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В настоящей работе предлагается возможность наложения условия унимодулярности в рамках 5-мерной
теории Калузы–Клейна с включением скалярного поля. Интерес к унимодулярной гравитации существенно
возрос в конце 1980-х годов [1–3], а в последнее время она была применена при построении моделей ранней
Вселенной с космологической константой в контексте гравитации Бранса–Дикке со скалярным полем [4].
Обобщение принципа унимодулярности на 5-мерную модель Калузы–Клейна было рассмотрено в наших
недавних работах [5,6], где вариационный принцип первоначально формулировался в 5 измерениях, после
чего к полученной системе уравнений применялась процедура сокращения размерности. На основании этих
уравнений была предложена и проанализирована космологическая модель. В данной статье мы развиваем
указанный подход, уделяя особое внимание возмущениям и вопросам устойчивости решений.
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Introduction

Soon after the mathematical foundations of the General Relativity theory were set forth by Einstein
in 1915 [7], the search for solutions began. It is worth mentioning that the first successful applications of
new theory of gravitation, namely the perihelion advance and the bending of light in strong gravitational
field, were using approximations, and not exact solutions, inexistent at the time. Both effects are so small,
that exact solutions would not have brought any practical improvement, the effects of the next order
being below the perception of detecting devices. The first exact solution of Einstein’s equations in vacuo:

Gµν = Rµν −
1

2
gµνR = 0. (1)

was found by Karl Schwarzschild in 1916 [8]. In 1917 Einstein [9] modified his equations introducing
an extra term proportional to the metric tensor gµν , in order to make a static cosmological solution
possible:

Rµν −
1

2
gµνR− Λgµν = −8πG

c4
Tµν (2)

where Tµν is the covariantly conserved energy-momentum tensor, ∇µTµν = 0, where the covariant
derivation is supposed to be performed with respect to the Christoffel connection derived from the
pseudo-Riemannian metric gµν . The metric tensor gµν is also covariantly constant, i.e. we have by
definition ∇λgµν = 0, and obviously, also the covariant 4D divergence of gµν also vanishes. Consequently,
the cosmological term Λ gµν can be added to the energy-momentum tensor without changing its
conservative character:

∇µ(Tµν + Λgµν) = 0 if ∇µTµν = 0. (3)

In 1919 Einstein proposed a constrained version of General Relativity by imposing the
unimodularity condition on the metric, [10] in order to fix a coordinate system. The metrics considered
as possible solutions should have their determinant equal to 1, coinciding with the Minkowski relation
in cartesian coordinates, that is,

√
−g = 1. At that time the Friedmann solution was still unknown,

and the unimodularity condition was an elegant way to justify the presence of the cosmological term,
appearing as a Lagrange multiplier. After Friedmann’s solution describing a time-dependent Universe
was found, Einstein postponed the cosmological constant term judging it as unnecessary, and lost interest
in unimodular gravity as well.

However, unimodular gravity became an object of increasing interest in the late 80-ties [1–3]; and
was recently used in primordial Universe modeling with cosmological constant, in the context of the
Brans-Dicke gravity including scalar field [4].

It is difficult to say where the idea of extra spatial dimensions could come from, but in the early 20th

century Theodor Kaluza (1885− 1954) [11] proposed a unified theory of gravity and electromagnetism
based on the Einsteinian General Relativity extended to five dimensions. By adding an extra spatial
coordinate x5 and assuming that Riemannian geometry applies to the enlarged manifold, Kaluza noticed
that the 15 independent components of metric tensor in 5 dimensions can acomodate the 10 components
of a 4-dimensional subspace which can be identified with the metric tensor of General Relativity, but
also the extra four components of the 4-potential of Maxwell’s electromagnetism, if they are identified
with mixed components g̃5µ = g̃µ5, where µ, ν = 0, 1, 2, 3:

g̃AB =

(
gµν Aµ

Aν 1

)
. (4)

( In what follows, we shall denote by tilded symbols all geometrical objects defined in the 5-dimensional
Kaluza-Klein space, the same symbols relative to the 4-dimensional space-time being given as usual, by
non-tilded letters.)

The standard variational principle applied to the Einstein-Hilbert lagrangian in 5 dimensions lead
to 15 partial differential equations; therefore there is a risk that such a system would be over-determined,
given that we have only 14 independent fields, gµν and Aµ.
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However, by a happy coincidence, even with this incomplete version, the system was not over-
determined due to the fact that out of the 15 Einstein equations in vacuo corresponding to the
components of symmetric Ricci and metric tensors: (µν), (µ5) and (55) the last one R̃55 − 1

2 g̃55R̃

reduces to tautology 0 = 0, leaving exactly 14 equations, which are easily recognized as the usual 4-
dimensional Einstein’s equations with electromagnetic energy-momentum tensor as a source, along with
Maxwell’s equations coupled with gravitational field through covariant derivatives: the 15 equations

R̃AB −
1

2
g̃ABR̃ = 0, (A,B, ..) = (µ, 5), R̃ = R− 1

4
FλρF

λρ. (5)

with an extra assumption that the fields gµν and Aµ depend exclusively on space-time variables xµ and
not on x5, when explicited give rise to the following system of coupled equations:

Rµν −
1

2
gµνR = gλρFµλFνρ −

1

4
gµνFλρF

λρ, (6)

gµν∇µFνλ = 0, (7)

the last 55 component reducing to 0 = 0. This circumstance is often called “the Kaluza-Klein miracle”.
But it is not the only one. There is another happy coincidence, namely, the fact that the determinant

of the 5-dimensional Kaluza-Klein metric does not depend on the electromagnetic fields Aµ, but is a
product of the determinant of the 4-dimensional metric of the space-time multiplied by a function of
the scalar field. This circumstance encourages the idea of introducing the unimodular condition in the
5-dimensional Kaluza-Klein space.

In its first version proposed by Th. Kaluza, the fifth dimension was just an extra space coordinate,
the entire space being isomorphic with M4 × R1 ∼ [ct, x, y, z, x5] ∼ M5, a five-dimensional Minkowski
space.

A few years later, after the advent of Quantum Mechanics, Oskar Klein [12] proposed to consider
a compact fifth dimension, a circle with a very small radius.

Fig. 1. The five-dimensional Kaluza-Klein space with a compact 5th dimension. The local coordinates are
xA = (xµ, x5); A = 1, 2, ..5, µ, ν, .. = (0, i) = 0, 1, 2, 3, which, under the projection π, reduce to points in the
Minkowski space-time: π(xA) = π(xµ, x5) = (xµ) ∈ M4.

The dependence on the fifth dimension of functions defined on the “compactified” space must be
therefore periodic, with a Fourier-like decomposition:

f(xµ, x5) =

∞∑
k=0

ak(x
µ)eikmx5

. (8)

with dim(m) =cm−1.
Consequently, the eigenvalues of the fifth component of quantum momentum operator, p5 = −iℏ∂5

are integer multiples of mass m, or perhaps the electric charge if one chooses an appropriate physical
dimensional parametrisation. Klein’s aim was to explain the discrete values of electric charge of
elementary particles known at that time, electrons and protons.

A unimodular version of the Kaluza-Klein model was considered recently in our last papers [5,6]. We
considered cosmological solutions of the modified model, incorporating the scalar fields realized as the
g55 component of the 5-dimensional metric tensor. Some aspects of small perturbations were discussed,
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too. Here we present a more detailed analysis of cosmological solutions and their stability with respect
to small perturbations.

A couple of decades later the Kaluza-Klein theory was improved by P. Jordan [13] and Y. Thiry [14]
by inclusion of scalar field and its impact on generalized solutions.

Although the five-dimensional Kaluza-Klein theory is not viable, one of the reasons being the
absence of chiral spinors in five space-time dimensions, it is present in some way or another in a
more realistic theory as a restriction to the U(1)-subgroup of the full structural group. As such, it
describes fairly well the equations governing the electromagnetic sector of any unified theory when other
interactions strong and weak nuclear forces can be neglected.

In what follows, we shall formulate the variational principle in 5 dimensions first, and apply
dimensional reduction to the resulting set of equations. The properties of the resulting 4D-model based
on these equations will then be presented and discussed.

1. Unimodular gravity

Unimodular gravity was first proposed by Einstein in 1919 [10] in order to fix a coordinate system
by imposing a condition on the determinant of the metric, coinciding with the Minkowski relation in
cartesian coordinates, that is,

√
−g = 1. This proposal has evolved more recently and the unimodular

gravity was viewed as another approach to the cosmological constant problem and to quantization of
gravity, see for example [3,15–18]. In generalizing the unimodular gravity to the Kaluza-Klein, we follow
the lines sketched in [17,19].

Prior to describing the implementation of the unimodular constraint in the Kaluza-Klein theory,
let us revise briefly its possible implementations in the context of General Relativity theory through the
addition of the constraint in the Einstein-Hilbert action using the Lagrange multiplier technique. Let us
consider the action

S =

∫
d4x

{√
−gR− χ(

√
−g − ξ)

}
+

∫
d4x
√
−gLm. (9)

In this expression, χ is a Lagrange multiplier, and ξ is an external field introduced in order to give
flexibility in the choice of the coordinate system. As a special case, ξ may be considered a pure number,
which implies the choice of a specific coordinate system.

The variation with respect to the metric leads to:

Rµν −
1

2
gµνR+

χ

2
gµν = 8πGTµν . (10)

The variation with respect to χ leads to the unimodular constraint:

ξ =
√
−g. (11)

The trace of (10) implies:

χ =
R

2
+ 8πG

T

2
. (12)

Inserting this result in (10), we obtain the unimodular field equations:

Rµν −
1

4
gµνR = 8πG

(
Tµν −

1

4
gµνT

)
. (13)

The theory is now invariant by a restricted class of diffeomorphisms, called transverse diffeomorphisms.
The Bianchi identities imply that, in general, the usual energy-momentum tensor conservation must

be generalized as follows:

R;ν

4
= 8πG

(
Tµν

;µ −
1

4
T ;ν

)
. (14)
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If the usual energy-momentum tensor conservation is imposed (which in the unimodular context,
would be in opposition with basic General Relativity theory),

Tµν
;µ = 0, (15)

the equation (14) becomes

R;ν

4
= −2πGT ;ν . (16)

The above equation (16) may be integrated leading to,

R = −2πGT + 4Λ, (17)

where Λ is an integration constant which may be interpreted as the cosmological constant. Inserting the
relation (17) in (10), the resulting equations are:

Rµν −
1

2
gµνR = 8πGTµν + gµνΛ. (18)

We see that the equations of standard General Relativity are recovered, but with a cosmological constant
which was absent in the original structure, but emerges naturally as a constant of integration.

2. Full model including the scalar field

Let us remind the full version of the Kaluza-Klein model, which englobes gravitational field given
by the 4-dimensional metric gµν(x), the electromagnetic field given by its 4-potential Aµ(x) and the
scalar field Φ(x), This ansatz corresponds to the 15 degrees of freedom present in the 5-dimensional
Kaluza-Klein symmetric metric tensor ĝAB , 1, 2, ...5.

The component g55 of the five-dimensional metric tensor should be strictly negative in order to
keep the fifth dimension spatial; this is why we shall give it the form g55 = −Φ2(x)

Starting from this assumption, three particular situations can be studied separately now. We can
consider a case with scalar field only being present, without the electromagnetic one. This will lead to a
variant of the tensor-scalar theory of gravitation, similar to the one proposed by Brans and Dicke [20].

Another choice is the classical Kaluza-Klein model unifying gravitation and electromagnetism, but
without scalar field. This choice amounts to suppressing one degree of freedom out of 15, leaving only
14 ones, the 4-dimensional space-time metric gµν and the 4-vector potential encoded in the components
ĝµ5 = ĝ5µ of the 5-dimensional metric.

Finally, we may consider the electromagnetic and scalar fields interacting in a flat Minkowskian
space-time, in the absence of gravitation field considered as being negligible.

The five-dimensional metric with scalar field Φ(x) as the single degree of freedom remains diagonal:

gAB = diag
(
+1,−1,−1,−1,−Φ2(x)

)
. (19)

In principle, the notation Φ(x) can mean the dependence of the scalar field Φ not only on the space-time
coordinates (x0 = ct, x1, x2, x3) but also on the fifth coordinate x5, so that in principle we may have not
only ∂µΦ ̸= 0, but also ∂5Φ ̸= 0.

However, supposing that the fifth dimension is the structural group U(1), i.e. is homeomorphic to
a circle S1, the dependence of Φ on x5 can be only a periodic one:

Φ(xµ, x5) = cos(ñ e x5 + δ) · Φ(xµ), so that ∂25Φ = −ñ2e2Φ, (20)

where ñ correspond to the normal mode. The full set of general formulas for metrics, connections and
curvature in 5 dimensions, with all the 15 degrees of freedom present, in an appropriate non-holonomic
frame, is given in the Appendix at the end of the article.
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What we need here is the expression for the 5-dimensional scalar curvature R̂ expressed in terms
of the 4-dimensional metric, the electromagnetic potential and the scalar field. We shall consider R̂ as
integrand in the five-dimensional variational principle. As shown in the Appendix, this quantity can be
expressed by means of the familiar four-dimensional geometric objects:

R̂ =
4

R− 1

4
Φ2 FµνF

µν − 2

3Φ2
gµν∂µΦ∂νΦ. (21)

Considered as the integrand of a 5-dimensional variational principle, this Lagrangian density will lead
to the following Einstein’s equations when varying with respect to the metric only:

R̂AB −
1

2
ĝABR̂ = 8πG

[
T

(Φ)
AB +

k2

16πG
T

(F )
AB

]
(22)

where formally

T
(Φ)
AB = ∂AΦ∂BΦ−

1

2
ĝAB(ĝ

CD∂CΦ∂DΦ), (23)

and
T

(F )
AB = FACF

C
B −

1

4
ĝAB(FCDF

CD), (24)

which in the case of the ñ − th mode, i. e., the dependence Φ on x5 in a periodic way, only to the
space-time components different from zero:

T (Φ)
µν = ∂µΦ∂νΦ−

1

2
ĝµν

[
ĝλρ∂λΦ∂ρΦ− n2e2Φ2

]
, (25)

(where we neglected the mixed terms with Fµν ) and

T (F )
µν = FµλF

λ
ν −

1

4
ĝµν(FλρF

λρ). (26)

The variation with respect to the scalar field Φ and the 4-vector potential Aµ lead to the following
equations of motion:

1

Φ
∂µ [Φ Fµν ] = 0, (27)

and
(□Φ+ ñ2e2)Φ = 0. (28)

where the term ñ2e2 comes from the second derivative of Φ with respect to the circular coordinate x5

and plays the role of a mass term for the Klein-Gordon scalar field equation.

3. Kaluza-Klein unimodular gravity

Our investigation of unimodular gravity in the context of the 5-dimensional Kaluza-Klein theory
should be preceded by the following considerations. We are confronted with an alternative choice of
the way we apply the unimodularity condition. We can choose to impose it to the variational principle
in 5 dimensions, find the solutions and then proceed to dimensional reduction, or perform dimensional
reduction first, expressing everything in terms of 4-dimensonal Riemannian metric and electromagnetic
and scalar fields, and then proceed to variational principle in 4 dimensions with unimodular condition
imposed on the 4-dimensional metric.

In order to explore all the degrees of freedom present in the Kaluza-Klein setting, we choose to
apply the unimodular condition directly to the 5-dimensional variational principle. Our starting point
is the following Lagrangian density:

L =
√
g̃R̃+ λ(

√
g̃ − ξ) +

√
g̃Lm. (29)

The tildes indicate the five dimensional quantities; λ is the Lagrangian multiplier fixing the unimodular
condition.



36 Cesar J. F., Kerner R.

Using the variational principle:

R̃AB −
1

2
g̃ABR̃−

λ

2
gAB = 8πGTAB , (30)√
g̃ = ξ. (31)

The external function (not subject to the variational principle) ξ allows to fix the determinant of the
volume in a given coordinate system.

Taking the trace of (30), it results in the following relation:

λ =
2−D
D

R̃− 16πG

D
T, (32)

where D = 4 + n, n being the number of extra-dimension.
Inserting this relation again into (30), we obtain:

R̃AB −
1

D
g̃ABR̃ = 8πG

(
T̃AB −

1

D
gABT̃

)
, (33)√

g̃ = ξ. (34)

Using the Bianchi identities in (33), we obtain,

D − 2

2D
R̃;A = 8πG

{
T̃AB
;B − T̃ ;A

D

}
. (35)

If the the conservation of the energy-momentum tensor is imposed, T̃AB
;B = 0, it is possible to write,

D − 2

2D
R̃+ 8πG

T̃

D
= −Λ̃, (36)

where Λ̃ is an integration constant which can be identified with the multidimensional cosmological
constant. The field equations become then,

R̃AB −
1

2
g̃ABR̃ = 8πGT̃AB + gABΛ̃. (37)

The imposition of the conservation of the energy-momentum tensor is, however, an extra hypothesis. In
order to preserve the unimodular condition (31) under an infinitesimal coordinate transformation,

xA → xA + ϵA, (38)

the transversal condition

ϵA;A = 0. (39)

This restriction generalizes, in D dimension, the corresponding condition in four dimension: the
unimodular theory in higher dimensions is still invariant by the transversal class of diffeomorphism
(for a discussion on transversal diffeomorphism, see for example [21]).

4. Reduction to four dimensions: the cosmological setup

Initially, the Kaluza-Klein model was intended to incorporate Maxwellian electromagnetism into
Einstein’s General Relativity. The first cosmological applications can be traced down to the Brans-Dicke
scalar-tensor theory which turned out to be isomorphic with a variant of Kaluza-Klein theory including a
scalar field as the (55) component of metric tensor. The explicit cosmological ansatz in 4+n dimensions,
along with the generalized Einstein’s equations, are given in Appendix II.
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Let us proceed by constructing a four dimensional theory out of the multidimensional theory. We
change slightly the notation used in Appendix II. We write the multidimensional metric, with dimension
D = 4 + n, as,

ds2 = gµνdx
µdxν − Φ2δabdx

adxb. (40)

The non-null components of the Christoffel symbols

Γ̃C
AB =

g̃CD

2

(
∂Ag̃DB + ∂B g̃DA − ∂D g̃AB

)
, (41)

are:

Γ̃ρ
µν = Γρ

µν , (42)

Γ̃ρ
ab = ΦΦ;ρδab, (43)

Γ̃a
ρb =

Φ;ρ

Φ
δab. (44)

The non-null components of the Ricci tensor are:

R̃µν = Rµν − n
Φ;µ;ν

Φ
, (45)

R̃ab =

{
Φ□Φ+ (n− 1)Φ;ρΦ

;ρ

}
δab. (46)

The Ricci scalar is:

R̃ = R− 2n
□Φ

Φ
− n(n− 1)

Φ;ρΦ
;ρ

Φ2
. (47)

The components of the gravitational tensor

G̃AB = R̃AB −
1

2
g̃ABR̃, (48)

are:

G̃µν = Gµν − n
{
Φ;µ;ν

Φ
− gµν

□Φ

Φ

}
+
n(n− 1)

2
gµν

Φ;ρΦ
;ρ

Φ2
, (49)

G̃ab =
Φ2

2

{
R− 2(n− 1)

□Φ

Φ
− (n− 1)(n− 2)

Φ;ρΦ
;ρ

Φ2

}
δab. (50)

The components of the unimodular gravitational tensor

ẼAB = R̃AB −
1

D
g̃ABR̃, (51)

are,

Ẽµν = Rµν −
1

n+ 4
gµνR− n

Φ;µ;ν

Φ
+

1

n+ 4
gµν

{
2n

□Φ

Φ
+ n(n− 1)

Φ;ρΦ
;ρ

Φ2

}
, (52)

Ẽab =
Φ2

n+ 4

{
R− (n− 4)

□Φ

Φ
+ 4(n− 1)

Φ;ρΦ
;ρ

Φ2

}
δab. (53)

4.1. Introducing matter

The energy-momentum tensor for a fluid in n dimensions is given by,

TAB = (ρ+ p)uAuB − pgAB . (54)

We define,

τ̃AB = TAB −
1

D
gABT. (55)
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We use co-moving coordinates such that,

uA = (1, 0⃗). (56)

We will distinguish the pressure in the external space, denoted by pe, and the pressure in the
internal space, denoted by pi. A direct computation leads to,

τ00 =
1

n+ 4

{
(n+ 3)ρ+ 3pe + npi

}
, (57)

τij =
a2δij
n+ 4

{
ρ+ (1 + n)pe − npi

}
, (58)

τab =
Φ2δab
n+ 4

{
ρ− 3pe + 4pi

}
. (59)

The components of the unimodular gravitational tensor, for a flat LFRW metric, are:

E00 =
1

n+ 4

{
− 3(n+ 2)Ḣ − 3nH2 − n(n+ 2)

Φ̈

Φ
+ 6nH

Φ̇

Φ
+ n(n− 1)

Φ̇2

Φ2

}
, (60)

Eij =
a2δij
n+ 4

{
(n− 2)Ḣ + 3nH2 − 2n

Φ̈

Φ
+ n(n− 2)H

Φ̇

Φ
− n(n− 1)

Φ̇2

Φ2

}
, (61)

Eab =
Φ2δab
n+ 4

{
− 6(Ḣ + 2H2)− (n− 4)

(
Φ̈

Φ
+ 3H

Φ̇

Φ

)
+4(n− 1)

Φ̇2

Φ2

}
, (62)

where H(t) = ȧ/a is the Hubble parameter. The equations of motion are:

−3(n+ 2)Ḣ − 3nH2 − n(n+ 2)
Φ̈

Φ
+ 6nH

Φ̇

Φ
+ n(n− 1)

Φ̇2

Φ2

= 8πG

{
(n+ 3)ρ+ 3pe + npi

}
; (63)

(n− 2)Ḣ + 3nH2 − 2n
Φ̈

Φ
+ n(n− 2)H

Φ̇

Φ
− n(n− 1)

Φ̇2

Φ2

= 8πG

{
ρ+ (1 + n)pe − npi

}
, (64)

−6(Ḣ + 2H2)− (n− 4)

(
Φ̈

Φ
+ 3H

Φ̇

Φ

)
+4(n− 1)

Φ̇2

Φ2

}
= 8πG

{
ρ− 3pe + 4pi

}
. (65)

4.2. Solving the equations

Now we will consider the five-dimensional KK theory (n = 1) and no pressure in the external and
internal space. The equations of motion under these hypothesis are:

−9Ḣ − 3H2 − 3
Φ̈

Φ
+ 6H

Φ̇

Φ
= 32πGρ; (66)

−Ḣ + 3H2 − 2
Φ̈

Φ
−H Φ̇

Φ
= 8πGρ; (67)

−6(Ḣ + 2H2) + 3
Φ̈

Φ
+ 9H

Φ̇

Φ
= 8πGρ. (68)

These equation can be combine leading to,

−9Ḣ − 3H2 − 3
Φ̈

Φ
+ 6H

Φ̇

Φ
= 24πGρ, (69)

Ḣ + 3H2 − Φ̈

Φ
− 2H

Φ̇

Φ
= 0. (70)



A five-dimensional Kaluza-Klein approach to unimodular gravity 39

There are just two independent equations. The system, even reduced to four dimensions, remains
undetermined since we have just two equations for three variables: a, Φ and ρ.

One particular important case is when the internal space is static. In this case, we can solve the
equations obtaining,

a ∝ t1/3. (71)

This is equivalent to standard solutions with stiff matter.
The system of equations is remains undetermined even if the pressure in the internal dimension is

different from the pressure in the external dimension. For example, supposing pe = 0 and pi = −ρ, and
considering again a static internal dimension, the scale factor behaves as

a ∝ t. (72)

On the other hand, if again the internal dimension is static, but pe = −ρ and pi = 0, we find a de Sitter
phase in the external space:

a ∝ eHt, H = constant. (73)

One important general feature is that, after reduction to four dimension, the properties of the
system of equations are not determined anymore by the combination ρ + p as in the isotropic four
dimensional unimodular theory, unless the pressure is the same in the internal and external spaces.

Now we compare the above results with the case of the theory in five-dimensions without the
unimodular constraint. The equations, after reduction to four dimensions, are:

Gµν−
{
Φ;µ;ν

Φ
− gµν

□Φ

Φ

}
= 8πGT̃µν , (74)

Φ2

2
Rδab = 8πGT̃ab. (75)

For a static internal dimension, the equations reduce to,

3H2 = 8πGρ, (76)

2Ḣ + 3H2 = −8πGpe, (77)

3Ḣ + 6H2 = 8πGpi. (78)

One verifies directly that for the three cases above, with static internal dimension, the only consistent
solution is the Minkowski spacetime, i.e. a static universe.

5. Vacuum solution

The equations.

Rµν = 8πGTµν +
1

Φ

(
Φ;µ;ν − gµν□Φ

)
, (79)

□Φ =
R

3
− 8πG

3
T, (80)

R;ν

2
= 8πG

(
Tµ
ν ;µ +

Φ;µ

Φ
Tµ
ν

)
. (81)

FLRW metric,

ds2 = dt2 − a(t)2(dx2 + dy2 + dz2). (82)

Vacuum solutions.

a(t) = a0 cosh
1/2 kt, (83)

ϕ(t) = Φ0
sinh kt

cosh1/2 kt
. (84)
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In these expressions, k is positive integration constant.
The equation for the evolution of gravitational wave is:

ḧij−
(
H − Φ̇

Φ

)
ḣij+

{
q2

a2
+ 4H2 − 2

(
Φ̈

Φ
+ 3H

Φ̇

Φ

)}
hij = 0. (85)

After inserting the solutions, and redefining kt→ t, the equation for gravitational wave reads,

ḧij +
ḣij

cosh t sinh t
+

{
q2

cosh t
− 1

cosh2 t
− 1

}
hij = 0. (86)

The equation (86) display a divergent behaviour at the bounce, which occurs at t = 0.

6. Solutions with matter

In what concerns solutions with matter, the following point should be stressed at first. Equations
(80) and (81) are obtained from the single independent equation, namely (79). In this case, we have only
two independent equations of motion for a, ϕ and ρ. Hence, an extra condition is necessary. It seems
that the most natural one is to impose the conservation of the 4-dimensional energy-momentum tensor.
However, an interesting alternative possibility consists in imposing the vanishing of the right-hand side
of (81):

Tµ
ν ;µ +

Φ;µ

Φ
Tµ
ν = 0. (87)

With this condition imposed, the Ricci scalar is constant, as in the vacuum case, which results in a
non-singular bouncing solution.

This choice corresponds also to the following modification of the energy-momentum tensor:

Tµν → Tµν

Φ
, (88)

bringing (79) to a form closer to the Brans-Dicke theory. It also may be viewed upon as a reminscence
of the five-dimensional origin of the equations since the fifth dimension participates in the conservation
of the matter/energy content.

Making this choice to complement the number of independent equations, we have the following set
of equations:

−3(Ḣ +H2) = 8πGρ− 3H
Φ̇

Φ
, (89)

Ḣ + 3H2 = 8πGp+
Φ̈

Φ
+ 2H

Φ̇

Φ
, (90)

ρ̇+ 3H(ρ+ p) +
Φ̇

Φ
ρ = 0. (91)

A simple linear relation between pressure and density is considered, since it covers some of the most
important physical situation,

p = ωρ, ω = constant. (92)

The equation (91) can be easily solved, leading to

ρ = ρ0a
−3(1+ω)Φ, ρ0 = constant. (93)

Equations (89) and (90) become,

−3(Ḣ +H2) = 8πG
ρ0

a3(1+ω)Φ
− 3H

Φ̇

Φ
, (94)

Ḣ + 3H2 = 8πGω
ρ0

a3(1+ω)Φ
+

Φ̈

Φ
+ 2H

Φ̇

Φ
. (95)
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Both equations can be written as,

−3(Ḣ +H2)Φ = 8πG
ρ0

a3(1+ω)
− 3HΦ̇, (96)

(Ḣ + 3H2)Φ = 8πGω
ρ0

a3(1+ω)
+ Φ̈ + 2HΦ̇. (97)

An inspection show that the solution for Φ may be written a,

Φ(t) = f(t) + Φv(t), (98)

where ϕv(t) is the vacuum solution (84), and f(t) is the function to be determined. Remark also that
the scale factor in presence of matter is still given by (83). Hence, after having determined f(t) the
consistency of equation (91) and (97) must be verified again.

6.1. Solution for pressureless matter

An explicit solution can be found for a pressureless matter, p = 0. Using the vacuum solution, the
complete expression for the scalar field becomes,

ϕ = −A cosh1/2 τ +B
sinh τ

cosh1/2 τ
. (99)

In this expression, τ = 2
√
Λt, Λ and B are arbitrary integration constants and

A = −4πGρ0
3Λa40

. (100)

Remember that the scale factor is still given by

a(τ) = a0 cosh
1/2 τ. (101)

When matter is absent, A = 0 and the vacuum solution easy to be found.
One characteristic of this pressureless matter solution is that the scalar field evolves again, as in

the vacuum case, from negative to positive values passing by zero. However, the transition time does
not coincide anymore with the moment when the scale factor bounces from contraction to expansion.
The condition for a transition from negative values to positive values for ϕ is given by

A

B
= tanh τ0, (102)

τ0 being the transition time. Since A > 0 if matter is positive, the transition occurs for τ < 0 (contraction
phase) if B < 0 but this implies that Φ remains negative during all evolution of the universe. If τ0 > 0,
Φ transits from negative for positive values. If τ0 = 0, A = 0 and the vacuum solutions are recovered.
Remark also that, in order to. have a transition from negative to positive value, B must be positive and
B > A.

Is this solution stable, at least with respect to tensorial perturbations? The evolution of tensorial
modes, for presureless matter, is still governed by (86) but with the background functions given by
(101,102). Choosing B > 0 and B > A, there is now a transition from negative to positive values that
does not coincide anymore with the bouncing that occurs still at τ = 0. This transition from negative
to positive values of Φ is the dangerous moment for the stability of the system. The equation for the
evolution of the tensorial modes at the vicinity of this transition time takes the form,

ḧij + a
ḣij
x

+ b
hij
x

= 0, (103)

with,

a = coth2 τ0, (104)

b = tanh τ0

(
2− 3 cosh2 τ0

)
. (105)
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To obtain (103), une expansion around τ = τ0 + x, x << τ0 has been made. Remark that b < 0 since
τ0 > 0 otherwise ϕ remains always negative.

The solution for (103) is given by,

hij = ϵijx
q/2

{
c1I|q|(2

√
|b|x) + c2K|q|(2

√
|b|x)

}
, (106)

with

q = − 1

sinh2 τ0
. (107)

The solution (106) diverges as x→ 0 due to the asymptotic behavior of the function Kν(z). Even if the
transition of Φ from negative to positive values does not occur at the bounce, the instability remains
due to flip of sign of Φ.

The instability described above may change if ϕ remains always negative (B < A), with no change
of sign during all evolution of the universe. In this case, it is not excluded that the instability reappears
in the scalar sector (density perturbations), however a first inspection indicates that even in the scalar
sector the configuration may be stable.

A full perturbative analysis, including also the scalar sector and the consequences for structure
formation, will be addressed in a separate study.

Conclusion

The main goal of the present article was to set up the general structure of the unimodular Kaluza-
Klein gravity and its main features after the dimensional reduction to four dimensions.

As in the more familiar four-dimensional unimodular gravity, the unimodular constraint on the
determinant of the five-dimensional metric restricts the invariance of the theory to the transverse
diffeomorphisms. This leads to the possibility of a generalized conservation law for the energy-momentum
tensor. If, however, the conservation of the five-dimensional energy momentum tensor is imposed, the
usual KK five-dimensional equations are recovered with a cosmological constant in five dimensions. If
conservation of the five dimensional energy-momentum tensor is not imposed, the KK structure can be
recovered, but with an extra dynamical cosmological term, similarly to what happens in four dimensions.

Besides setting the general equations, some cosmological solutions in five-dimensions have been
obtained. In vacuum, the unimodular gravity becomes completely equivalent to GR in presence
of a cosmological constant. Hence, the Kasner-type solution of Ref. [22], showing spontaneous
compactification, is recovered in the KK unimodular gravity. In presence of matter the same features
of the five dimensional GR theory in presence of a cosmological constant are reproduced in the
unimodular context. However, UG gravity allows a generalized set of conservation laws: relaxing the
usual conservation laws, new class of solutions appear. In order to implement these solutions an ansatz
must be imposed, what is equivalent to introduce a dynamical cosmological term. In particular, in the
cosmological context, we have shown that solutions with a constant internal dimension are possible even
in presence of matter, what is not allowed in the usual GR context.

Another interesting feature is the coupling of the gravity sector to the matter content when the five-
dimensional unimodular gravity is reduced to four dimension. As was shown, for example, in Ref. [23],
in four dimensional GR unimodular gravity, the equations describing the evolution of universe, in the
absence of usual conservation laws, depend only on the combination ρ + p which may be identified,
from a thermodynamical point of view, with the enthalpy function. This remains true in the KK
unimodular gravity in a five-dimensional isotropic and homogenous universe (which is not realistic,
evidently). However, after reducing to four dimensions (or equivalently, by considering a Kasner-type
structure in five dimensions), this identification is not verified any more, and the pressure acquires a
specific role, as in the usual GR context.
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In the present analysis we have explored cosmological solutions in absence of the electromagnetic
field coming from the KK structure, which is required to have isotropy in the three spatial dimensional of
the external space. For the KK unimodular gravity the reduction to four-dimension preserves the same
coupling to the electromagnetic field emerging from the five-dimensional metric. This is related to the
traceless character of the electromagnetic field. The coupling of the moduli field Φ associated to the fifth
dimension, on the other hand, may possible bring new structures. One example, besides the cosmological
scenario described here, may be the static, spherically symmetric configurations. Black holes may appear,
for example, in the Brans-Dicke theory and in the usual KK theory with and without an electromagnetic
field [24–26], but only in the phantom regime. This general feature may change in the KK unimodular
gravity. This problem deserves to be studied. For the cosmological solution found here, we may also
expect peculiar features at perturbative level. Finally, the effective theory in four dimension, and the
its coupling to matter emerging from KK unimodular, must be further developed since it corresponds
to a new implementation of the coupling of the scalar field and gravity after reduction to the usual
four-dimensional space-time.

APPENDIX I

Let us derive the set of general formulas for metrics, connections and curvature in 5 dimensions,
with all the 15 degrees of freedom present. The calculus in coordinates turns out to be quite complicated,
but introducing the non-holonomic local frames simplifies the computations considerably.

In the non-holonomic local frame the basis of 1-forms is chosen to be:

θµ = dxµ, θ5 = dx5 + k Aµdx
µ, (108)

(Note that the constant k must have the dimension of length (cm) in order to ensure the uniformity
with space variables xµ.

The dual vector fields, satisfying θA(DB) = δAB :

Dµ = ∂µ − k Aµ∂5, D5 = ∂5. (109)

Introducing transition matrices UA
B and

−1
UB
C such that θA = UA

B dx
B , DC =

−1
UD
C ∂D we can write:

Uµ
ν = δµν , Uµ

5 = 0, U5
µ = kAµ, U5

5 = 1;

−1
Uµ
ν = δµν ,

−1
U5
ν = −kAν ,

−1
Uµ
5 = 0

−1
U5
5 = 1. (110)

The metric tensor expressed in the non-holonomic frame is easily deduced from the square of the
5-dimensional length element, taking on the following form:

ds2 = gµνdx
µdxν − Φ2

[
dx5 + k Aµdx

µ
] [
dx5 + k Aνdx

ν
]

(111)

leading to the following 5× 5 matrix representation:

gAB =

(
gµν + k2Φ2AµAν −kΦ2Aν

−kΦ2Aµ −Φ2

)
(112)

The inverse matrix becomes then:

gBC =

(
gνλ kAλ

kAν −Φ−2 + k2AνAλ

)
(113)

One easily checks that gABg
BC = δAC . The simplest and most elegant way to evaluate the connection

coefficients and the components of the Riemann tensor is to use the non-holonomic frame θA and its
dual basis of derivations (vector fields) DB , A,B = 1, 2...5.
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We need to know the commutators of non-holonomic derivations. We have:

[DA,DB ] = CE
AB DE , (114)

where
C5

µν = Cµν5 = −k Fµν = −k (∂µAν − ∂νAµ). (115)

We have then the connection coefficients in the non-holonomic basis:

Γ̂C
AB =

1

2
ĝCE [DAgBE +DBgAE −DEgAB ] + ĝCE [CEAB + CEBA − CBAE ] (116)

where the “hat” refers to the components with respect to the anholonomic frame.
The only non vanishing connection coefficients are then the following:

Γ̂µ
νλ = Γµ

νλ, Γ̂µ
ν5 = Γ̂µ

5ν = −1

2
kFµ

ν , Γ̂5
νλ = −Γ̂5

λν =
1

2
kFλν , (117)

The five-dimensional Riemann tensor expressed in a non-holonomic frame is:

R̂C
AB D = DAΓ̂

C
BD −DBΓ̂

C
AD + Γ̂C

AF Γ̂
F
BD − Γ̂C

BF Γ̂
F
AD − CF

ABΓ̂
C
FD (118)

The Ricci tensor and the curvature scalar in 5 dimensions are calculated as usual,

R̂AD = R̂C
AC D, R̂ = ĝABR̂AB . (119)

The resulting expression for the 5-dimensional curvature is quite simple indeed:

R̂ =
4

R− 1

4
Φ2 FµνF

µν − 2

3Φ2
gµν∂µΦ∂νΦ. (120)

APPENDIX II

In 1980 Chodos and Detwiler [22] proposed a vacuum Kasner-type cosmological solution in the
5-dimensional Kaluza-Klein space. The metric element for this model was

ds2 = dt2 −
√
t
[
dx2 + dy2 + dz2

]
− 1√

t
ρ2dχ2. (121)

where the last angular variable χ comes from the fifth cyclic dimension, and ρ is its radius.
This metric can be generalized to more extra dimensions (n to be more precise):

ds2 = dt2 −
3∑

i=1

t2ki(dxi)2 −
3+n∑
a=4

t2ka(dya)2 (122)

satisfying the following conditions:
3∑

i=1

ki +

3+n∑
a=4

ka = 1, (123)

3∑
i=1

k2i +

3+n∑
b=4

k2b = 1 (124)

The Friedmann-Robertson-Walker metric can be naturally generalized if we assume that the extra
space dimensions form a compact spherically symmetric manifold. Then the overall metric can be derived
from the following line element squared:

ds2 = dt2 −R2
d(t) gijdx

idxj −R2
n(t)gabdy

adyb, (125)

with two time-dependent scale factors, Rd(t) for the space dimensions of our space-time, d = 3, and
Rn(t) for the internal n-dimensional compact space - most usually, a n-dimensional sphere.
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This ansatz yields the following Ricci tensor:

R00 = −

[
3
R̈d

Rd
+ n

R̈n

Rn

]
,

Rij =

[
2kd
R2

d

+
d

dt

(
Ṙd

Rd

)
+
Ṙd

Rd

(
3
Ṙd

Rd
+ n

Ṙn

Rn

)]
gij ,

Rab =

[
2kn
R2

n

+
d

dt

(
Ṙn

Rn

)
+
Ṙn

Rn

(
3
Ṙd

Rd
+ n

Ṙn

Rn

)]
gab,

In 1985 D. Sahdev [27] obtained solutions of this system with several perfect fluids added on the
right-hand side. The nice feature was that Rd was increasing with time, and Rn decreasing. However,
instead of stabilizing at some small but finite value, as physics would require, the internal radius Rn

tended to zero.
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