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CONSTRUCTION OF CHIRAL COSMOLOGICAL MODELS UNIFYING INFLATION
AND PRIMORDIAL BLACK HOLE FORMATION *
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Russia.

We propose the method for construction of 𝐹 (𝑅, 𝜉) gravity model, unifying inflation and primordial black hole

formation. The proposed models are based on the Starobinsky 𝑅 + 𝑅2 inflationary model, so, the function

𝐹 (𝑅, 𝜉) is a quadratic polynomial of the Ricci scalar 𝑅, 𝜉 is a scalar field. We show that the potential of the

corresponding two-field chiral cosmological model in the Einstein frame can be always found in terms of the

elementary functions. The special choice of the function 𝐹 (𝑅, 𝜉) allows us to get such a generalization of the

hybrid inflation that can describe both inflation, and the primordial black hole formation.
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ПОСТРОЕНИЕ КИРАЛЬНЫХ КОСМОЛОГИЧЕСКИХ МОДЕЛЕЙ,
ОБЪЕДИНЯЮЩИХ ИНФЛЯЦИЮ И ОБРАЗОВАНИЕ ПЕРВИЧНЫХ ЧЁРНЫХ
ДЫР
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𝑎 Научно-исследовательский институт ядерной физики имени Д.В. Скобельцына, МГУ имени

М.В. Ломоносова, Москва, 119991, Россия.

Предложен метод построения модели 𝐹 (𝑅, 𝜉) гравитации, объединяющей инфляцию и генерацию

первичных чёрных дыр. Предложенная модель основана на 𝑅+𝑅2 инфляционной модели Старобинского,

поэтому функция 𝐹 (𝑅, 𝜉) является квадратичным полиномом по скаляру Риччи 𝑅, 𝜉 — скалярное поля.

Показано, что потенциал соответствующей двухполевой киральной модели может быть всегда найден

в терминах элементарных функций. Специальный выбор функции 𝐹 (𝑅, 𝜉) позволяет получить такое

обобщение гибридной инфляции, которое может описать как инфляцию, так и генерацию первичных

чёрных дыр.
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Introduction

A black hole is called primordial if it was formed before the matter dominance epoch of the

Universe evolution. The rapidly growing number of direct and indirect observations of black holes with

masses beyond the astrophysical range, the occurrence of which is not described by models of stellar

collapse, confirms an assumption about the existence of primordial black holes (PBH). In particular,

the characteristics of black holes, as a result of the collision of which the detected gravitational waves
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are generated, are not consistent with the standard concept of black holes formation. The study of the

discovered black holes in the centers of galaxies has led to the assumption that it is not a black hole

formed due to the accretion of galactic matter, but a galaxy formed around a previously formed black

hole [1]. The hypothesis that a part of the dark matter consists of primordial black holes (PBH) has

been proposed in Ref. [2] (see also Refs. [1,3,4]). The possibility of PBH formation in the early Universe

was shown in Refs. [3, 5, 6] (see Refs. [7, 8] as reviews). Large peaks in the amplitude of perturbations

during inflation can lead to PBH formation in early post-inflation stage of the Universe evolution.

The Starobinsky 𝑅 + 𝑅2 gravity model of inflation [9] is the oldest inflationary model that is in

excellent agreement with current observation data [10–12]. This model is not suitable for describing of

the PBH formation. There are two ways to obtain the models unifying inflation and PBH formation

from the Starobinsky inflationary model. One can either use another function of the Ricci scalar 𝑅

instead of 𝑅+𝑅2, or add a scalar field [13–15]. We know several extensions of the Starobinsky model of

inflation, for which the inflaton scalar potential in the Einstein frame has the explicit dependence upon

fields and parameters in terms of elementary functions [16, 17], but these models are not suitable for

describing of the PBH formation. It is possible to get such analytical functions 𝐹 (𝑅) that the inflationary

model describes PBH formation [18], but the corresponding potentials in the Einstein frame cannot be

presented in terms of elementary functions.

In this paper, we use the second way and propose the 𝐹 (𝑅, 𝜉) gravity model, where 𝜉 is a scalar

field. The function 𝐹 (𝑅, 𝜉) is a quadratic polynomial of 𝑅, so the corresponding potential in the Einstein

frame can be found in terms of the elementary functions. We demonstrate explicitly how the potential of

the inflationary model suitable for PBH formation can be constructed on the example of a modification

of the hybrid inflation potential similar to proposed in Ref. [19].

1. 𝐹 (𝑅, 𝜉) Models and the Corresponding Chiral Cosmological Models

The modified gravity model, described by the following action:

𝑆𝑅 =

∫︁
𝑑4𝑥
√︀

−𝑔
[︂
𝐹 (𝑅̃, 𝜉)− 1

2
𝑔𝜇𝜈𝜕𝜇𝜉𝜕𝜈𝜉

]︂
, (1)

is equivalent to following two-field model

𝑆𝐽 =

∫︁
𝑑4𝑥
√︀

−𝑔
[︂
𝐹,𝜎𝑅̃+

(︀
𝐹 − 𝐹 ′

,𝜎𝜎
)︀
− 1

2
𝑔𝜇𝜈𝜕𝜇𝜉𝜕𝜈𝜉

]︂
, (2)

where 𝐹,𝜎 = 𝑑𝐹
𝑑𝜎 .

Using the conformal transformation of the metric 𝑔𝜇𝜈 =
2𝐹,𝜎

𝑀2
𝑃𝑙
𝑔𝜇𝜈 , we obtain a chiral cosmological

model (see [20] and references therein) with scalar fields 𝜑 and 𝜉, described by the following action

𝑆𝐸 =

∫︁
𝑑4𝑥

√
−𝑔
[︂
𝑀2

Pl

2
𝑅− 𝑔𝜇𝜈

2
𝜕𝜇𝜑𝜕𝜈𝜑− 𝑀2

Pl

4𝐹,𝜎
𝑔𝜇𝜈𝜕𝜇𝜉𝜕𝜈𝜉 − 𝑉𝐸

]︂
,

where

𝑉𝐸 =
𝑀4

Pl

4𝐹 2
,𝜎

(𝐹,𝜎𝜎 − 𝐹 ) , 𝜑 =

√︂
3

2
𝑀Pl ln

(︂
2𝐹,𝜎
𝑀2

Pl

)︂
. (3)

To get the potential 𝑉𝐸(𝜑, 𝜉) in the explicit form we should find the function 𝜎(𝜑, 𝜉). We assume

that the function 𝐹 (𝜎, 𝜉) has the following form:

𝐹 (𝜎, 𝜉) =
𝑀2

Pl

2
[𝑋0(𝜉)𝐹Star.(𝜎) +𝑋1(𝜉)𝜎 − 𝑈(𝜉)] , where 𝐹Star. = 𝜎 +

𝜎2

6𝑚2
, (4)

𝑋0(𝜉), 𝑋1(𝜉) and 𝑈(𝜉) are differentiable functions, 𝑚 is the parameter. In this case,

𝜎 = − 3𝑚2 [(𝑋0(𝜉) +𝑋1(𝜉)) 𝑦 − 1]

𝑋0(𝜉)𝑦
, where 𝑦 = exp

(︃
−
√︂

2

3

𝜑

𝑀𝑃𝑙

)︃
. (5)
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Substituting (5) into (4), we get

𝐹Star.(𝜎(𝑦, 𝜉)) =
3𝑚2 (𝑋1 (𝜉) 𝑦 − 1)

2

2𝑋0(𝜉)𝑦2
− 3𝑚2

2
𝑋0 (𝜉) . (6)

The corresponding expression for the potential is:

𝑉𝐸 =
3𝑀2

Pl𝑚
2
(︀
𝑋0 (𝜉)𝜎

2 + 6𝑚2𝑈 (𝜉)
)︀

4 (3𝑚2𝑋0 (𝜉) + 3𝑚2𝑋1 (𝜉) +𝑋0 (𝜉)𝜎)
2

=
𝑀2

Pl

4𝑋0(𝜉)

[︁
3𝑚2𝑦2𝑋2

0 (𝜉) + 3𝑚2 (𝑋1(𝜉)𝑦 − 1)
2
+ 2𝑦𝑋0(𝜉)

(︀
3𝑚2𝑦𝑋1(𝜉)− 3𝑚2 + 𝑦𝑈(𝜉)

)︀]︁
.

(7)

So, the choice of the functions 𝑋0(𝜉), 𝑋1(𝜉), and 𝑈(𝜉) allows us to get a suitable potential 𝑉𝐸(𝑦, 𝜉)

in the explicit form. By this way, we can construct two-field potentials for inflationary models with

PBH formation. During inflation the both fields play a role of the inflaton: 𝜑 at the beginning and 𝜉

at the end of inflation. The investigations of inflationary models with two stages of inflation shows that

density perturbations at the time corresponding to the phase transition between the two inflationary

stages can be large. The resulting density inhomogeneities lead to a production of black holes [6,13,14].

The potentials in the Einstein frame have saddle points.

Differentiating 𝑉𝐸 over 𝜑, we get an extremum point at

𝑦𝑒𝑥𝑡𝑟 =
3𝑚2 (𝑋0(𝜉) +𝑋1(𝜉))

3𝑚2 (𝑋0(𝜉) +𝑋1(𝜉))
2
+ 2𝑋0(𝜉)𝑈(𝜉)

. (8)

The condition 𝑑𝑉𝐸
𝑑𝜉 = 0 at 𝑦 = 𝑦𝑒𝑥𝑡𝑟 is equivalent to the following differentiation equation:

(𝑋0 +𝑋1)
2 d𝑈

d𝜉
− 2𝑈 (𝑋0 +𝑋1)

d𝑋0

d𝜉
− 2𝑈 (𝑋0 +𝑋1)

d𝑋1

d𝜉
=

2𝑈2

3𝑚2

d𝑋0

d𝜉
. (9)

2. Modification of the Hybrid Inflation

Using the proposed method, we can construct the potential of the inflationary two-field model

suitable for the PBH formation. For example, let us choose the potential in the Einstein frame as

follows:

𝑉 =
𝜆

4

(︀
𝜉2 − 𝜉20

)︀2
+
(︀
𝐶0 + 𝐶1𝜉

2
)︀
(1− 𝑦)

2
+ 𝑑 𝜉, (10)

where 𝜆, 𝜉0, 𝐶0, 𝐶1, and 𝑑 are constants. This modification of the hybrid inflation [21] with an additional

linear term has been proposed in Ref. [19].

It is easy to check, that the potential (10) corresponds to the following functions:

𝑈 =
2
(︁
𝜆
(︀
𝜉2 − 𝜉20

)︀2
+ 4 𝑑 𝜉

)︁ (︀
𝐶1 𝜉

2 + 𝐶0

)︀
𝑀2

Pl

(︁
𝜆 (𝜉2 − 𝜉20)

2
+ 4𝐶1 𝜉2 + 4 𝑑 𝜉 + 4𝐶0

)︁ , (11)

𝑋0 =
3𝑚2𝑀2

Pl

𝜆 (𝜉2 − 𝜉20)
2
+ 4𝐶1 𝜉2 + 4 𝑑 𝜉 + 4𝐶0

, 𝑋1 =
4𝐶1 𝜉

2 + 4𝐶0 − 3𝑚2𝑀2
Pl

𝜆 (𝜉2 − 𝜉20)
2
+ 4𝐶1𝜉2 + 4 𝑑 𝜉 + 4𝐶0

. (12)

So, we get the following chiral cosmological model in the Einstein frame

𝑆𝐸 =

∫︁
𝑑4𝑥

√
−𝑔
[︂
𝑀2

Pl

2
𝑅− 1

2
𝑔𝜇𝜈𝜕𝜇𝜑𝜕𝜈𝜑− 𝑦

2
𝑔𝜇𝜈𝜕𝜇𝜉𝜕𝜈𝜉 − 𝑉

]︂
. (13)

To analyze the obtained model we numerically solve the evolution equations in the spatially flat

Friedmann–Lemaitre–Robertson–Walker metric with 𝑑𝑠2 = − 𝑑𝑡2 + 𝑎2(𝑡)
(︀
𝑑𝑥21 + 𝑑𝑥22 + 𝑑𝑥23

)︀
, where 𝑎(𝑡)

is the scale factor. During inflation, it is suitable to use 𝑁 = ln(𝑎/𝑎0), where 𝑎0 is a constant, as a

measure of the time. Inflation is a period of accelerated expansion of the Universe, so the parameter

𝜖1 = 1− 𝑎̈𝑎/𝑎̇2 < 1. Dots denote the time derivative. In Fig. 1, one can see that the field 𝜑 changes at

the beginning of inflation, whereas 𝜉 changes at the end of inflation.
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Fig. 1. The potential 𝑉 (𝜑, 𝜉) and the trajectory during inflation, fields are shown in units of𝑀Pl (left picture).

The fields and the slow-roll parameter 𝜖1 as functions of e-folding number 𝑁 : the blue dashed curve depicts 𝜖1(𝑁),

the red solid curve corresponds to 𝜑(𝑁)/𝑀Pl and the green solid curve corresponds to 𝜉(𝑁)/𝑀Pl (center and

right pictures). For numerical calculations, the following set of parameters has been used: 𝜆 ≈ 3.457 · 10−11,

𝐶0 ≈ 6.483 · 10−10𝑀4
Pl, 𝐶1 ≈ 1.383 · 10−10𝑀2

Pl, and 𝑑 ≈ −1.080 · 10−15𝑀3
Pl.

Conclusions

In this paper, we propose the method to generalize the Starobinsky inflationary model [9] to 𝐹 (𝑅, 𝜉)

gravity models, unifying inflation and PBH formation. Using the conformal transformation of the metric,

we get chiral cosmological models with two scalar fields. We demonstrate that the corresponding potential

in the Einstein frame can be always found in terms of elementary functions. The special choice of the

functions of the scalar field 𝜉 allows us to get a generalization of the hybrid inflation. The potential has

a saddle point and looks suitable to describe both inflation and PBH formation. We plan to present the

detail analysis of the proposed model in future.

This study was conducted within the scientific program of the National Center for Physics and

Mathematics, section 5 ’Particle Physics and Cosmology’. Stage 2023–2025.
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