IMMPOCTPAHCTBO, BPEMA U ®YHIAMEHTAJIbHBIE B3BAUMO/IENCTBUS 2025, Bpim. 2

VIIK 517.9

© Parxyp JI., Cunrx B., Papku M., Jammkyma 4. /1., U6parum A., Mumpa JI. H., Mumpa B. H.,
2025

IMPUMEHEHUE TEOPUN OB OBIIIEN o-HEIIOABN2KHOMN TOYKE B CJIVUAE
HEYETKOI'O OBOTAINIEHHOT O ¢-¢-C2KUIMAIOIITEI'O OTOBPAXKEHN A B
F-METPNYECKUNX ITPOCTPAHCTBAX AJId PEIHNTEHN A HEYHETKUX
NHTEI'PO-AU®PEPEHIINAJIBHBIX YPABHEHUN

Parxyp JI1.%!, Cunrx B.%2, Pajxu M.»3, Tammxyma 51. 1.04, N6parum A.>°, Mumpa JI. H.%6, Mum-
pa B.H.%7

¢ Kademapa maremaruku, HamoHa bHBIA TEXHOJIOTMYECKUH HHCTUTYT, Jasraanr, Alimkan 796 012,

mraT Musopam, Unus.

b Kadeapa maremarukn, Hayuno-rexnmdecknuii yausepcurer Kouduosne, Ocapa, mrar Koru, Hure-
pusi.

¢ Kadeapa marematuku, [llkosa mepesoBbix HaykK, lexHosgorundeckuii muctutyt Bemtypy, Bemnypy,
632 014, mrar Tamwaaam, Uunans.

4 Kadenpa maremarukn, HarmonaapHplii yHEBepcHTeT MaIbx HAPOAOB uM. Wmmupsr Tammu, Jammyp,

Awmapkanrak, Auynmyp, mrar Maaxbsa-Tlpagemnr 484 887, Mumust.

Bomurca nousTre F-MeTPHUIECKOrO IIPOCTPAHCTBA. PaccMarpuBaeTcs 00IIas -HENOIBUKHAS TOUKA, JIJIS CIIY-
qasl HEYEeTKOrO0 OOOTAIEHHOIO p-¢ CXKUMAIONMIEr0 OTOOparkeHMsI B IIOJHOM J-MeTPHYECKOM IpocTpancrse. Vc-
cjlefloBaHre BHOCUT BKJIJ[ B TEOPUM HEUYETKUX MHOXKECTB M HEIOJBUXKHBIX TOYeK. IIpakTuyeckasi npuMeHu-
MOCTh TIOJIYYE€HHBIX TEOPETUIECKUX PE3yIbTATOB IMOKAa3aHA Ha HAIVISIHBIX [PUMEPax, a TaKyKe Ha IIPUMeEpe
WCCJIETOBAHUST BO3MOYKHOCTHU CYIIIECTBOBAHUS PEIEHUsS 3aJa9d O HEYETKNX HAYAJIbHBIX 3HAYECHUSX WHTETPO-

mudepeHITnaIbHBIX YPaBHEHNI B KOHTEKCTE 0OOOIIEHHON TPOM3BOIHOMN, BBEIEHHON XyKyXapoi.

Karouesvie crosa: ob1iast q-HENIOBHKHASA TOUKA, J -METPHYECKOE IIPOCTPAHCTBO, (p-¢ C2KUMAaIoIee 0TOOparkeHue,

IpOM3BOAHAA XYKYyXaphl.

COMMON a-FIXED POINT RESULTS FOR FUZZY ENRICHED ¢-¢
CONTRACTION IN F-METRIC SPACES WITH APPLICATION TO FUZZY
INTEGRO-DIFFERENTIAL EQUATIONS

Rathour L.*!, Singh V.2, Raji M.»3, Danjuma Y. J.>4, Ibrahim A.%>5, Mishra L.N.%% Mishra V.N.%7

¢ Department of Mathematics, National Institute of Technology, Chaltlang, Aizawl 796 012, Mizoram,
India.

b Department of Mathematics, Confluence University of Science and Technology, Osara, Kogi State,
Nigeria.

¢ Department of Mathematics, School of Advanced Sciences, Vellore Institute of Technology, Vellore
632 014, Tamil Nadu, India.

4 Department of Mathematics, Indira Gandhi National Tribal University, Lalpur, Amarkantak,

Anuppur, Madhya Pradesh 484 887, India.

1E-mail: laxmirathour817@gmail.com
2E-mail: vinaysinghl4aug@gmail.com
3E-mail: rajimuhammed11@gmail.com
4E-mail: yahayajd@custech.edu.ng

5E-mail: Ibrahima@custech.edu.ng

6E-mail: lakshminarayanmishra04@gmail.com
7E-mail: vishnunarayanmishra@gmail.com



92 JI. Parxyp, B. Cunrx, M. Pamxu, 5. J1. Janmpkyma, A. Uoparuwm, JI. H. Mumpa, B. H. Mumpa

The paper aims to introduce the notion of F-metric spaces and establish some common a-fixed point results for
fuzzy enriched ¢-¢ contraction in a complete F-metric spaces. These additions broaden the body of knowledge in
the existing framework on fuzzy mappings and fixed point theory. Through illustrative examples, we demonstrate
the practical applicability of our theoretical results. Also, we explore the existence of solution for fuzzy initial value

problem of integro-differential equations in the context of generalized Hukuhara derivative, as an application.

Keywords: common a-fixed point, F-metric space, ¢-¢ contraction mapping, Hukuhara derivative.

PACS: 02.90.4p
DOL: 10.17238 /issn2226-8812.2025.2.91-102

Introduce

The Banach fixed point theorem [1], one of the foundational findings of fixed point theory, is
important for determining the existence and uniqueness of solutions to many mathematical problems.
Numerous problems encountered in everyday life stem from incomplete information that is not well-
expressed in conventional mathematics. In 1965, Zadeh [1] introduced the notion of fuzzy sets, that
proffer efficient ways to handle imprecise information, laying the foundation for subsequent research
in fuzzy mathematics. Building upon Zadeh’s work, Goguen [2] extended this concept of fuzzy set to
L-fuzzy set thereby replacing the interval [0, 1] by L that is completely distributive lattice. Heilpern [3]
further extended the notion of fuzzy mappings and derived fixed point results via metric linear space.
For more, we refer [4-9].

Rashid et al. [10] introduced the conception of Sz, -admissible for two L-fuzzy mappings and derived
numerous results for these mappings. Moreover, Jleli and Samet [11] expanded the classical metric space
by introducing a modern metric space known as F-metric space. Alnaser et al. [12] employed this idea
in this direction and demonstrated a few fixed point results in F-metric space with a few unresolved
issues, including fixed point theorems for L-fuzzy mappings. The existence of fixed point results was
established by Samet et al. [13] when a new class of contractive type mappings known as -9 contractive
type mapping and S-admissible mappings in metric spaces was presented. Further, Raji [14] generalized
the concept of 8- contractive type mappings and obtained various common fixed point results for this
generalized class of contractive mappings. Further results can be found in [15-17].

Recently, Albargi [18] presented the idea of F-metric space as an extension of traditional metric
space, established some common a-fixed point results for rational [-i-contractions, and proved the
Banach contraction principle in the context of this generalized metric space.

Based on the above insight, we introduce the concepts of F-metric spaces and subsequently establish
some common a-fixed point results for fuzzy enriched -¢ contraction within the framework of complete
F-metric spaces. To bolster our findings, we offer illustrative examples demonstrating the practical
application of the presented results. Also, we explored as an application, the existence of solution for
fuzzy initial value problem of integro-differential equations in the context of generalized Hukuhara

derivative.
1. Preliminaries

Definition 1.1 [19] A mapping ¢ : [0,00) — [0, c0) is said to be comparison function if the following
are satisfied: (i) ¢ is monotonic increasing, (ii) 7}1—{20 @™ (t) =0, for each t > 0.

Definition 1.2 [12] A mapping ¢ : [0,00) — [0,00) is said to be (c)-comparison function if it
satisfies: (i) ¢ is monotonic increasing, (ii) for each ¢ > 0, 3.7 ¢ (¢) < oc.

Remark 1.3 Let ¢ be a (c¢)-comparison function. Then (i) ¢(0) = 0, (ii) for each t > 0, ¢(t) < ¢,
(iil) ¢ is right continuous at 0.
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Definition 1.4 Let ® be the collections of all function ¢ : [0,00)° — [0, 00) that satisfies: (i) ¢ is
continuous, (i) ¢(t1,t2,ts,t,t5) = 0 if and only if t1totststs = 0.

Example 1.5 The following function ¢ : [0,00)° — [0,00) belong to ®: (i) (t1,t2,t3,ts,t5) =
titatstats, (ii) o(t1, ta, t3,te, t5) = etrt2tatats — 1 (iii) (t1,ta, t3,ta, t5) = In (1 + t1tatststs).

Definition 1.6 [20] A function T from a metric space (X, d) into itself is called ¢-contraction if
there exist a function ¢ : [0,00) — [0, 00) satisfying

d(Tz, Ty) < ¢pd(x,y)), Vo, y € X. (1)

Definition 1.7 A function T' from a metric space (X, d) into itself is called (¢, p)-contraction if
there exist a function ¢ : [0,00) — [0,00) and ¢ : [0,00)° — [0, c0) satisfying

d(Tz, Ty) < ¢(d(z,y)) — (d(z,y),d(z, Tz),d(y, Ty), d(z,Ty), d(y, Tx)), Yz, y € X. (2)

Definition 1.8 [15] A fuzzy set in X where X be a nonempty is a function Q : X — [0,1]. If x € ,
then Q(z) is said to be the grade of membership of 2 € Q. An a-level set of Q denoted by [?], define by

Qo = {z: Q=) > a}, ifa € (0,1], [Qo = {z: Qx) > 0}. (3)

If X is a metric space, then IX is the collection of all fuzzy sets in X.

Definition 1.9 [21] An a-fuzzy fixed point of a fuzzy mapping T : X — IX is defined as a point
r* € X where a € (0,1] and z* € [T'z"]4(z+)-

Definition 1.10 [21] A common a-fuzzy fixed point of a fuzzy mappings T, f : X — I is defined
as a point #* € X where o € (0,1] and 2* € [T2*]o(z+) [f2*]a(a*)-

We now, introduce F-metric space as follows: let g : (0,+00) — R and F referred to the collections
of functions g satisfying: (F1) 0<x <t = g(x) < g(t), (F2) for the sequence {z,} C R", nh_}rr;o Ty =
0& le g(xy) = —o0.

7i)eoi?inition 1.11 [11] Let dr : X x X — [0, +00), where X is nonempty set. Suppose there exists
(9,h) € F x [0,400) such that (i) (z,y) € X x X, dr(z,y) =0 z =y, (i) dr(z,y) = dr(y,z), for
all (r,y) € X x X, (iii) for every (z,y) € X x X, for every N € N, N > 2, and for each (u;)¥, C X
with (u1,un) = (z,y), we have

dr(z,y) > 0= g(dr(z,y)) < g[S dr(zi, 2i0)] + h. (4)

Then, dx is referred to as F-metric on X and (X, dz) called F-metric space.

Example 1.12 [11] Let dr : R x R — [0, +00) be a function define by
|x_y|7 (x7y> ¢ [072] X [072}7
with g(t) = 1In () and h = In (2), is F-metric.

Definition 1.13 [11] Let (X,dr) be F-metric space. (i) Let {z,} C X. If {x,} is convergent to
2 in F-metric dx, then the sequence is F-convergent to z € X. (ii) The sequence {z,} is referred to

dr(z,y) = { ()

as F-Cauchy, if n'rlrILIBoo dr(Tpn,xm) = 0. (iil) (X, dx) is F-complete if every F-Cauchy sequence in X is
F-convergent to x € X.
Lemma 1.14 [12] Assume X; and X5 be nonempty compact subsets of F-metric space (X, dr)
that is closed, if z € X1, then
dr(z, Xs) < Hr (X7, Xo2). (6)

Definition 1.15 [9] Let (X, dr) be F-metric space and 5 : (X,dr) x (X,dr) — [0, +00). Let T, f
be a pair of fuzzy mappings from X into F,(X). Then, the pair (T, f) is referred to as an ar-admissible
if: (i) for a point # € X and y € [T'x]q,.(z), Where ar(z) € (0,1] with B(z,y) > 1, then, (y,2) > 1, for
all 2 € [fYla,(y) # O where ay(y) € (0,1], (ii) for a point x € X and y € [fz]qay(x), where ay(x) € (0, 1]
with B(z,y) > 1, then, 8(y,z) > 1, for all z € [Tyq,(y) # D where ar(y) € (0,1].
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2. Main results

Theorem 2.1. Let (X,dr) be F-metric space and T, f be fuzzy mappings from X into IX.
Suppose for each z € X, there exist ar(z), af(z) € (0,1] such that [Tz]ay(z)s [[Zlas@) € C(2%)
satisfies: (i) (X,dr) is F-complete, (ii) for a point zy € X there exists ar(zg) or ay(zo) € (0, 1] such
that 21 € [T%o]ay(zy) OF 1 € [fxo]af(xo), (iii) for all z,y € X, there exist ¢ € ¥ and ¢ € ® such that

d]—'(l‘, y), d]—‘(ai, [TCU]&T(I))) dr(y, [fy]af(y))a) , (7)

Hﬂﬁﬂw@MMhmws¢wﬂam>q{hﬁﬂm](ﬂdﬂywﬂ .
) agp(y)) ) ar(x

Then, T' and f have a common a-fixed point z* € [T2*], (z=) N [fx*]af(r*).

Proof. By condition (ii), we can choose a point zg € X, there exists arp(zg) € (0,1] such that
[Tz0]ar (o) € C(2%) is nonempty compact subset of X and there exists a point z; € [T'20] 0y (20) SUCh
that dr(21,22) = dr (21, [TZ0]ar(z0))- Again, for 1, there exists ay(z1) € (0,1] such that [f21]a, ) €

C(2%). Since [fxl]af(“) is nonempty compact subset of X, there exists a point xs € [fa:1]af($1) such
that dr(z1,22) = dr (21, [fT1]a;(2y))- With (7) and Lemma 1.14, we have
dr(ry,22) = dF(z1, [fxl]af(m)) < HJ"([TxO]aT(on)’ [fxl]oéf(fﬂl)) <
dr(xo,21), dr (20, [TT0]ar(z0)), A7 (T1, [fT1]a, (1)),
(o) = o e ) < ®
dr (o, [fT1]a; (1)), dF (21, [TT0]ag (z0))
d(dF (w0, 1)) — p(dF (w0, 1), dF (0, 71), dF (21, 22), dF (70, T2), dF (71, 21)).
Apply definition 1.4 in (8), we have
dr(z1,22) < ¢(dF (w0, 21)). (9)
Now, for 2z, € X, there exists ar(zz) € (0,1] such that [T@2]ap(m) € C(2%). Since [T22]ay(xs)

is nonempty compact subset of X, there exists a point w3 € [T'Z2]a,(2,) such that dr(wa,23) =
dr(x2,ar(x2)). Again by (7) and Lemma 1.14, we have

dr(v2,73) = dFr(z2, [TxQ}OCT(fL’Q)) < Hf([fxl]af(m)v [Tx2]aT(®2)) <

dr(x2,21), dr (22, [TT2]0r(20)), A7 (21, [fT1]a, (1)),
oldr(aa.)) — o e A E
dr(z2, [fT1]a;(e1))s dF (@1, [TT2)ar (20))
d(dr(xe, 1)) — @(dr (22, 21), dF (T2, 23), dF (21, 22), dF (22, 22), dF (21, 23)).
Again, apply definition 1.4 in (10), we have
dr(z2,23) < ¢(dF(z1,72)). (11)
Continuing this process having chosen x1,z3, 23,24 ... , we establish a sequence {z,} in X such that
Ton+1 € [T$2n}aq~(xzn)7$2n+2 € [fm2n+1}o¢f(m2n+1)a then for all n, we have
A7 (Tant1, Tant2) < O(dr(Tan, Tant1)), (12)
and
dr(Tant2, Tants) < G(dr(Tont1, Taniz))- (13)
With (12) and (13), we obtain
dr(Tn, 1) < O(dr(Tn_1,70)) < ... < 9" (dF (w0, 21)). (14)

Let € > 0 and n(e) € N and (g, h) € F x [0, +00) be such that (iii) of definition 1.11 is satisfied. Again,
let € > 0 be fixed. By Fi, there exists 6 > 0 such that

0<t<d=g(t) <g(d) —h. (15)
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Let n(e) € IN such that 0,5, )¢" (dr(xo,71)) < d. By (15) and F;, we have

g<m§j " (dr(an,a0) ) < o

We have for all m > n > IN,

> " (drtanan)) <o)~ (16)

n>n(e)

g(dx(z0, 1)) < g(mi:ldf(%xm)) ths g(§¢"<df(xi,xi+1>>) ths

i=n i=n

o X o)) +h< oo (17)

n>n(e)
By F1, we have dz(z,,xm) < &,m > n > IN. It follow that the sequence {x,} is F-Cauchy. Since

(X, dx) is F-complete, there exists 2* € X such that the sequence {x, } is F-convergence to x*, that is,

lim dr(x,,z*) =0. (18)

n— oo
To show that z* € [T2*]y,.(z+), we let dr(z*, [T'2*]4, (o)) > 0. By definition of g and (iii) of definition

1.11, we have

9(dr (", (T2 ) ap(e)) < 9(dr (2", 220) + dF (20, T2 ]ap@e))) +h <
g(d]:(x*,x2n) + H]:([fon—l]af(wn—l)’ [Tx*]aT(w*))) +h< g(d]:(x*, Ton) + ¢(dr(z*, v2n-1)) —
(d]—‘((t*, x2n—1)a d]:(x*v [Tm*]aT(x*))v d]:(xZn—la [fon—l]af(xgn_l))a
¥ * *
d]:(SC ’ [fon—l]af(wgn_ﬂ)v d]:(an—la [Tx }(XT(JJ*))

d]:(SC*,ZQn_l), d]:(l‘*, [Tz*]aT(m*))7d}—(an—laxQn)y)> Th

d]:(il'*, x2n)7 d]:(l'anl, [Tx*]aT(z*))

)) +h< g(df(x*,xgn) +

o(dr (2, Tam_1)) ( (19)

Since {x,} is F-convergent to z*, so by the properties of ¢ € ¥, ¢ € &, (18) with F» and on taking
limit in (19), we have

lim g(d]:(l'*, [Tx*]aT(T*))) = lim g(d]:(x*axZn) + d}'(x*axanl) + h) = —0Q, (20)

n— oo n—oo

a contradiction. Therefore, we get dz(z*, [Tx*]4, (2+)) = 0, which implies z* € [T2*]q (z+)-
Similarly, we can show that z* € [f;zc”‘]af(m*)7 we let dr(z*, [fx*]af(x*)) > 0. By definition of g and
(iii) of definition 1.11, we have

g(d}-(x*a [fx*}ozf(m*))) < g(d}'(x*wanJrl) + d]—'(xQnJrh [f‘r*]af(z*))) +h <
g(d}—(x*; x?n-{-l) + H]—'([TJZQn]aT(a:Qn)a [fx*]af(w*))) +h < g (d]-‘(ﬂﬁ*, x2n+1) + Qb(d}'(x?ru x*)) -

(d]:(xQTLv l‘*), d]:(xQTLa [TxQTL}CKT(£2n))7 d]:(l‘*, [fx*]af(x*))a

+h< 9<df($*,$2n+1) +
d]:(Ian [fx*]af(w*))vd}-(z*? [T‘IQTL]QT(QZQH)) >>

d]_—(xm“ z*)7 d]:(l’gn, l‘gn+1), d]-'(l'*v [fz*]af(m*))v)) +h (21)

d]—'($2m [fl'*]af(w*))a df(x*,$2n+1)

oldr(aansa)) - (

Since {x,} is F-convergent to =*, so by the properties of ¢ € ¥, ¢ € &, (18) with F» and on taking
limit in (21), we have

nli_)rr;og(d]:(x*, [fx*]af(z*))) = lim g(dr(z*,22,) + dr(z*, x2n-1) + h) = —o0, (22)

n—oo

a contradiction. Hence, dz(z*, [Tf]af(x*)) = 0, which implies z* € [fx*]af(z*).
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Combining the results from (19) and (21), we have

T e [Tx*]aT(z*) n [fx*}af@*). (23)
Thus, T" and f have a common a-fixed point 2 € [T2*]|n(zx) N [f2"]a ) (2)-
Example 2.2. Consider X = [0, +00), for all 2,y € X, F-metric dr : X x X — Rg is define
{«c ~9)%  (z.y) €[0.4] x [0,4],
[z —yl,  (z,y) ¢[0,4] x [0,4],

and for ¢ > 0 and h = 1n (4),g(¢) = In (¢). Then, (X,dr) admits F-complete F-metric space and not a
metric space because d» does not fulfill the triangular inequality as

d]:(l', y) = (24)

dr(1,4) > 5=dx(1,3) + dx(3,4). (25)

Moreover, let a(z) € (0,1] and T, f : X — IX as (i) If z = 0,

row-{ "0 (26)
€T =
0, t¢0,
(i) If 0 < = < oo,
2 2
a, 0<t<is, a, 0<t< i,
@ 1:2<t<w2 @ y2<t<y2
Tt =43 05 =43 BT (27)
5 30 St<ah 540 35 =t <y,
0, z2<t<oo. 0, ?<t<oo.

We now define ¢ : [0,00) — [0,00) by ¢(t) = t/2, for t > 0 with ¢ € ¥ and ¢ : [0,00)° — [0,00) by
o(t) = t/3 with ¢ € ©.
For all z € X, there exists ar(z) = («/3) € (0,1] and as(z) = («/6) € (0,1], such that
[T‘r]aT(x)a [fw]af(x) € C(2X)
Case I If x = y = 0, then [T%](a/3) = [f¥](a6) = 0, then
d}-(x,y),d}-(x, [Ti[,’}(, (x))ad]:(yv [fy]a ( ))a
Hr ([Tﬂ?]am» [fy]af(z)) =0 < ¢(dr(z,y)) - @( ‘ Y ) (28)
df(xa [fy]ozf(y))7 d}-(y, [Tx]oeT(x))
Case II: z,y € (0,00), then
o x? o y
= : > - = — = : > - = =—=1.
(Talus ={r€ X T@0 2 5} = 0.5 | md Tl = {re X 7000 2 5} = 0. %] 20
For x # y and by definition of dx, we have

P\ ety
30 30 — | 30
dr(z,y), dr(z, [T]ar (), dr (Y, [fy]af(y)),>

d]-"(x’ [fy]af(y))a d]:(y’ [Tx]aT(w))

Hr([T2lg (0 8oy () = (

(x—y)

p(dr(z,y)) — w(

Hence, all the conditions of Theorem 2.1 are satisfied. Thus, there exists 0 € [0,+00), that is, 0 €
[T0)(a/3) N [0 (a/6)-

Corollary 2.3 Let (X, dr) be F-metric space and T be fuzzy mappings from X into I*X. Suppose
for each z € X, there exist ar(z) € (0,1] such that [T@],, ) € C(2%) satisfies: (i) (X,dr) is F-
complete, (ii) for a point zo € X there exists ar(zg) € (0,1] such that x1 € [T%0]ay(a0), (iil) for all
z,y € X, there exist ¢ € ¥ and ¢ € ® such that

(31)

dr(z,y),dr(z, [TT]a () A7 (Y, ar(y))s
HA[Tx}aT(m),[Ty]af@))s«ﬁ(df(x,y))—go(f( ), (@ L)), A (4, [T ”)).

dr (@, [TYlary)), A7 Y, [TT]ap ()
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Then, T has a fixed point z* € [T'x*]|4(y+) -

Proof The proof follows from Theorem 2.1 by taking one fuzzy mapping from X into IX.

We now consider the fixed points results for multivalued mappings.

Corollary 2.4 Let (X, dr) be F-metric space Let R be a fuzzy mapping from (X, dr) into CB(X)
satisfies: (i) (X,dz) is F-complete, (ii) for a point xg € X there exists x; € Rxg, (iii) for all z,y € X,
there exist ¢ € ¥ and ¢ € ® such that

H}_(Rx’ Ry) < (b(d]:(.%‘, y)) - @(d}_(l‘v y)’ d]:(.’L‘, R.’I?), d}_(yv Ry)’ d]:(.%‘, Ry)’ d}_(yv Rx))7 (32)

Then, R has a fixed point x* € Rz*.
Proof Define a-fuzzy mappings 7 : X — IX, for some ar € (0,1] by

ar, te€ Rx,

T(x)(t) = { (33)

0, t §é Rla:.
Then,
T2]opz) =1t € X : T(x)(t) > ar(x)} = Riz. (34)
Implies for all z,y € X,
H]:([Tx]aT(w)v [Ty]aT(y)) = H}—(Rlx7 ng) (35)

The proof the rest follows from Corollary 2.3. Thus 2* € X, * € [Tx*],,.(2+) = Ra*.

Corollary 2.5 Let (X,dr) be F-metric space and Ry, Ry be fuzzy mappings from (X,dr) into
CB(X) satisfies: (i) (X, dr) is F-complete, (ii) for a point z¢g € X, there exists z; € Rixg or z1 € Raxo,
(iii) for all z,y € X, there exist ¢ € ¥ and ¢ € ® such that

H]:(Rlxa RQy) < ij(d]:(l', y)) - ¥ (d]:(xa y)a d}-(xa R1$)7 d}-(ya RQy)a d]:(’JJ, RQy)? d]:(y7 Rlx)) . (36)

Then, R; and Ry have a common fixed point z* € Rix* N Rax™.
Proof Define a-fuzzy mappings T, f : X — I, for some ar, ar € (0,1] by

_ Jar, te Rz, _ fayp, t € Roy,
rn = {0 S e s = {7 (37)
Then,
T2]opz) = {t € X : T(x)(t) > ar(z)} = R, (38)
and
[f@la; @ ={t € X : f(2)(t) = ap(z)} = Roy. (39)
Implies for all z,y € X,
Hr([T2)ap(2)s [fYlas ) = HF (Riz, Ray). (40)

The proof of the rest follows from Theorem 2.1. Thus z* € X, 2" € [T2"]ap() N [f2" ;@) =
Rlx* N RQ.T*.

3. Application

Here, we demonstrate applicability of the results developed in the previous sections to investigate
the existence of solution with fuzzy initial value problem via generalized Hukuhara differentiability. For
more on this, we refer to [22-25|.

As a starting point, we introduce the symbols that will be use in this section.

Let ‘H7 be denote the space of compact, nonempty and convex subsets of the n-dimensional
Euclidean space R™. If A, B € H and ||.|| denotes Euclidean norm in R"™, then, the Hausdorff metric d
on H is define as

d(A,B) = inf |la—1b inf —-b 41
(4.5 = maz {sup inf [la bl sup iut la 0] | (@)
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and we introduce the following definitions.

Definition 3.1 Let u : R™ — [0, 1] be a fuzzy mapping. (a) u is said to be normal, if there exists
xg € R™ such that u(zp) = 1. (b) u is called to be fuzzy convex, if for all z,y € R® and 0 < p < 1, we
have

w(pz + (1 - p)y) > minfu(@), u(y)}, (12)

(¢) u is said to be upper semicontinuous, if for all a € [0, 1], [u]® is closed. (d) [u]°

is compact.
Definition 3.2 [25] Suppose u,v,w € F™. An element w is referred to as Hukuhara difference of
u and v, if it satisfies the equation u = v + w. Now, u ©g v denotes the Hukuhara difference points of
u and v. Clearly, u Oy u = {0}, and if u Oy v exists, then this unique.
Lemma 3.3 [24] Let T, f : [a,b] — C', where C" is the collections of fuzzy number in R and € R,

the

()f(T+f = [, T dt+fbf(t)dt
(ii f 77T dt—nf T(t
(111) Oo( ( )s ( )) is 1ntegrable
Voo ([P T(t)dt, [0 F(£)dt) < [P deo(T(t)dt, f(t)dt), for ¢ € [a,b].

Definition 3.4 [25] Assume g : (a,b) — F™ and tg € (a,b). g is referred to as GH-differentiable
at to, if there exists g (to) € F™ such that

g(to +h) ©m g(to), g(to) Om g(to + h), (43)
and (to +h) O glto) (to) O glto + h)
. glo+h)omglo . g(to) ©Om g(to +
1 =1 t 44
hi%i h high h g (to)- (44)

Example 3.5 [25] Consider the fuzzy mapping g : R — F’ defined by g(t) = C.t, where C is a
fuzzy number defined with its a-levels by [C]* = [1 4+ a, 2(3 — a)t]. Then,

o 14+ a,23—0a)t], >0,
oI = 23— a)t,1+a], t<O. (45)

Obviously, the functions g and g are not differentiable at ¢ = 0. But g is GH-differentiable on R and
g (t) = C. That is, g is GH-differentiable at ¢t = 0.
Let the following be the fuzzy initial value problem (FIVP):

' (t) = g(t,z(t)), teJ=][0,T],

0) (46)
Y = Zo,

with 2’ as derivative and is considered in the sense of GH-differentiable, where at the end points of J
only one-sided derivative is considered, and the fuzzy function g : J x F' — F’ is continuous. The initial
data zo in F'. We denote C'(J, F') the collections of all continuous fuzzy functions g : J — F’ with
continuous derivative.

Lemma 3.6 [24] A fuzzy function z € C1(J,F’) is a solution of (4.1) if and only if it verifies the
integral equation

2(t) = 20 O (—1)/0 g(s,(s))ds, teJ=[0,T). (47)

Theorem 3.6 Suppose g : J x F' — F’ is continuous such that (i) g(¢,z) < g(¢,y), for x < y, (ii)
there exist some constants 7 > 0 large enough such that \ € (0 ) and the metric for z,y € F/,

with x < y and ¢t € J such that

lgtt, (1)) — gt y (1)l < 7 max {duc () ). (48)

1
» 2(p—0)
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Then, (46) has a solution in C1(J, F").
Proof Let C'(J, F') be endowed with

d-(9) = supma {do (a(t),y(0))e 7V}, (49)

for z,y € C*(J,F') and 7 > 0. Then, with g(x) = In (z),z > 0 and h = 0, (C*(J, F’'),d,) is F complete
metric space.

Let A,B: C*(J,F') — (0,1]. For x € C'(J, F'),

Lo(t) = 20 O (—1)/0 o(s, 2(s))ds. (50)

Let < y. Then, it follows from the assumption of definition 3.1 (a) that

t

Lo(t) = 20 On (_1)/5 9(s,2(s))ds < zo Op (_1)/5 9(s,y(s))ds = Ry(t). (51)
I Lo(t) # Ry(t) and T, f = C'(J, F') = FO' O as

A(z), ifr(t) = La (1),

Pralr) = 0, otherwise, (52
) B(y), ifr(t) = Ly(),
Prtr) = 0, otherwise. (53)
Again, if ap(z) = A(z) and ar(y) = B(y), we get
[Ta]ag@) ={r € X : (Tz)(t) 2 A(z)} = {L(1)}, (54)

Simﬂarlya [fy}ocf(y) = {Ry(t)}

z € [Ta]ap@), sup infllr —yllr
YESYlag ()
H([Tx}aT(x)a[fy]af(y)) = max '
Y€ [fYlaywy,  sup  infllz —yllr
:EG[Tz]af(z)

/ gls,a(s))ds — / s, u(s))ds

0

o {sup 12,6) = Ry (0 | =sup Lo (0) = R,(0) =s0p

te teJ R

J
< { [l x(6) = gts.u(6) s} < sup { [ durmas{Dec(rpe s} <

teJ teJ

Asup { (¢ = &) max{ Do)} | < Nt = 8)dx(2.9) < 5ir(y) = 6(dr(z.9) <
d]:(.’L', y)v d]:(.’L', [Tx}ozT(z))a d]:(y7 [fy]af(y))a

b(dr(z,y)) — . 55
( ]:( y)) <p<d]:(x7 [fy]af(y))a d}'(ya [Tm]aT(z)) > ( )

Hence, all the conditions of Theorem 2.1 are satisfied with ¢(t) = 1/2t and (t) = 1/4t, for t > 0. Thus,
x* is a solution of (46).

Conclusion

This study demonstrates applicability of F-metric spaces in establishing some common a-fixed
point results for fuzzy enriched ¢ — ¢ contraction in a complete F-metric spaces. This research offers
significant boost in the understanding of F-metric space, through illustrative examples, we retained
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the practical applicability of the theoretical framework and explored as an application, the existence
of solution for fuzzy initial value problem of integro-differential equations in the context of generalized
Hukuhara derivative. Future work could also explore the extension of this results to other types of fuzzy
mappings.
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