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Introduction

The paper considers exact solutions of scalar-torsion gravity with a self-interacting scalar field of

the Galilean type with a Lagrangian 𝐿 =

[︂
𝑀2

𝑝𝑙

2 𝐹 (𝜑)𝑇 + 𝑃 (𝜑,𝑋)−𝐺(𝜑,𝑋)□𝜑

]︂
. The functions are set

here: 𝑃 = −𝜔𝑋+𝑉 , 𝐺 = 𝛾𝑋, 𝐹 =
(︀
𝐻
𝜆

)︀𝑛
, where 𝛾, 𝑛 - constant values, 𝜔, 𝑉 - functions of the scalar field

𝜑, 𝑋 := − (𝜕𝜑)2

2 , 𝐻 is the Hubble parameter. We consider the model in Friedmann-Robertson-Walker

metric:

𝑑𝑠2 = 𝑑𝑡2 − 𝑎2(𝑡)𝛿𝑖𝑗𝑑𝑥
𝑖𝑑𝑥𝑗 , (1)

which arises from the tetrad 𝑒𝐴𝜇 = 𝑑𝑖𝑎𝑔(1, 𝑎(𝑡), 𝑎(𝑡), 𝑎(𝑡)), where 𝑎 = 𝑎(𝑡) is the scale factor. Due to the

complexity of the equations, the model’s solutions are constructed with a different choice of the exponent

𝑛, scalar field 𝜑 and the Hubble parameter 𝐻. Thus, three classes of exact solutions are found: 1. When

𝑛 is arbitrary and a scalar field is constant: 𝜑 = 𝑐𝑜𝑛𝑠𝑡. 2. For 𝑛 = 0, 𝜔 = 𝜔* = 𝑐𝑜𝑛𝑠𝑡 (which corresponds

to the special case 𝐹 = 𝑐𝑜𝑛𝑠𝑡). 3. For 𝑛 = −1, 𝜔 = 𝜔*. Solutions were obtained for additional specified

Hubble parameter 𝐻: de Sitter solution, power law evolution, exponential-power law evolution. The

classes of presented solutions are not cover all possible solutions of the selected model, but this article

is limited to studies of these three classes of exact solutions.

1. Exact Solutions of cosmological dynamic equations

The model of torsion-scalar gravity is considered in [1] and is based on the action:

𝑆 =

∫︁
𝑑4𝑥𝑒

[︃
𝑀2
𝑝𝑙

2
𝐹 (𝜑)𝑇 + 𝑃 (𝜑,𝑋)−𝐺(𝜑,𝑋)□𝜑

]︃
, (2)

where 𝑒 = 𝑑𝑒𝑡[𝑒𝐴𝜇 ] =
√
−𝑔. The article [1] is devoted to investigation of solutions in slow-roll regime for

a certain selection of functions 𝑃 , 𝐺, 𝐹 . In our work we search for exact solutions with the following

function selection: 𝑃 = −𝜔𝑋 + 𝑉 , 𝐺 = 𝛾𝑋, where 𝑋 := − (𝜕𝜑)2

2 , 𝑇 is a torsion scalar, 𝑀2
𝑝𝑙 = (8𝜋𝐺)−1,

𝜔 is a function of the scalar field 𝜑, 𝛾 is a constant. The system of model equations can be reduced

to [2, 3]:

𝑉 =
3

2
𝐻�̇�3𝛾 +

1

2
�̇�2𝜑𝛾 +

(︁
3𝐻2 + (1 + 𝑛) �̇�

)︁
𝑀2
𝑝𝑙

(︂
𝐻

𝜆

)︂𝑛
, (3)

�̇�2
(︁
𝜔 − 3𝐻�̇�𝛾 + 𝜑𝛾

)︁
+ (1 + 𝑛) 2�̇�𝑀2

𝑝𝑙

(︂
𝐻

𝜆

)︂𝑛
= 0. (4)

The equations include more than two unknowns functions, what gives the right to fix some

parameters. Thus, when constructing solutions, the parameter 𝑛 and the function 𝜑 are initially selected,

and if necessary, the Hubble parameter 𝐻 can be selected too. Other classes of solutions are built based

on the choice of parameters 𝑛 and 𝐻, and if necessary, the function 𝜑 and 𝜔 can be set.

1.1. Solutions for arbitrary 𝑛 and 𝜑 = 𝜑*

Substituting the specified parameters in (3)-(4), we obtain solutions:

1. For 𝑛 = −1, the potential takes the form 𝑉 = 3𝐻𝑀2
𝑝𝑙𝜆, and the Hubble parameter is arbitrary.

2. For 𝐻 = 𝐻*, 𝑉 = 3𝐻2
*𝑀

2
𝑝𝑙

(︀
𝐻*
𝜆

)︀𝑛
.

3. For 𝑛 = −1, 𝐻 = 𝐻*, 𝑉 = 3𝐻*𝑀
2
𝑝𝑙𝜆 = 𝑉*.

Note that 𝜔 is arbitrary function. The down star means a constant.
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1.2. Solutions for arbitrary 𝑛 and 𝜑 = 𝜑*𝑡 + 𝜑0

We insert 𝐻 in (4) and find 𝜔 from resulting expression and then calculate 𝑉 from (3).

1. For 𝐻 = 𝐻*, 𝜔* = 3𝐻*𝜑*𝛾, 𝑉* = 3𝐻*𝜑
3
*𝛾 + 3𝐻2+𝑛

* 𝑀2
𝑝𝑙𝜆

−𝑛.

2. For 𝐻 = 𝑚
𝑡 , 𝜔 = 2 (1 + 𝑛)𝑀2

𝑝𝑙𝑚
1+𝑛𝜑𝑛*𝜆

−𝑛 (𝜑− 𝜑0)
−2−𝑛

+ 3𝑚𝛾𝜑2* (𝜑− 𝜑0)
−1
,

𝑉 =
3

2

𝑚𝜑4*𝛾

𝜑− 𝜑0
+ (3𝑚− 𝑛− 1)

𝑚𝑛+1

𝜆𝑛
𝑀2
𝑝𝑙

(︂
𝜑*

(𝜑− 𝜑0)

)︂𝑛+2

. (5)

3. For 𝐻 = 𝑚
𝑡 +𝐻0, 𝜔 =

2𝑚(1+𝑛)𝑀2
𝑝𝑙

𝜆𝑛(𝜑−𝜑0)
2

(︁
𝑚𝜑*
𝜑−𝜑0

+𝐻0

)︁𝑛
+ 3𝜑*𝛾

(︁
𝑚𝜑*
𝜑−𝜑0

+𝐻0

)︁
,

𝑉 =
3

2
𝜑3*𝛾

(︂
𝑚𝜑*
𝜑− 𝜑0

+𝐻0

)︂
+

(︃
3

(︂
𝑚𝜑*
𝜑− 𝜑0

+𝐻0

)︂2

− (1 + 𝑛)
𝑚𝜑2*

(𝜑− 𝜑0)
2

)︃
𝑀2
𝑝𝑙

𝜆𝑛

(︂
𝑚𝜑*
𝜑− 𝜑0

+𝐻0

)︂𝑛
. (6)

1.3. Solutions for arbitrary 𝑛 and 𝜑 = 𝜑*
2
𝑡2 + 𝜑0𝑡 + 𝜑1

1. For 𝐻 = 𝐻*, 𝜔 = 3𝐻*𝛾
(︁
±
√︀
𝜑20 − 2𝜑* (𝜑1 − 𝜑)

)︁
− 𝜑*𝛾,

𝑉 =
3

2
𝐻*𝛾

(︂
±
√︁
𝜑20 − 2𝜑* (𝜑1 − 𝜑)

)︂3

+
1

2
𝜑*𝛾

(︀
𝜑20 − 2𝜑* (𝜑1 − 𝜑)

)︀
+ 3𝑀2

𝑝𝑙

𝐻𝑛+2
*
𝜆𝑛

. (7)

2. For 𝐻 = 𝑚
𝑡 , 𝜔 =

2(1+𝑛)𝑚𝑛+1𝑀2
𝑝𝑙

𝜆𝑛𝑡𝑛+2(𝜑*𝑡+𝜑0)
2 + 3𝑚𝛾𝜑0

𝑡 + 𝜑*𝛾 (3𝑚− 1),

𝑉 =
3

2

𝑚𝛾

𝑡
(𝜑*𝑡+ 𝜑0)

3
+
𝜑*𝛾

2
(𝜑*𝑡+ 𝜑0)

2
+
𝑀2
𝑝𝑙𝑚

𝑛+1

𝜆𝑛𝑡𝑛+2
(3𝑚− 𝑛− 1) . (8)

3. For 𝐻 = 𝑚
𝑡 +𝐻*, 𝜔 =

2𝑚(1+𝑛)𝑀2
𝑝𝑙

𝑡2(𝜑*𝑡+𝜑0)
2

(︀
𝑚+𝑡𝐻*
𝑡𝜆

)︀𝑛
+ 3

(︀
𝑚
𝑡 +𝐻*

)︀
𝛾 (𝜑*𝑡+ 𝜑0)− 𝜑*𝛾,

𝑉 =
3

2

(︁𝑚
𝑡
+𝐻*

)︁
(𝜑*𝑡+ 𝜑0)

3
𝛾+

1

2
(𝜑*𝑡+ 𝜑0)

2
𝜑*𝛾+

(︂
3
(︁𝑚
𝑡
+𝐻*

)︁2
− (1 + 𝑛)

𝑚

𝑡2

)︂
𝑀2
𝑝𝑙

(︂
𝑚+ 𝑡𝐻*

𝑡𝜆

)︂𝑛
.

(9)

1.4. Solutions for 𝑛 = 0, 𝜔 = 𝜔*, 𝐻 = 𝐻*

1. 𝜑 = 𝜑*, 𝑉 = 3𝐻2
*𝑀

2
𝑝𝑙.

2. 𝜑 = 𝑒3𝐻*𝑦*

9𝐻2
*
𝑒3𝐻*𝑡 + 𝜔*

3𝐻*𝛾
𝑡+ 𝜑*,

𝑉 =
3

2
𝐻*

(︂
𝑒3𝐻*𝑦*

3𝐻*
𝑒3𝐻*𝑡 +

𝜔*

3𝐻*𝛾

)︂3

𝛾 + 3𝐻2
*𝑀

2
𝑝𝑙 +

1

2

(︂
𝑒3𝐻*𝑦*

3𝐻*
𝑒3𝐻*𝑡 +

𝜔*

3𝐻*𝛾

)︂2

𝑒3𝐻*𝑦*𝑒3𝐻*𝑡𝛾. (10)

1.5. Solutions for 𝑛 = 0, 𝜔 = 𝜔*, 𝐻 = 𝑚
𝑡

The expression for the potential takes the view

𝑉 =
3

2

𝑚

𝑡
�̇�3𝛾 + 3

(︁𝑚
𝑡

)︁2
𝑀2
𝑝𝑙 +

1

2
�̇�2𝜑𝛾 − 𝑚

𝑡2
𝑀2
𝑝𝑙. (11)

The equation for the scalar field 𝜑:

𝜔*�̇�
2 − 3𝑚

𝑡
�̇�3𝛾 + �̇�2𝜑𝛾 − 2𝑚

𝑡2
𝑀2
𝑝𝑙 = 0. (12)

The study of this equation is beyond the scope of this article.
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1.6. Solutions for 𝑛 = 0, 𝜑 = 𝜑*𝑡 + 𝜑0

𝐻 = 𝐶𝑒

3𝜑3
*𝛾

2𝑀2
𝑝𝑙

𝑡

+
𝜔*

3𝛾
, (13)

𝑉 =
3

2

⎛⎝𝐶𝑒 3𝜑3
*𝛾

2𝑀2
𝑝𝑙

𝜑−𝜑0
𝜑*

+
𝜔*

3𝛾

⎞⎠𝜑3*𝛾 + 3

⎛⎝𝐶𝑒 3𝜑3
*𝛾

2𝑀2
𝑝𝑙

𝜑−𝜑0
𝜑*

+
𝜔*

3𝛾

⎞⎠2

𝑀2
𝑝𝑙 +

𝐶3𝜑3*𝛾

2𝑀2
𝑝𝑙

𝑒

3𝜑3
*𝛾

2𝑀2
𝑝𝑙

𝜑−𝜑0
𝜑*

𝑀2
𝑝𝑙. (14)

1.7. Solutions for 𝑛 = 0, 𝜑 = 𝜑*
2
𝑡2 + 𝜑0𝑡 + 𝜑1

Equation (4) takes the form

𝜔* (𝜑*𝑡+ 𝜑0)
2 − 3𝐻 (𝜑*𝑡+ 𝜑0)

3
𝛾 + (𝜑*𝑡+ 𝜑0)

2
𝜑*𝛾 + 2�̇�𝑀2

𝑝𝑙 = 0. (15)

The solution of the equation in terms of Γ function is:

𝐻 = 𝐻*𝑒

3𝛾

8𝜑*𝑀2
𝑝𝑙

(𝜑*𝑡+𝜑0)
4

+ 𝑒

3𝛾

8𝜑*𝑀2
𝑝𝑙

(𝜑*𝑡+𝜑0)
4 Γ

(︂
3
4 ,

3𝛾
8𝜑*𝑀2

𝑝𝑙
(𝜑*𝑡+ 𝜑0)

4

)︂
4𝜑

(︂
3𝛾

8𝜑*𝑀2
𝑝𝑙

)︂ 3
4

. (16)

1.8. Solutions for 𝑛 = −1, 𝜔 = 𝜔*, 𝐻 = 𝐻*

𝜑 =
𝑒3𝐻*𝑦*

9𝐻2
*
𝑒3𝐻*𝑡 +

𝜔*

3𝐻*𝛾
𝑡+ 𝜑*, (17)

𝑉 =
3

2
𝐻*

(︂
𝑒3𝐻*𝑦*

3𝐻*
𝑒3𝐻*𝑡 +

𝜔*

3𝐻*𝛾

)︂3

𝛾 + 3𝐻*𝜆𝑀
2
𝑝𝑙 +

1

2

(︂
𝑒3𝐻*𝑦*

3𝐻*
𝑒3𝐻*𝑡 +

𝜔*

3𝐻*𝛾

)︂2

𝑒3𝐻*𝑦*𝑒3𝐻*𝑡𝛾. (18)

1.9. Solutions for 𝑛 = −1, 𝜔 = 𝜔*, 𝐻 = 𝑚
𝑡

𝜑 =
𝐶1𝑡

3𝑚+1

3𝑚+ 1
− 𝛾

2𝜔*
𝑡2 + 𝐶2, (19)

𝑉 =
3

2

𝑚

𝑡

(︂
𝐶1𝑡

3𝑚 − 𝛾

𝜔*
𝑡

)︂3

𝛾 +
1

2

(︂
𝐶1𝑡

3𝑚 − 𝛾

𝜔*
𝑡

)︂2(︂
3𝑚𝐶1𝑡

3𝑚−1 − 𝛾

𝜔*

)︂
𝛾 + 3

𝑚

𝑡
𝑀2
𝑝𝑙𝜆. (20)

For further construction of solutions, it is necessary to choose 𝑚. For example, choosing 𝑚 = 1, we get

solutions:

𝜑 =
𝐶1𝑡

4

4
− 𝛾

2𝜔*
𝑡2 + 𝐶2, 𝑡 =

⎯⎸⎸⎷− 𝛾

𝜔*𝐶1
±

√︃
𝛾2 − 4 (𝐶2 − 𝜑)𝜔*

𝜔*𝐶1
. (21)

1.10. Solutions for 𝑛 = −1, 𝜔 = 𝜔*, 𝐻 = 𝑚
𝑡
+ 𝐻*

Substituting parameters into the original equation (4) and making simple algebra we get

𝜑 = 3
(︁𝑚
𝑡
+𝐻*

)︁
�̇�− 𝜔*

𝛾
. (22)

The solution with respect to �̇� in terms of Γ function is:

�̇� = 𝐶𝑡3𝑚𝑒3𝐻*𝑡 + 𝑡3𝑚𝑒3𝐻*𝑡𝜔*

𝛾

Γ (1− 3𝑚, 3𝐻*𝑡) 3
3𝑚−1 (𝐻*𝑡)

3𝑚

𝐻*𝑡3𝑚
. (23)

The study of this equation we do not consider in this article.
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1.11. Solutions for 𝑛 = −1, 𝜔 = 𝜔* and different values 𝜑

1. 𝜑 = 𝜑*, 𝑉 = 3𝐻𝑀2
𝑝𝑙𝜆, where 𝐻 - any function.

2. 𝜑 = 𝜑*𝑡+ 𝜑0, 𝐻 = 𝜔*
3𝜑*𝛾

= 𝐻*, 𝑉 =
𝜔*𝛾𝜑

2
*

2 +
𝜔*𝑀

2
𝑝𝑙𝜆

𝛾𝜑*
.

3. 𝜑 = 𝜑*
2 𝑡

2 + 𝜑0𝑡+ 𝜑1, 𝑉 =
(𝜔*+𝜑*𝛾)(𝜑2

0−2𝜑*(𝜑1−𝜑))
2 +

𝑀2
𝑝𝑙𝜆(𝜔*+𝜑*𝛾)

𝛾
√
𝜑2
0−2𝜑*(𝜑1−𝜑)

.

The obtained exact solutions of the equations of cosmological dynamics are the basis for further

analysis of the evolution of cosmological disturbances and verification of cosmological models of this

type based on observational data.

Conclusion

The article [1] investigates two kind of generalized scalar-torsion gravity in slow-roll regime. The

authors of [1] show good correspondence with observation data for chaotic inflation. Our work is devoted

to search of exact solutions for scalar-torsion gravity of the Galilean type, given by the action (2). Three

classes of exact solutions are found based on the selection of model parameters. Solutions were obtained

for additional specified Hubble parameter 𝐻: de Sitter solution, power law evolution, exponential-power

law evolution. We note that listed Hubble parameters are in good agreement with observation data for

Friedmann cosmology. Presented solutions are not cover all possible solutions of the considered model.

The search of new solutions and verification of them on observational data is the following task for

future investigations.
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