConvBSpline_Piece] ,ïîçâîëÿþùàÿ àâòîìàòè÷åñêè îñóùåñòâëÿòü
âûâîä ðåøåíèé â âèäå êóñî÷íî - ïàðàìåòðè÷åñêè � çàäàííûõ ôóíêöèé ( V.7).
Àíàëîãè÷íî ñòðîÿòñÿ è 10-ïàðàìåòðè÷åñêèå ïðîãðàììíûå ïðîöåäóðû
DifEq[ReODESpline] è DifEq[ReODEBSpline]ñ ïåðåçàãðóçêîé ìåòîäà èíòå-
ãðèðîâàíèÿ â òî÷êå x2. Çàìåòèì, ÷òî âñå ðàññìîòðåííûå â ýòîì ðàçäåëå
ïðîöåäóðû ÿâëÿþòñÿ êîíå÷íûìè è íå òðåáóþò îò ïîëüçîâàòåëÿ ïðèìåíåíèÿ
êàêèõ-ëèáî äðóãèõ ïðîöåäóð äëÿ ïîëó÷åíèÿ ðåøåíèé â ñèñòåìû íåëèíåéíûõ
ÎÄÓ â ôîðìå ñïëàéíîâ èëè B-ñïëàéíîâ. Êðîìå òîãî, ðåøåíèÿ âûâîäÿòñÿ â
ôîðìàòå àíàëèòè÷åñêîé ôóíêöèè èëè óïîðÿäî÷åííîé ïàðû ôóíêöèé â ñëó-
÷àå B-ñïëàéíà.

V.12 Ïðèìåð êîìïüþòåðíîãî èññëåäîâàíèÿ ñèñòåìû
íåëèíåéíûõ ÎÄÓ

Äëÿ äåìîíñòðàöèè êîìïëåêñà ïðîãðàìì ðàññìîòðèì ïðîñòîé ïðèìåð ïîëó-
÷åíèÿ ðåøåíèÿ ñèñòåìû ÎÄÓ â âèäå ñïëàéíîâ. Â êà÷åñòâå ñèñòåìû ÎÄÓ
ðàññìîòðèì íåëèíåéíóþ ñèñòåìó îäó 1-ãî ïîðÿäêà ( V.13)-(V.14). Îòìåòèì,
÷òî âûáîð ïðîñòîé ñèñòåìû, à òàêæå ìàëîå êîëè÷åñòâî èíòåðâàëîâ ñïëàéíà,
êîòîðîå ìû ñîáèðàåìñÿ ââåñòè, ïðîäèêòîâàíû ëèøü íåîáõîäèìîñòüþ êðàòêî-
ñòè èçëîæåíèÿ. Òåñòèðîâàíèå ïîêàçûâàåò âåñüìà õîðîøèå ðåçóëüòàòû è ïðè
áîëüøîì ÷èñëå óðàâíåíèé ñèñòåìû (äåñÿòêè), âûñîêîãî ïîðÿäêà óðàâíåíèé
ñèñòåìû (äî 6-ãî) è áîëüøîì êîëè÷åñòâå èíòåðâàëîâ ñïëàéíîâ (äåñÿòêè).
Îäíàêî, âûâîä òàêèõ ðåçóëüòàòîâ çàíèìàåò âåñüìà áîëüøîå ìåñòî, íå ñîâìå-
ñòèìîå ñ ôîðìàòîì êíèãè. Âñÿ îïåðàöèÿ ÷èñëåííîãî ðåøåíèÿ ñèñòåìû ñ åãî
ñïëàéíîâûì ïðåäñòàâëåíèåì ïðîèçâîäèòñÿ ïðîñòîé êîìàíäîé:

F6:=(xi)->Splines[ODESpline]([diff(y(x),x)=y(x)/x,
diff(z(x),x)=-y(x)/z(x)],[y(-1/2)=-1/2,
z(-1/2)=sqrt(3)/2],45,1,12,1,2,xi):evalf(F6(xi),4);

Ôîðìàò âûâîäà ðåçóëüòàòà èíòåãðèðîâàíèÿ ìû òàêæå óïðîñòèëè, ñîêðà-
òèâ ÷èñëî âûâîäèìûõ çíà÷àùèõ öèôð äî 4:

> F6(xi);
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.
Ðèñ.V.66 Âûâîä ÷èñëåííîãî ðåøåíèÿ çàäà÷è Êîøè ( V.13 ) � ( V.14)
íà îòðåçêå [-1/2,1] ìåòîäîì Ðóíãå-Êóòòà 4-5 ïîðÿäêîâ â âèäå êó-
áè÷åñêîãî 6-êóñî÷íîãî ñïëàéíà ñ íàçíà÷åíèåì èìåíè íåçàâèñèìîé
ïåðåìåííîé � . Âûâåäåíà ôóíêöèÿ z(x)=X2( � )

Âû÷èñëèì âòîðóþ ïðîèçâîäíóþ îò ïîëó÷åííîãî ðåøåíèÿ â òî÷êå � =1/8:

>DifEq[SplineDiff](F6(t),t,1/8,2);

-1.210034572
Âû÷èñëèì îïðåäåëåííûé èíòåãðàë îò ïîëó÷åííîãî ðåøåíèÿ

R1
0 sinz(� )d� :

>DifEq[SplineDefInt](F6(xi),xi,sin(xi),0,1);

.4596988780
Ãðàôè÷åñêîå ïðåäñòàâëåíèå ðåøåíèÿ èíòåðâàëå [-1/2,1] ÷åðíûì öâåòîì â

æåñòêîì ôîðìàòå ïðîèçâîäèòñÿ ñòàíäàðòíîé êîìàíäîé Maple:

> plot([F6(t),sqrt(1-t^2)],t=-1/2..1,color=black,
style=[line,point],scaling=CONSTRAINED,title=
"Òî÷íîå ðåøåíèå (òî÷êè) è ÷èñëåííîå (ëèíèÿ)
â ôîðìàòå 6-òè êóñî÷íîãî ñïëàéíà",titlefont=[TIMES,ROMAN,12]);
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.
Ðèñ.V.67 Âûâîä ãðàôèêà ÷èñëåííîãî ðåøåíèÿ çà-
äà÷è çàäà÷è Êîøè (V.13 ) � ( V.14) íà îòðåçêå [-
1/2,1] ìåòîäîì Ðóíãå-Êóòòà 4-5 ïîðÿäêîâ äëÿ ôóíêöèè
z(x)=X2(t) â âèäå êóáè÷åñêîãî 6-òè êóñî÷íîãî ñïëàéíà.

> plot([Z(t),sqrt(1-t^2)],t=-1/2..1,color=black,
style=[line,point],scaling=CONSTRAINED,title=
"Òî÷íîå ðåøåíèå (òî÷êè) è ÷èñëåííîå (ëèíèÿ)
â ôîðìàòå 48-êóñî÷íîãî ñïëàéíà",titlefont=[TIMES,ROMAN,12]);
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.
Ðèñ.V.68 Âûâîä ãðàôèêà ÷èñëåííîãî ðåøåíèÿ çà-
äà÷è çàäà÷è Êîøè (V.13 ) � ( V.14) íà îòðåçêå [-
1/2,1] ìåòîäîì Ðóíãå-Êóòòà 4-5 ïîðÿäêîâ äëÿ ôóíêöèè
z(x)=X2(t) â âèäå êóáè÷åñêîãî 48-ìè êóñî÷íîãî ñïëàé-
íà.

> plot(F6(t),t=-1/2..1,color=black,scaling=CONSTRAINED);

Íåñîîòâåòñòâèå ôèãóðû íà Ðèñ.V.67äóãå îêðóæíîñòè âûçâàíî ëèøü ìà-
ëûì ÷èñëîì èíòåðâàëîâ ñïëàéíà, ïðîäèêòîâàííûì óêàçàííûìè âûøå ñîîá-
ðàæåíèÿìè. Íà Ðèñ.V.68ïðîäåìîíñòðèðîâàíî èçîáðàæåíèå ñïëàéíà, àíàëî-
ãè÷íîãî F6(t), íî 48-êóñî÷íîãî.
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V.13. Êîìïüþòåðíàÿ ìîäåëü äâèæåíèÿ ðåëÿòèâèñòñêîãî çàðÿäà

V.13 Êîìïüþòåðíàÿ ìîäåëü äâèæåíèÿ ðåëÿòèâèñòñêî-
ãî çàðÿäà â ýëåêòðîìàãíèòíîì ïîëå ñ ó÷åòîì ìàã-
íèòîòîðìîçíîãî èçëó÷åíèÿ

V.13.1 Äèíàìè÷åñêèå óðàâíåíèÿ äâèæåíèÿ

Ïîñòðîèì íà îñíîâå ñîçäàííûõ ïðîãðàììíûõ ïðîöåäóð êîìïüþòåðíóþ ìî-
äåëü äâèæåíèÿ ðåëÿòèâèñòñêîãî çàðÿäà â ñèëüíîì ýëåêòðîìàãíèòíîì ïîëå
ñ ó÷åòîì ìàãíèòîòîðìîçíîãî èçëó÷åíèÿ çàðÿäà. Òàêàÿ çàäà÷à èìååò ìíîãî-
÷èñëåííûå ïðèëîæåíèÿ â òåîðèè ýëåêòðîìàãíèòíîãî óñêîðåíèÿ ýëåìåíòàð-
íûõ ÷àñòèö, ðåëÿòèâèñòñêîé àñòðîôèçèêå, òåîðèè îáðàçîâàíèÿ êîñìè÷åñêèõ
ëó÷åé. Ïóñòü � = Diag(� 1; � 1; � 1; +1) - òåíçîð Ìèíêîâñêîãî. Çäåñü è â
äàëüíåéøåì ëàòèíñêèå ñèìâîëû ïðèíèìàþò çíà÷åíèÿ i; j; :: = (1; 4), ãðå÷å-
ñêèå -�; �; :: = (1; 3); x4 � ct, ñêîðîñòü ñâåòà ðàâíà åäèíèöå (c=1 ). Óðàâíå-
íèÿ äâèæåíèÿ ðåëÿòèâèñòñêîãî çàðÿäà e â ýëåêòðîìàãíèòíîì ïîëå ñ ó÷åòîì
ìàãíèòîòîðìîçíîãî èçëó÷åíèÿ èìåþò âèä [10]:

mc
dui

ds
=

e
c
F i

:kuk + f i ; (V.18)

ãäå:

ui =
dxi

ds
(V.19)

- 4-õ ìåðíûé âðåìåíèïîäîáíûé åäèíè÷íûé âåêòîð ñêîðîñòè:

(u; u) � � ik ui uk = 1; ) ui
dui

ds
= 0: (V.20)

Âåêòîð ìàãíèòîòîðìîçíîé ñèëû, âîçíèêàþùåé çà ñ÷åò ðåàêöèè íà ìàã-
íèòîòîðìîçíîå èçëó÷åíèå, f, â îòëè÷èå îò îáùåïðèíÿòîé ôîðìû, çàïèøåì â
âèäå:

f i =
2e2

3c
P i

k
d2uk

ds2 ; (V.21)

ãäå ìû ââåëè ñèììåòðè÷íûé òåíçîð îðòîãîíàëüíîãî ïðîåêòèðîâàíèÿ íà
íàïðàâëåíèå ui - Pik :

P i
k = � i

k � ui uk; P i
kuk � 0; P i

kPk
j � P i

j : (V.22)

Îáû÷íî óðàâíåíèÿ äâèæåíèÿ ( V.18) ñ ìàãíèòîòîðìîçíîé ñèëîé ( V.21) ñâî-
äÿò ïðèáëèæåííî ê äèôôåðåíöèàëüíûì óðàâíåíèÿì 2-ãî ïîðÿäêà, èñïîëü-
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çóÿ â êà÷åñòâå íóëåâîãî ïðèáëèæåíèÿ óðàâíåíèÿ (V.18) áåç ó÷åòà òîðìîæå-
íèÿ è ïîëó÷àÿ, òàêèì îáðàçîì, âûðàæåíèÿ äëÿ âòîðûõ ïðîèçâîäíûõ 8:

f i �
e
c
F i

:kuk ) mc
dui

ds
�

e
c
F i

:kuk )
d2ui

ds2 �
e

mc2

d
ds

�
F i

:kuk�
(V.23)

Ìû ýòîãî äåëàòü íå áóäåì è ïîëó÷èì òî÷íûå äèíàìè÷åñêèå óðàâíåíèÿ
3-ãî ïîðÿäêà. Ïîäñòàâëÿÿ ( V.21) â óðàâíåíèÿ äâèæåíèÿ (V.18), çàïèøåì èõ
â âèäå:

P i
k
d2uk

ds2 = Gi �
3mc2

2e2

dui

ds
�

3
2e

F i
: kuk: (V.24)

Âñëåäñòâèå (V.20) è àíòèñèììåòðè÷íîñòè òåíçîðà Ìàêñâåëëà âûïîëíÿåò-
ñÿ òîæäåñòâî:

(G; u) � Gi ui = 0 ) Pk
i Gk = Gi ; (V.25)

Ïîýòîìó, ñâîðà÷èâàÿ óðàâíåíèÿ ( V.24) ñ òåíçîðîì îðòîãîíàëüíîãî ïðîåê-
òèðîâàíèÿ, ïðèâåäåì èõ ê ýêâèâàëåíòíîìó âèäó:

P i
k� k = 0; (V.26)

ãäå

� i =
d2ui

ds2 � Gi : (V.27)

Òàêèì îáðàçîì, çàäà÷à ñâîäèòñÿ ê íàõîæäåíèþ íåòðèâèàëüíûõ ðåøåíèé
îäíîðîäíîé àëãåáðàè÷åñêîé ñèñòåìû ëèíåéíûõ óðàâíåíèé ( V.26). Ïðÿìûì
âû÷èñëåíèåì ìîæíî ïîêàçàòü, ÷òî âñëåäñòâèå ñîîòíîøåíèÿ íîðìèðîâêè 4-
âåêòîðà ñêîðîñòè îïðåäåëèòåëü ìàòðèöûP ðàâåí íóëþ:

det(P i
k) � 0: (V.28)

Ïîñêîëüêó ðàíã ìàòðèöû òåíçîðà ÿâëÿåòñÿ èíâàðèàíòîì, òî âûáèðàÿ ñèí-
õðîííóþ ñèñòåìó îòñ÷åòà, â êîòîðîé ui = (0,0,0,1), ïîëó÷èì äëÿ ìàòðèöû P
âûðàæåíèå â ýòîé ñèñòåìå îòñ÷åòà:


 P i

k


 �

2

6
6
4

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

3

7
7
5 ;

8 Ñì., íàïðèìåð, êëàññè÷åñêóþ êíèãó Ë.Ä.Ëàíäàó, Å.Ì. Ëèôøèöà [1].
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âñëåäñòâèå ÷åãî

rank

 P i

k


 = 3: (V.29)

Íî ýòî îçíà÷àåò, ÷òî ñóùåñòâóåò âñåãî îäíî íåòðèâèàëüíîå ðåøåíèå ñè-
ñòåìû ( V.26) . Ñ ó÷åòîì ( V.22) ýòî ðåøåíèå ëåãêî íàõîäèòñÿ:

� i = �u i

Òàêèì îáðàçîì, ìû ïîëó÷èì:
d2ui

ds2 = �u i + Gi :
Äëÿ íàõîæäåíèÿ êîýôôèöèåíòà � â ýòîì ñîîòíîøåíèè ñâåðíåì åãî ñ ui,

ó÷èòûâàÿ ñîîòíîøåíèå íîðìèðîâêè ( V.24) è (V.28). Òîãäà ïîëó÷èì:
� = � ik ui d2uk

ds2 :
Ó÷èòûâàÿ òåïåðü äèôôåðåíöèàëüíîå ñëåäñòâèå ñîîòíîøåíèÿ íîðìèðîâêè

(V.24):

� ik

�
ui d2uk

ds2 + dui

ds
duk

ds

�
� 0;

íàéäåì îêîí÷àòåëüíî:

d2ui

ds2 = � � kl
duk

ds
dul

ds
ui +

3mc2

2e2

dui

ds
�

3
2e

F i
: kuk: (V.30)

Ïîäñòàâëÿÿ â ( V.30) îïðåäåëåíèå 4-ñêîðîñòè (V.19), ïîëó÷èì èñêîìûå
äèôôåðåíöèàëüíûå óðàâíåíèÿ 3-ãî ïîðÿäêà, ðàçðåøåííûå îòíîñèòåëüíî ñòàð-
øèõ ïðîèçâîäíûõ è îïèñûâàþùèå äâèæåíèå ðåëÿòèâèñòñêîãî çàðÿäà â ñèëü-
íûõ ýëåêòðîìàãíèòíûõ ïîëÿõ ñ ó÷åòîì ìàãíèòîòîðìîçíîãî èçëó÷åíèÿ.

V.13.2 Ìàñøòàáèðîâàíèå óðàâíåíèé

Ïåðåìåííîå ýëåêòðîìàãíèòíîå ïîëå áóäåì çàäàâàòü òåíçîðîì Ìàêñâåëëà [ 32]9:

Fik =

0

B
B
@

0 � H3 H2 � E1

H3 0 � H1 � E2

� H2 H1 0 � E3

E1 E2 E3 0

1

C
C
A ; F i

: k =

0

B
B
@

0 H3 � H2 E1

� H3 0 H1 E2

H2 � H1 0 E3

� E1 � E2 � E3 0

1

C
C
A ;

F ik =

0

B
B
@

0 � H3 H2 E1

H3 0 � H1 E2

� H2 H1 0 E3

� E1 � E2 � E3 0

1

C
C
A

;

(V.31)

9 Çäåñü ïåðâûé èíäåêñ � íîìåð ñòîëáöà ìàòðèöû, âòîðîé � íîìåð ñòðîêè.
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ãäå:
E � = E � (r; t ); H � = H � (r; t ) (V.32)

- 3-âåêòîðû íàïðÿæåííîñòè ýëåêòðè÷åñêîãî è ìàãíèòíîãî ïîëÿ � ïðîèçâîëü-
íûå ôóíêöèè ðàäèóñà-âåêòîðà r è âðåìåíè t. Òàêèì îáðàçîì, âûïîëíÿåòñÿ
èçâåñòíîå ñîîòíîøåíèå [ñì., íàïðèìåð, [10]]: 1

2Fik F ik = H 2 � E 2: Çàìåòèì,
âî-ïåðâûõ, ÷òî 4-âåêòîð ñêîðîñòè ui â îòëè÷èå îò 3-âåêòîðà ñêîðîñòè v�

u� =
v�

c
q

1 � v2

c2

; u4 =
1

q
1 � v2

c2

) u� 2 (�1 ; + 1 ); u4 2 [0; + 1 ) (V.33)

ÿâëÿåòñÿ áåçðàçìåðíîé âåëè÷èíîé, òàê êàê ÷åòûðåõìåðíûé èíòåðâàë s èìååò
ðàçìåðíîñòü äëèíû: ds2 = ( dx4)2 � (dr)2 � 0: Âî-âòîðûõ, óðàâíåíèÿ ( V.29)
èìåþò åñòåñòâåííûé ìàñøòàá � ýòî êëàññè÷åñêèé ðàäèóñ ýëåêòðîíà:r0 =
e2

mc2 = 2:81� 10� 13cm: Â ñâÿçè ñ ýòèì ïðîèçâåäåì ïåðåíîðìèðîâêó ìàñøòàáîâ,
ïåðåõîäÿ ê áåçðàçìåðíîìó èíòåðâàëó � è áåçðàçðàçìåðíûì ÷åòûðåõìåðíûì
êîîðäèíàòàì � i:

� = s/r0
; � i = x i�

r0
: (V.34)

Ââåäåì òàêæå áåçðàçìåðíûå íàïðÿæåííîñòè ýëåêòðè÷åñêîãî,e, è ìàãíèòíî-
ãî, b, ïîëåé:

" =
e3

m2c4E = r0
eE
mc2; � =

e3

m2c4H = r0
eH
mc2: (V.35)

Òàêèì îáðàçîì:
j" j = r0/rE

; j� j = r0/rH
; (V.36)

ãäårE ; rH - õàðàêòåðíûå ðàäèóñû êðèâèçíû òðàåêòîðèè çàðÿäà â ýëåêòðè-
÷åñêîì è ìàãíèòíîì ïîëÿõ:

kE � r � 1
E =

ejE j
mc2 ; kH � r � 1

H =
ejH j
mc2 : (V.37)

Òàêèì îáðàçîì, óðàâíåíèÿ ( V.29) â áåçðàçìåðíûõ ïåðåìåííûõ ïðèíèìàþò
âèä:

d3� i

d� 3 = � � kl
d2� k

d� 2

d2� l

d� 2

d�
d�

i

+
3
2

d2� i

d� 2 �
3
2

� i
: k

d�
d�

k

; (V.38)

ãäå � i
:k - òåíçîð Ìàêñâåëëà, îïðåäåëåííûé îòíîñèòåëüíî íîðìèðîâàííûõ

íàïðÿæåííîñòåé e è b àíàëîãè÷íî òåíçîðó Ìàêñâåëëà ( V.30). Èç (V.29) è
(V.37) ñëåäóåò, ÷òî ïðè ïîñòîÿííûõ ýëåêòðîìàãíèòíûõ ïîëÿõ ( F i

:k = Const)
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ïîðÿäîê ðåëÿòèâèñòñêèõ äèíàìè÷åñêèõ óðàâíåíèé ïîíèæàåòñÿ íà 1. Çàìå-
òèì òàêæå, ÷òî ðåëÿòèâèñòñêè ñèëüíûìè ýëåêòðîìàãíèòíûìè ïîëÿìè ìîæíî
ñ÷èòàòü ïîëÿ ñ íîðìèðîâàííûìè íàïðÿæåííîñòÿìè ïîðÿäêà 1:

max(j" j; j� j) � 1: (V.39)

Â òàêèõ ïîëÿõ ðàäèóñ êðèâèçíû òðàåêòîðèè çàðÿæåííîé ÷àñòèöû ñðàâíèì
ñ åå êëàññè÷åñêèì ðàäèóñîì r0. Ýòî � î÷åíü ñèëüíûå ïîëÿ, â êîòîðûõ óêà-
çàííîå âûøå è îáû÷íî èñïîëüçóåìîå ïðèáëèæåíèå ( V.23) [32] íåïðèãîäíî.

V.13.3 Ðåçóëüòàòû èññëåäîâàíèÿ äâèæåíèÿ ðåëÿòèâèñòñêîãî çà-
ðÿäà

Ïðèâåäåì ðåçóëüòàòû èññëåäîâàíèÿ äâèæåíèÿ ðåëÿòèâèñòñêîãî çàðÿäà â ñêðå-
ùåííûõ ýëåêòðîìàãíèòíûõ ïîëÿõ ñ ó÷åòîì ìàãíèòîòîðìîçíîãî èçëó÷åíèÿ.

.
Ðèñ.V.69 Òðàåêòîðèÿ çàðÿäà â
ñèëüíûõ ñêðåùåííûõ ýëåêòðîìàã-
íèòíûõ ïîëÿõ. Ìàãíèòíîå ïîëå íà-
ïðàâëåíî ïî îñè OZ.

.
Ðèñ.V.70 Òðàåêòîðèÿ çàðÿäà â
ñèëüíûõ ñêðåùåííûõ ýëåêòðîìàã-
íèòíûõ ïîëÿõ. Ìàãíèòíîå ïîëå íà-
ïðàâëåíî ïî îñè OZ.
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.
Ðèñ.V.71 Òðàåêòîðèÿ çàðÿäà â ñèëüíûõ
ñêðåùåííûõ ýëåêòðîìàãíèòíûõ ïîëÿõ. Ìàã-
íèòíîå ïîëå íàïðàâëåíî ïî îñè OZ. Çàìåòåí
äðåéô çàðÿäà â íàïðàâëåíèè E � H

V.13.4 Çàêëþ÷åíèå

Ïîäâîäÿ ðåçóëüòàòû, îòìåòèì, ÷òî íàìè ñîçäàí â ñèñòåìå êîìïüþòåðíîé ìà-
òåìàòèêè Maple ñèñòåìà àëãîðèòìîâ è êîìïëåêñ ïðîãðàìì àâòîìàòèçèðî-
âàííîãî ÷èñëåííîãî ðåøåíèÿ çàäà÷è Êîøè äëÿ íåëèíåéíîé ñèñòåìû ïðîèç-
âîëüíîãî ÷èñëà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïðîèçâîëüíî-
ãî ïîðÿäêà, ðàçðåøåííûõ îòíîñèòåëüíî ñòàðøèõ ïðîèçâîäíûõ è åãî àíàëèòè-
÷åñêîãî ïðåäñòàâëåíèÿ â âèäå ñïëàéíîâ è B-ñïëàéíîâ. Îäíîâðåìåííî ñîçäàí
êîìïëåêñ ïðîãðàìì, ïîçâîëÿþùèé îñóùåñòâëÿòü àíàëèòè÷åñêèå àëãåáðàè÷å-
ñêèå è èíòåãðî - äèôôåðåíöèàëüíûå îïåðàöèè íàä ñïëàéíàìè. Òàêèì îáðà-
çîì, êîìïëåêñ ïðåäñòàâëåííûõ ïðîãðàìì ìîæíî ðàññìàòðèâàòü êàê èíñòðó-
ìåíò ÷èñëåííî-àíàëèòè÷åñêîãî èññëåäîâàíèÿ ìàòåìàòè÷åñêèõ ìîäåëåé íåëè-
íåéíûõ îáîáùåííî-ìåõàíè÷åñêèõ ñèñòåì. Èñïîëüçîâàíèå ñïëàéíîâîé èíòåð-
ïîëÿöèè ÷èñëåííûõ ðåøåíèé ïîçâîëÿåò ñóùåñòâåííî (íà ïîðÿäêè) ñîêðàòèòü
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âðåìÿ ñîçäàíèÿ êîìïüþòåðíûõ äèíàìè÷åñêèõ ìîäåëåé. Íà Ðèñ.V.72ïðèâå-
äåí ïðèìåð äåìîíñòðàöèè òàêîé ìîäåëè.

.
Ðèñ.V.72 Îêíî Maple 17 ñ äèíàìè÷åñêîé ìîäåëüþ äâèæåíèÿ çàðÿäà
â ñèëüíûõ ñêðåùåííûõ ýëåêòðîìàãíèòíûõ ïîëÿõ. Ïîêàçàí 86-é êàäð
400-êàäðîâîãî òðåõìåðíîãî èíòåðàêòèâíîãî ôèëüìà.
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