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DJIEKTPOHHASI CTPYKTYpPa SJIEKTPOCTATUYECKU YIEPKUBAEMBIX KBAHTOBBIX TOYEK TpadeHa MOJIETUPYETCs B
paMKaX KBa3W-PeJIATHBUCTCKOI Mozenu rpadena. Beispien KoHdaiiHeEMEHT BUXPEBBIX TOIOJOTMYECKH HETPUBHU-
aJIbHBIX HOCHUTeJIEll 3apsifia rpadeHa B 06J1acTH p-N-IIEPeXo/ia TeKCaroHaJIbHOIo rpadeHa 1o AeficTBHeM BHEII-
HEr0 3JEKTPOCTATUIECKOrO MOTEHIHAJIA CBEPXPEIIeTKN. YIBHO MPOAEMOHCTPUPOBAHBI CYIIECTBOBAHHE CTAIIMO-
HapHBIX ATOMOTIOOOHBIX JIOKAJIM30BAHHBIX CBS3aHHBIX MAOPAHOBCKUX COCTOSTHUN W KOH(MAWHEMEHT COCTOSHII

KOJIJIAIICa 3a CYeT MaiOPAHOBCKUX PE30HAHCOB paccesnus KieitHa.

Karoueswvie caosa: MaﬁopaHOBCKOe BSaHMOﬂeﬁCTBHe, COCTOdHME KOJLJIalIICa, I‘pa(l)eHOBaH KBaHTOBad TO4YKa, KOH-
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Electronic structure of electrostatically confined graphene quantum dots is simulated within the framework
of the quasi-relativistic graphene model. The confinement of vortex topologically-nontrivial graphene charge
carriers in a hexagonal graphene p-n-junction region under an action of an external electrostatic superlattice
potential has been revealed. The existence of steady atom-like localized bound Majorana states and confinement

of collapse states through Majorana resonances of Klein scattering are explicitly demonstrated.
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Introduction

Different attempts in modern high energy physics to find “new physics” beyond the Standard
Model lead to prediction of exotic but still undiscovered fundamental particles as anions, Majorana
fermions, monopoles, strings and some others whose unusual properties are stipulated by their non-
trivial topology. At the same time, applications of quantum field theory methods in solid state physics
already give significant advances both in theoretical description and experimental finding of exotic quasi-
particle excitations of such types [1,2]. In this context it worth to mention the discover and theoretical
explanation of the fractional quantum Hall effect [3] and the prediction and discover of topological
materials [4].
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One of the hottest topic today is a robust quantum computing and the most important but still
unsolved problem in the field is the stability of qubit states. Electrostatically confined graphene quantum
dots (GQDs) are considered nowadays as a promising system primarily due topological non-triviality
of the graphene reciprocal space. GQDs are huge artificial atoms. Nucleus states of huge atoms are
collapsing ones. The collapse phenomenon is still intrigued. The study of GQDs would highlight this
problem.

It has been shown [5] that electronic properties of Dirac-Weyl GQD model such as local density of
states, atom-like behavior and the existence of the so-called quasi-zero energy band can be accurately
described with the use of the quasi-relativistic theory of graphene [6]. However, we have demonstrated
that in the quasi-relativistic quantum field model of graphene [7], quasi-particle excitations are
Majorana-like fermions rather than the Dirac-Weyl ones. This means that non-trivial topology of
reciprocal k-space and non-Abelian statistics of charge carriers can give an additional gain to system
stability.

The goal of the paper is to study electronic structure of the GQD within the developed quantum
field graphene model and to reveal peculiarities stipulated by the Majorana-like nature of quasi-particle
excitations in such a model.

1. Model

We assume that GQD represents itself a rhombic supercell comprised of graphene primitive cells
with a number of cells n; and ns in each direction of the graphene primitive cell vectors. A Hamiltonian
of the GQD includes a free Hamiltonian of the quasi-relativistic pseudo-Majorana graphene model [7]
and an additional confining potential stipulated by a pseudopotential [5]. The free Hamiltonian for
Majorana-like fermions in graphene reads
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where M. AB (M BA4) is an unconventional Majorana-like mass term for a quasiparticle in the sublattice
A(B) which is defined beneath; G55 = SpadapXip, 6545 = ZapdepX h, G2p = {04,0,} is the 2D
vector of the Pauli matrixes; in a similar way we introduce transformed momentum operators ﬁg‘g =
YAB P ZZ}B, PR = Ypa p 2;4, with p = {p,,p,} being 2D momentum operator, X 45 and Xpa
are relativistic quantum-exchange operators for sublattices A, B respectively; ¢ is the speed of light, *
sign designates the complex conjugation. Explicit form of the relativistic quantum-exchange operators
is rather complicated and can be found elsewhere [6], the Majorana-like mass term Mp 4 is determined
as

Mpa = ai®SpaSap — he(GAB - BA)GAB . (ng“ + I?EA) 2)
and A — B indexes should be exchanged for another sublattice, « is an arbitrary constant, and vectors
K BA and K BA are transformed valleys K and K’ of graphene Brillouin zone.

It is easily to see that the Majorana-like mass term consists of the term being the proper Majorana
mass term which is proportional to Xpa¥ a5 (Xa5¥54), and the term V,_, corresponding to coupling
between orbital and valley currents.

With few reasonable assumptions on orientation of vectors K and K’, one can show smallness of
Vo—v (see detail in [8]). Then after choosing ao = 1, it is possible to reduce above written Hamiltonian
to one-body form, so that eigenproblem reads

v (345 - Pea — ¢ " Mpa] [Uha) = EYpa), (3)
and the equation similar to (3) but with labels (AB, BA) exchanged for another sublattice. Now, M4 =

1
CUR

YpAXAB, vr is the Fermi velocity.
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The eigenvalues for this Majorana-like graphene model have been calculated for a sufficiently dense
inhomogeneous lattice covering the Brillouin zone of graphene with about one million points in it (see [8]
for detail) that provides the construction of the interpolation function for the graphene energy band in
the reciprocal space.

To prove topological non-triviality of reciprocal space it is necessary to find a homotopy group. It
is known to be Z for the pseudo Dirac fermion (PDF) model [10] that corresponds to the presence of a
single conic singularity in the graphene energy band. Our Majorana-like graphene quantum field model
has a significantly more complicated topological structure. To reveal it, there have been calculated an
integral from the non-Abelian Zak curvature with limits being two equivalent points in the Brillouin
zone. The integral is the Wilson loop in quantum field theory [9]. We perform this by finding four Zak’s
phases as phases of eigenvalues of infinite product of matrixes [8]. The resulting dependence of the
phase ®; upon quasi-momentum ¢ = k — K is shown in Fig. 1. As one can see, the discrete parallel lines
indeed correspond to values of topological phases (noise in the figure is due to discretization and a finite
number of multiplied matrixes). Beside the value 7 featured also in PDF model [10], in our model there
are presented also smaller divisors of 7 [9]. The resulting structure corresponds to Zq2 [8] at small g,.
This strongly supports our statement on non-Abelian properties of the model.

D,/n
Op

1.

0.5

00 pl.j Q'.z_ 0.3 0.4 0.5 qy /|K|

T T T T T T T T T e et ee preeva
. TR W P
L el R AL gl R L~ P

L L e

—1.0L- aseeto.a o —a® - L _cailhaindinatuinien.”. 2 < 20wt

Fig. 1. Non-Abelian phase ®; of the Wilson-loop eigenvalues in the units of 7 at non-zero gauge fields;
g=k—-K.

Wave functions of GQD being hexagonally symmetrical belong to the states of the graphene
superlattice that is formed under an action of electrically polarized substrate. Eigenstates of the quantum
dot should satisfy periodical boundary conditions imposed by the existence of the superlattice on the
wave vectors k. As it has been shown in [5] they can be related to 2D torus or sphere topological cases.
For example, for GQD of the torus topological class [5], the conditions for the rhombic supercell read:

(2n1 + 1)(A1 - k) = 2nmy, (2ns + 1)(As - k) = 27rma, (4)

where mq, my are integer, A, and A, are two basis vectors of the rhombic unit supercell.

For a given wavevector ELGQ p in full Brillouin zone, satisfying the boundary conditions (4), we
transform it into reduced graphene Brillouin zone. Eigenenergies are denoted as €; ¢gp. As an initial
approximation, eigenstates of Majorana-like graphene model for these energies have been used. The
eigenfunctions of GQD were searched by using a series expansion on bispinor Bloch plain wave functions

—

|73 GQD(F) exp(v(kjcop - 7)) of the graphene pseudo-Majorana vortex particles possessing the wave
Js

vector kjaop and the energy €; o, p. Here \I/,;j,GQD (7) is the solution in momentum representation

for the pseudo-Majorana single-particle excitation in the quasi-relativistic graphene model without the

pseudopotential Vagp.
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Matrix elements of the pseudopotential Vagp are introduced in the following form:

Ngot—1
(V| Vaop [Ym) = Z (U [W3) € (Ve,| Yoy, ) s (5)
i=1,i#v
where index v is used for the state considered as a valence one, Ng,; is the number of energy levels taken
into account. In simulations we used forty levels as a basis for approximation.

The eigenproblem has been solved with such a basis, where for initial eigenfunction Bloch functions
with found EZ-,GQ p and €; gop have been used. The forty base functions have been chosen in few ways:
1) with the smallest &; ¢op, 2) with the highest €; ¢op, 3) with the smallest norm of Ei,GQD Box
normalization conditions have been used for the eigenstates.

2. Results

Figure 2 shows the norm of the wave function of graphene p-n junction for a representative localized
atomic-like state of the quantum dot. In this case, the localization is stipulated by a constructive

interference of wave functions.

Fig. 2. Norm of the hole (electron) wave function of the hexagonal p-n junction (left) consisting of three unit
rhombic cells of superlattice and the norm of the hole (electron) wave function in the supercell (right). This
atom-like state corresponds to the energy level of 0.933115 €eV.

A localized atom-like GQD state can appear as a Klein scattering resonance in a process of scattering
of the Dirac pair consisting of bound Majorana particles. This state is presented in Figure 3a. The fact
that this state is the Klein resonance is proven by its free passing through the potential barrier at normal
incidence on the supercell boundary for phases which are multiples of 7 & 2m;n = 0,1,... [4] as Figure
3(a,right) shows. The bound states of two Majorana-like particles represent themselves hole (electron)
states possessing a total zero topological charge and with the hexagonal symmetry as shown in Figure
3a.

The pseudo-Majorana free state of the electrostatically confined graphene quantum dot is a
superposition of vortex states possessing non-zero topological charges. Since the total topological charge
of the states is non-zero, the wave function of such a superposition has the electron-hole symmetry, as
can be seen in Figure 3b. The electron-hole symmetry is an evidence that the Majorana configuration is
electrically neutral. These Majorana-like states are wave packet of high-frequency (low-frequency) states
with amplitude low-frequency (high-frequency) modulation.

The translational symmetry of the high-frequency states with a high value of the GQD wave vector
kncop » |kncop| > 1 is distorted by the superlattice potential due to the addition of a small basis
wave vector Q | |C§| < 1 of the superlattice unit cell to lgthD.

However, since the vector @ is small, the wave vectors of the graphene dot become periodically
multiples of Eh,GQ D, and this periodicity manifests itself as a Moiré pattern of the electron density of
the graphene quantum dot as Figure 3(b,left) shows.
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Fig. 3. Contour plots for the norm of hole (electron) (a, left) and pseudo-Majorana (b, left) states of the
hexagonal p-n junction; energies of the states are of 0.313 and 0.059 eV, respectively. The norm of the wave
functions in the unit rhombic cell of superlattice are shown in the figures (a, right) and (b, right).

Conclusion

A mechanism for confinement of vortex topologically nontrivial graphene charge carriers in graphene
p-n junctions is proposed. It is shown that the stability of atomic-like localized bound Majorana-like
states is ensured by their confinement through Majorana resonances emerging in a Klein scattering
process. It has been also shown that Moiré pattern states holding non-zero topological charge prevent
the electrostatically confined GQDs from the collapse.
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