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ДИНАМИЧЕСКОГО ЭФИРА. ЧАСТЬ II: ДИНАМИКА ЧАСТИЦ И СИМПТОМЫ
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В статье [1], первой части работы, разработана модель взаимодействия пяти элементов: во-первых, вре-
мениподобного векторного поля, ассоциированного со скоростью динамического эфира, во-вторых, псев-
доскалярного поля, описывающего аксионную составляющую темной материи, в-третьих, электромагнит-
ного поля, в-четвертых, релятивистской многокомпонентной плазмы и, в-пятых, гравитационного поля.
Начальным этапом анализа этой модели было конструирование равновесных состояний аксионно-эфирно-
активной плазмы, которые характеризуются частыми столкновениями частиц. Во второй части работы,
представленной здесь, в рамках изотропной однородной космологической модели рассмотрен бесстолкно-
вительный предел теории и, таким образом, внимание сфокусировано на анализе динамики частиц под
воздействием аксионно-эфирных сил. Представлены полные функции распределения в виде точных ре-
шений бесстолкновительных кинетических уравнений. Основываясь на пяти примерах фоновых решений
модели, мы обсуждаем симптомы неустойчивости плазмы, вызванные воздействием сил трения и сил при-
ливного типа.
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Introduction

In the paper [1] we have formulated the complete formalism of the extended version of the kinetic
theory of the relativistic axionically active multi-component plasma, which is based on inclusion of a unit
time-like vector field, associated with the velocity of dynamic aether [2,3], into the scheme of interactions.
In the first part of the work we focused on the analysis of equilibrium states of the plasma, and thus the
distribution functions of this multi-component plasma were considered to be of the Jüttner-Chernikov
form [4]. When the collisionless plasma is under consideration, the corresponding distribution functions
can be found as arbitrary functions of seven first integrals of the characteristic equations (integrals of
motion) attributed to the kinetic equations. Search for these integrals of motion is associated with the
analysis of the plasma particle motion, that is why in this work we focus on the details of the particle
dynamics in the framework of the Friedmann-Lemaι̂tre-Robertson-Walker (FLRW) cosmological model.

The paper is organized as follows. Section II contains the description of the mathematical formalism
reduced to the FLRW cosmological model. In section III we analyze the solutions to the equations of
dynamics of plasma particles. Section IV contains conclusions.

1. The Formalism

1.1. Background field configuration

The model, which we consider in this work, has a hierarchical structure. The gravity field, dynamic
aether, dark matter and dark energy form a basic global field/matter configuration. The kinetic system
is considered to be a test subsystem, i.e., it evolves on the given space-time background. The background
model has the FLRW type metric

ds2 = c2dt2 − a2(t)
[
(dx1)2 + (dx2)2 + (dx3)2

]
. (1)

Respectively, the aether velocity four-vector is of the form U j = δj0, and the covariant derivative ∇kUj

is symmetric
∇kUj = H(gkj − UkUj) . (2)

Here and below H= ȧ
a is the Hubble function; the dot denotes differentiation with respect to time. For

this model the acceleration four-vector vanishes, DUj=Uk∇kUj=0, the antisymmetric vorticity tensor
and symmetric traceless shear tensor are equal to zero, ωkj=0, σkj=0. Only the scalar of expansion of
the aether flow Θ=∇kU

k=3H is non-vanishing.
The axion field ϕ is the function of time only; it satisfies the equation (see [1])

(1 +A)
[
ϕ̈+ 3Hϕ̇

]
+ Ȧϕ̇+m2

A sinϕ = 0 . (3)

Since ϕ depends on the cosmological time only, we can use the simplification ∇kϕ = Ukϕ̇.
Concerning the solutions to the gravity field equations, we can mention the following details. There

are few versions of the scale factor a(t), but the most known solutions can be presented in the exponential
(de Sitter-like) form

a(t) = a(t0)e
H0(t−t0) , (4)

and in the power-law form

a(t) = a(t0)

(
t

t0

)γ

. (5)

As it was shown in the series of works [5–9], the following three exact solutions also are interesting for
applications: first, the anti-Gaussian solution describing the so-called symmetric bounce

a(t) = a(t∗)e
ht2 , (6)
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second, the super-exponential solution describing the so-called super inflation

a(t) = a(t0)e
ν sinhH∗(t−t0) , (7)

and the quasi-periodic solution associated with the so-called reheating in the early Universe

a(t) = a(t0)e
ρ sinΩ(t−t0) . (8)

The model parameters h, ν, ρ, Ω, γ, H∗ and their physical sense can be found in the quoted papers [5–9].
For instance, the solutions of the super-exponential and quasi-periodic types appear in the model, when
the dark energy and non-axionic dark matter are the rheological cosmic substrates and their interaction
is described by the integral operators of the Volterra type [7, 8].

We also assume that the background electromagnetic field is absent providing the space - time to
be isotropic and homogeneous; the cooperative electromagnetic field in plasma is the test one, it does
not form an essential contribution to the total stress-energy tensor of the system.

1.2. Kinetic equations for the collisionless plasma, equations of characteristics and
generalized forces

1.2.1 Characteristic equations

The formalism of kinetic theory is based on a set of relativistic kinetic equations; in the collisionless
plasma they have the form

pj

m(a)c

(
∂

∂xj
− Γl

jkp
k ∂

∂pl

)
f(a) +

∂

∂pi

[
F i

(a)f(a)

]
= 0 . (9)

The distribution functions f(a)(xj , pk) are marked by the index of particle sort (a); they are functions of
coordinates xj and of the particle momenta pk, which have the status of random variables. The terms
F i

(a) relate to the force four-vectors, which act on the particles of the sort (a). Characteristics for the
differential equations (9) can be written as follows:

Dpj

ds
= Fj

(a) ,
Dpj

ds
≡ dpj

ds
+ Γj

lkp
l pk

m(a)c
. (10)

We assume that the particle momenta are normalized, i.e., gkjpkpj = m2
(a)c

2, and the rest masses of
particles, m(a), conserve, so that

pj
Dpj

ds
=

1

2

D(pjp
j)

ds
=

1

2

d[m2
(a)c

2]

ds
= 0 ⇒ pjF j

(a) = 0 . (11)

In other words, we consider only the forces, which are orthogonal to the particle momentum four-
vector. Also, we keep in mind that the square of particle momenta is the quadratic first integral of the
characteristic equations (10), gkjpkpj = K0 = m2

(a)c
2.

1.2.2 Generalized forces

In the first part of work [1] we have classified the forces, which can appear in the context of
axionically-aetherically active plasma. Only few of these mentioned forces can appear in the isotropic
homogeneous FLRW type model with the metric (1). Let us consider them in more details.

I. The forces of the Stokes type.
These forces are quadratic in the particle momentum and linear in the aether velocity four - vector.

The relativistic friction force can be presented as follows:

F i
(S) =

λ(S)

m(a)c2
[δik(p

lpl)− pipk] U
k
[
1 + ν(S) cosϕ

]
. (12)
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The force vanishes, when the particle four-velocity pj

m(a)c
coincides with the aether velocity U j . When

|ν(S)| > 1, the multiplier
[
1+ν(S) cosϕ

]
behaves as axionic switch, providing the force to be of the

friction or antifriction type depending on the state of the axion field.
The second Stokes type force appears initially as the gradient-type force proportional to the gradient

of the axion field ∇kϕ = Ukϕ̇; it looks like the first Stokes type force.

F i
(G) =

λ(G)

m(a)c2
[gik(plpl)− pipk] Ukϕ̇ sinϕ

[
1 + ν(G) cosϕ

]
. (13)

II. Tidal forces
We indicate the forces linear in curvature as the tidal forces

F i
(T ) =

λ(T )

m(a)c2
Ri

·kmnp
kUmpn

[
1 + ν(T ) cosϕ

]
, (14)

where R is the three-parameter tensor of non-minimal susceptibility

Rikmn =
1

2
q1R (gimgkn − gingkm) + q2 [Rimgkn −Ringkm +Rkngim −Rkmgin] + q3Rikmn , (15)

based on the Riemann tensor Rikmn, Ricci tensor Rkm and Ricci scalar R. Also, there exist left-dual
and right-dual susceptibility tensors (see the force classification presented in [1])

∗Ri
·kmn =

1

2
ϵi·kpq Rpq

mn , R∗i
·kmn =

1

2
Ri

·kpqϵ
pq
mn . (16)

However, they do not contribute to the characteristic equations due to the high symmetry of the FLRW
model.

We have to stress, that the quantities λ(S), λ(T ), ν(S), ν(T ), etc., can be considered as functions
of the expansion scalar Θ = 3H, or as constants. In addition, we assume that they can depend on the
index of the particle sort (a), but for the sake of simplicity we do not write this index.

1.2.3 Reduced characteristic equations

We keep in mind that for j = α = 1, 2, 3 we obtain that

Dpj
ds

=
dpj
ds

− 1

2m(a)c
pspl∂jgsl =

dpj
ds

, (17)

and consider below the spatial subsystem of equations (10) searching for the covariant component of
the spatial part of the particle momentum pα:

dpα
ds

=
λ(S)

m(a)c2
[gαk(p

lpl)− pαpk] U
k
[
1 + ν(S) cosϕ

]
+

+
λ(G)

m(a)c2
[gαk(p

lpl)− pαpk]U
k ϕ̇ sinϕ

[
1 + ν(G) cosϕ

]
+

+
λ(T )

m(a)c2
Rαkmnp

kUmpn
[
1 + ν(T ) cosϕ

]
. (18)

From the first quadratic integral of motion pjp
j = m2

(a)c
2 we can obtain the component p0 = p0 > 0 of

the particle momentum:

p0(t) =
√

m2
(a)c

2 + p2(t) , p2(t) = a−2(t)
[
(p1)

2 + (p2)
2 + (p3)

2
]
. (19)

Since the spatial directions Ox1, Ox2, Ox4 are equivalent in the FLRW space-time, it is reasonable to
consider only one equation of characteristics, say, for α = 1, and to rewrite the differentiation in the
left-hand sides of this equation using the relationship dp1

ds = p0

m(a)c
2
dp1
dt .
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Also we know that for the chosen symmetry the non-vanishing components of the Riemann tensor,
Ricci tensor, and Ricci scalar are

R01
01 = R02

02 = R03
03 = − ä

a
, R0101 = aä ,

R12
12 = R13

13 = R23
23 = −

(
ȧ

a

)2

, R1212 = −a2ȧ2 ,

R0
0 = −3

ä

a
, R1

1 = R2
2 = R3

3 = −

[
ä

a
+ 2

(
ȧ

a

)2
]
, R = −6

[
ä

a
+

(
ȧ

a

)2
]
. (20)

Based on these auxiliary formulas one can reconstruct the non-vanishing components of the non-minimal
susceptibility tensor (15)

R1
·001 = R2

·002 = R3
·003 =

ä

a
(3q1 + 4q2 + q3) +

ȧ2

a2
(3q1 + 2q2) , (21)

R2
·121 = R3

·131 = R3
·232 = aä (3q1 + 2q2) + ȧ2 (3q1 + 4q2 + q3) . (22)

2. Analysis of particle dynamics

2.1. First special case

Let us consider the axion field to be frozen into one of the minima of the axion potential, ϕ = 2πk

(k is an integer). In this case the key equation takes the form

1

p1

dp1
dt

= −λ(S)

[
1 + ν(S)

]
+ λ(T )

{
Ḣ (3q1 + 4q2 + q3) +H2 (6q1 + 6q2 + q3)

} [
1 + ν(T )

]
. (23)

The multipliers λ(S) and λ(T ) are considered to be functions of the expansion scalar Θ = 3H. Also we
assume that the parameters q1, q2 and q3 are dimensionless. Since the right-hand side of the equation
(23) has to have the dimensionality of inverse time, we suggest the following structure of the multipliers
λ(S) and λ(T ):

λ(S) = λ̃(S)H , λ(T ) = H−1λ̃(T ) , (24)

where the quantities λ̃(S) and λ̃(T ) are dimensionless constant parameters. The solution to the equation
(23) is of the form

p1(t) = p1(t0)

(
a(t)

a(t0)

)σ1
(

H(t)

H(t0)

)σ2

, (25)

and seven parameters are incorporated into two guiding parameters of the model:

σ1 = −λ̃(S)

[
1 + ν(S)

]
+ λ̃(T ) (6q1 + 6q2 + q3)

[
1 + ν(T )

]
, (26)

σ2 = λ̃(T ) (3q1 + 4q2 + q3)
[
1 + ν(T )

]
. (27)

In other words, the quantity (or any quantity proportional to this one)

p1(t)[a(t)]
−σ1 [H(t)]−σ2 = p1(t0)[a(t0)]

−σ1 [H(t0)]
−σ2 = K1 (28)

is the integral of the characteristic equations. Respectively, the integrals of motion K2 and K3 appear,
when we replace the index α=1 by α=2 and α=3. The set of four integrals of motion K0, K1, K2, K3 is
sufficient for construction of homogeneous distribution functions f(a)(pj). For instance, we can write the
exact solutions for the distribution functions, which look like the Jüttnet-Chernikov ones, as follows:

f(a)(pj) = A(a) exp

{
− c

kBT(a)

√
m2

(a)c
2 + ω2 (K2

1 +K2
2 +K2

3 )

}
δ(K0 −m2

(a)c
2) , (29)
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where the temperatures of the particles of the sort (a), indicated as T(a), do not coincide in general case,
contrarily to the case of equilibrium in the multi-component plasma. The constant ω2 can be chosen
so that in the absence of gravitational field the formula (29) gives the standard Jüttnet-Chernikov
distribution function. The multipliers A(a) describe the normalization parameters (see, e.g., [4] for
details).

When we are interested to describe the complete distribution taking into account the dependence
on spatial coordinates, we have to find three supplementary integrals of motion. In order to find them,
one can write the equation dx1

ds = g11p1
m(a)c

, which yields

dx1

dt
=

cp1(t0)

p0(t)

(
a(t)

a(t0)

)σ1−2(
H(t)

H(t0)

)σ2

, (30)

p0(t) =

√
m2

(a)c
2 + p2(t0)

(
a(t)

a(t0)

)2σ1−2(
H(t)

H(t0)

)2σ2

. (31)

Integration of this equation gives the fifth integral of motion in quadratures

K4 = x1(t)− cp1(t0)

∫ t

t0

dτ

(
a(τ)
a(t0)

)σ1−2 (
H(τ)
H(t0)

)σ2√
m2

(a)c
2 + p2(t0)

(
a(τ)
a(t0)

)2σ1−2 (
H(τ)
H(t0)

)2σ2

. (32)

The integrals of motion K5, K6 can be obtained similarly using the replacements p1(t0) →
p2(t0), x1(t) → x2(t), as well as, p1(t0) → p3(t0), x1(t) → x3(t). Thus, arbitrary function
f(a)(K1,K2,K3,K4,K5,K6)δ(K0 − m2

(a)c
2) presents the general solution of the kinetic equation (9)

in the first special case.

2.2. Second special case

As an illustration, we consider now the axionically induced gradient force (13) only. This submodel
can be described by the key characteristic equation

1

p1

dp1
dt

= −λ(G) ϕ̇ sinϕ
[
1 + ν(G) cosϕ

]
. (33)

In order to keep dimensionality of the left-hand and right-hand sides of this equation we have to consider
λ(G) to be constant. Integration of this equation yields

p1(t) exp

{
−λ(G)

[
cosϕ(t) +

1

2
ν(G) cos

2 ϕ(t)

]}
= p1(t0) exp

{
−λ(G)

[
cosϕ(t0) +

1

2
ν(G) cos

2 ϕ(t0)

]}
= K1 .

(34)
The integrals of motion K2 and K3 can be found similarly. As for the integral of motion K4, we obtain

K4 = x1(t)−cp1(t0)

∫ t

t0

dτ

p0(τ)

(
a(τ)

a(t0)

)−2

exp

{
λ(G)[cosϕ(τ)− cosϕ(t0)]

[
1+

1

2
ν(G)[cosϕ(τ)+ cosϕ(t0)]

]}
,

(35)

p0(τ) =

√
m2

(a)c
2 + p2(t0)

(
a(τ)

a(t0)

)−2

exp

{
2λ(G)[cosϕ(τ)− cosϕ(t0)]

[
1+

1

2
ν(G)[cosϕ(τ)+ cosϕ(t0)]

]}
.

(36)
The integrals of motion K5 and K6 can be found similarly. Again, general solutions to the kinetic
equations have the form f(a)(K1,K2,K3,K4,K5,K6)δ(K0 −m2

(a)c
2).

3. Examples of particle behavior and symptoms of plasma instability

Now we consider two physically valuable quantities: first, the physical component of particle
momentum P(t) = ±

√
−g11p21, and the particle energy E(t) = cU jpj = cp0(t), for five space-time

platforms, which can be described by the scale factors listed above.
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3.1. The case of constant axion field

Let us start with the analysis of the physical component of the particle momentum

P(t) = P(t0)

[
a(t)

a(t0)

]σ1−1 [
H(t)

H(t0)

]σ2

. (37)

3.1.1 de Sitter type inflation

For the de Sitter space-time with the scale factor and Hubble function given by

a(t) = a(t0)e
H0(t−t0) , H(t) = H(t0) = H0 = const (38)

the law of evolution of the physical momentum component has the form

P(t) = P(t0)e
H0(σ1−1)(t−t0) . (39)

The particle energy behaves as

E(t) = c
√

m2
(a)c

2 + p2(t0)e2H0(σ1−1)(t−t0) . (40)

When σ1 > 1, the particle momentum and energy grow, and the particle becomes ultra-relativistic. It
is possible, when

λ̃(T ) (6q1 + 6q2 + q3)
[
1 + ν(T )

]
> 1 + λ̃(S)

[
1 + ν(S)

]
. (41)

We assume that the Stokes type force belongs to the class of friction forces, and thus it is characterized
by positive parameter λ̃(S). Indeed, in the non-relativistic limit the spatial part of the force (12) with
ν(S) = 0 takes the form

Fα
(S) → m(a)λ(S)[U

α − 1

c
vα] , (42)

and if the particle velocity vα (α = 1, 2, 3) exceeds the flow velocity cUα the friction force takes negative
value with positive parameter λ(S). The inequality (41) can be satisfied, if and only if its left-hand side
is positive, i.e., the tidal force can be indicated as the accelerating one.

Clearly, when σ1 = 1, the physical component of the particle momentum remains constant in the
expanding Universe; this situation can be characterized, e.g., as a "dynamic equilibrium". When σ1 < 1,
the particle momentum decreases.

We have to stress, that in this context there exists, formally speaking, the following model: since the
parameters in (41) depend on the sort index, for one part of particles σ1 > 1, but for other particle sorts
σ1 < 1. This means that particles of the first subclass are accelerating and become ultra-relativistic;
particles of the second subclass loss energy and become non-relativistic, asymptotically.

3.1.2 Scale factor is of the power-law type

Consider now the model with

a(t)

a(t0)
=

(
t

t0

)γ

,
H(t)

H(t0)
=

(
t

t0

)−1

. (43)

Now we obtain that the behavior of the momentum is described also by the power law

P(t) = P(t0)

(
t

t0

)γ(σ1−1)−σ2

. (44)

The momentum grows and the particle becomes ultra-relativistic asymptotically, when γ(σ1 − 1) > σ2,
or in more details

λ̃(T )(1 + ν(T )) [3q1(2γ − 1) + 2q2(3γ − 2) + q3(γ − 1)] > γ
[
λ̃(S)(1 + ν(S)) + 1

]
. (45)

Similarly to the previous case, the energy of the particle decreases, when γ(σ1− 1) < σ2, and it remains
constant, if γ(σ1 − 1) = σ2.
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3.1.3 Particle behavior during the bounce regime

In this paragraph we consider the model with the following scale factor and Hubble function

a(t) = a(t∗)e
ht2 , H(t) = 2ht . (46)

The particle momentum evolves according to the law

P(t) = P(t0)e
h(σ1−1)(t2−t20)

(
t

t0

)σ2

. (47)

Depending on the values of the parameters σ1 − 1 and σ2 five interesting situations appear.
1) When σ1 > 1 and σ2 > 0 the particle momentum (47) grows monotonically; the particle is

accelerating and becomes ultra-relativistic.
2) When σ1 > 1 and σ2 < 0 the particle momentum (47) reaches the minimum at

t = t∗ =
√

|σ2|
2h(σ1−1) , and then tends to infinity.

3) When σ1 < 1 and σ2 > 0 the particle momentum (47) reaches the maximum at
t = t∗ =

√
σ2

2h(1−σ1)
, and then decreases.

4) When σ1 < 1 and σ2 < 0 the particle momentum (47) tends to zero monotonically.
5) When σ1 = 1 and σ2 = 0, the particle momentum remains constant.
Fig. 1 illustrates these details of behavior.

a) b)

Fig. 1. Illustration of the behavior of the particle momentum for six sets of the dimensionless parameters
σ1 and σ2. For illustration we put h=1. On the panel a) we collect the increasing curves, which visualize the
process of the ultra-relativistic particle creation; the curves presented on the panel b) are the decreasing ones,
they visualize the process of particle cooling.

3.1.4 Super-inflationary scenario

Consider now the model with

a(t)

a(t0)
= eν sinh(H∗(t−t0) ,

H(t)

H(t0)
= cosh [H∗(t− t0)] . (48)

The law of evolution of the physical momentum component has the form

P(t) = P(t0) e
ν(σ1−1) sinh(H∗(t−t0)) (cosh(H∗(t− t0))

σ2 . (49)

Similarly to the previous case we highlight the same five details, but now the extrema in the items 2)
and 3) appear, if |σ2| > 2ν|σ1 − 1|, at the moment

t∗ = t0 +
1

H∗
Arsinh

{
− σ2

2ν(σ1 − 1)
±

√
σ2
2

4ν2(σ1 − 1)2
− 1

}
. (50)
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3.1.5 Quasi-periodic regime

The last example relates to the case with

a(t)

a(t0)
= eρ sinΩ(t−t0) ,

H(t)

H(t0)
= cosΩ(t− t0) , (51)

P(t) = P(t0) e
ρ(σ1−1) sinΩ(t−t0) (cosΩ(t− t0))

σ2 . (52)

On the quasi-periodic platform the behavior of the particle momentum is also quasi-periodic without
asymptotic growth; Fig. 2 illustrates this behavior.

0 1 2 3 4 5 6 7 8 9 10

0

0.2

0.4

0.6

0.8

1

1.2

1.4

Fig. 2. Illustration of the behavior of the particle momentum for the quasi-periodic space-time platform. For
illustration we put ρ=1.

3.2. Axion field is not constant

Looking at the formula (34) we can conclude that the typical behavior of the physical component
of the particle momentum can be described by the formula:

P(t) = P(t0)

(
a(t0)

a(t)

)
exp

{
λ(G) [cosϕ(t)− cosϕ(t0)]

[
1 +

1

2
ν(G) (cosϕ(t) + cosϕ(t0))

]}
. (53)

Clearly, the exponential part of this formula is periodic function; the multiplier a(t0)
a(t) describes the

tendency of decreasing of the particle momentum. In order to complete the study of this model,
we consider several examples of the behavior of the axion field, which enters the arguments of the
trigonometric functions.

3.2.1 Standard inflation

Studying the model of standard inflation, we assume that, first, the scale factor is presented by
the formula a(t) = a(t0)e

H0(t−t0) with H0 = const, second, ϕ(t0) = 0, third, ϕ(t) is small, fourth,
1 +A(H) > 0. Then we obtain the evolutionary equation for the axion field in the following form

ϕ̈+ 3H0ϕ̇+
m2

A

1 +A(H0)
ϕ = 0 . (54)

Depending on the value of the axionic mass mA, three variants of solutions can be obtained.
1. If mA < 3H0

2

√
1 +A(H0), the solution is

ϕ(t) =
ϕ̇(t0)

Γ
e−

3H0
2 (t−t0) sinhΓ(t− t0) , Γ =

√
9

4
H2

0 −
m2

A

1 +A(H0)
. (55)
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a) b)

Fig. 3. Illustration of the formula (53) for the case (55), when only one parameter Θ is varying. On the panel
a) the third curve with Θ=Θ∗≈15.72 plays the role of some separatrix: when Θ<Θ∗, extrema do not appear.
On the panel b) we present the illustrations with Θ>Θ∗; clearly, these curves have minima and maxima.

a) b)

Fig. 4. Illustration of the formula (53) for the case (55), when only one parameter λ(G) is varying and the value
of Θ is fixed by Θ=1<Θ∗. On the panel a) the upper curve with λ(G)=λ∗

(G)≈− 6.21 plays the role of separatrix:
when λ(G)>λ∗

(G), extrema do not appear. On the panel b) we present the illustrations with λ(G)<λ∗
(G); these

curves have maxima.

In order to visualize the behavior of the particle momentum (53) for the axion field described by (55),
we introduce two auxiliary dimensionless parameters Λ= 2mA

3H0

√
1+A(H0)

and Θ= ϕ̇(t0)
H0

(see the legends on

Fig. 3 and 4).

2. If mA > 3H0
2

√
1 +A(H0), the solution ϕ(t) is quasi-periodic

ϕ(t) =
ϕ̇(t0)

Ω0
e−

3H0
2 (t−t0) sinΩ0(t− t0) , Ω0 =

√
−9

4
H2

0 +
m2

A

1 +A(H0)
. (56)

The behavior of the particle momentum can be now indicated as quasi-double-periodic; the illustration
of this case is presented on the panel a) of the Fig. 5.

3. If mA = 3H0
2

√
1 +A(H0), the solution for the axion field takes the form

ϕ(t) = ϕ̇(t0)(t− t0)e
− 3H0

2 (t−t0) . (57)

The behavior of the particle momentum is illustrated on the panel b) of the Fig. 5.
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a) b)

Fig. 5. Illustration of the behavior of the particle momentum: the panel a) corresponds to the formula (56)
and panel (b) to the formula (57).

3.2.2 Power-law regime of evolution

If a(t) = a(t0)
(

t
t0

)γ
and H = γ

t , we assume that A = 0, and illustrate the model by the solution
to the equation

ϕ̈+
3γ

t
ϕ̇+m2

Aϕ = 0 . (58)

Now the axion field can be presented in terms of Bessel functions

ϕ(t) =

(
t

t0

) 1−3γ
2

[C1Jν∗(mAt) + C2Yν∗(mAt)] , ν2∗ =
9γ2 − 1

4
. (59)

Here Jν∗(mAt) and Yν∗(mAt) are the Bessel functions of the first and second kinds, respectively; the
constants of integration C1, C2 can be found from the initial conditions, they depend on the choice
of the sign of the index ν∗. An illustration of the behavior of the particle momentum for this case is
presented on the panel a) of the Fig. 6.

3.2.3 Evolution of massless axions

For the last illustration we consider the model with

mA = 0 ,
1 +A(H(t0))

1 +A(H(t))
= 3

H(t)

H(t0)
. (60)

Then the solution to the equation (3) is

ϕ(t) = ϕ(t0) +
ϕ̇(t0)

H(t0)

[
1−

(
a(t0)

a(t)

)3
]
. (61)

Respectively, during the super-inflation stage the axion field behaves as

ϕ(t) = ϕ(t0) +
ϕ̇(t0)

H(t0)

[
1− e−3ν sinhH∗(t−t0)

]
, (62)

and the quasi-periodic regime is characterized by the behavior

ϕ(t) = ϕ(t0) +
ϕ̇(t0)

H(t0)

[
1− e−3ρ sinΩ(t−t0)

]
. (63)

An illustration of the behavior of the particle momentum for the case (62) is presented on the panel b)
of the Fig. 6.
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a) b)

Fig. 6. The panel a) illustrates the behavior of the particle momentum for the axion field described by the
formula (59) with ϕ(t0)=0 and mAt0=1. The panel (b) visualizes the case related to the formula (63) with
ϕ(t0)=0 and ν=1. Here Ξ= ϕ̇(t0)

mA
and Θ= ϕ̇(t0)

H0
.

4. Conclusions

We have reconstructed the complete functions f(a)(x, p), which describe the distribution of the
relativistic particles of the sort a in the Phase Space. These distribution functions have the structure
f(a)(K1,K2,K3,K4,K5,K6)δ(K0 − m2

(a)c
2), where K0, K1,...K6 are the so-called integrals of motion,

the exact solutions to the characteristic equations. The analysis of behavior of the physical component
of the particle momentum P(t) has shown that the curvature induced force, linear in the Riemann
tensor, can divide the particle ensemble into two sub-groups, if the guiding parameters λ(T), λ(S),
etc., depend on the sort of particles. Particles of the first sub-group loss the energy and momentum
monotonically, and become non-relativistic asymptotically. These particles can be characterized by the
temperature T(Cold), for which m(a)c

2 >> kBT(Cold). Particles of the second sub-group acquire energy
from the curvature force, they can be attributed to the class of hot particles. Depending on the values
of the guiding parameters of the model, these particles can become ultra-relativistic asymptotically
(see, e.g., the panel a) of Fig.1), or can reach some maximal energy (see, e.g., the panel b) of Fig.
3, panel b) of Fig. 4, panel a) of Fig. 5). These particles can be characterized by the temperature
T(Hot). One can assume that T(Hot) >> T(Cold). In other words, the curvature force can turn the multi-
component plasma into the so-called two-temperature plasma. Since the plasma particles are assumed
to be electrically charged, the plasma instabilities can occur in the axion-aether-active plasma, if some
internal or external perturbations appear in plasma. For instance, if the gravitational waves travel
through the two-temperature plasma, they produce longitudinal electric currents and allow us to speak
about symptoms of plasma instability [10, 11]. The problem of plasma instabilities in the axion-aether-
active plasma will be the topic of the third part of our work.
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