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The equations of cosmological dynamics for inflation models based on scalar-torsion gravity with a non-minimal
connection between torsion and scalar field are considered based on a power-law parameterization of the
connection between the non-minimal interaction function and the Hubble parameter. Three classes of exact
solutions to the equations of cosmological dynamics are obtained, which are the basis for further analysis of the
evolution of cosmological perturbations and verification of cosmological models of this type using observational
data.
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Introduction

The paper considers exact solutions of scalar-torsion gravity with a self-interacting scalar field of

2
the Galilean type with a Lagrangian L = | “2LF(¢)T + P(¢, X) — G(¢, X)O¢|. The functions are set

here: P = —wX +V,G =~X, F = (£)", where v, n - constant values, w, V - functions of the scalar field

¢, X = — (6‘5)2, H is the Hubble parameter. We consider the model in Friedmann-Robertson-Walker
metric:

ds? = dt* — a*(t)6;;dx'da’, (1)

which arises from the tetrad el‘:‘ = diag(1, a(t),a(t),a(t)), where a = a(t) is the scale factor. Due to the
complexity of the equations, the model’s solutions are constructed with a different choice of the exponent
n, scalar field ¢ and the Hubble parameter H. Thus, three classes of exact solutions are found: 1. When
n is arbitrary and a scalar field is constant: ¢ = const. 2. For n = 0, w = w, = const (which corresponds
to the special case F' = const). 3. For n = —1, w = w,. Solutions were obtained for additional specified
Hubble parameter H: de Sitter solution, power law evolution, exponential-power law evolution. The
classes of presented solutions are not cover all possible solutions of the selected model, but this article
is limited to studies of these three classes of exact solutions.

1. Exact Solutions of cosmological dynamic equations

The model of torsion-scalar gravity is considered in [1] and is based on the action:

S:/d4xe

where e = det[e;}] = \/—g. The article [1] is devoted to investigation of solutions in slow-roll regime for

M

a certain selection of functions P, GG, F. In our work we search for exact solutions with the following
2

function selection: P = —wX + V, G = vX, where X := —@, T is a torsion scalar, Mgl = (87G)7 1,

w is a function of the scalar field ¢, v is a constant. The system of model equations can be reduced

to [2,3]:

3 . 1., . H\"
V= §H¢3’y + §¢2m + (3H2 +(1+n) H) M (A> , (3)
o . .. o (H\"
é (w —3H¢y + m) + (14 n)2HM} (A> =0. (4)

The equations include more than two unknowns functions, what gives the right to fix some
parameters. Thus, when constructing solutions, the parameter n and the function ¢ are initially selected,
and if necessary, the Hubble parameter H can be selected too. Other classes of solutions are built based
on the choice of parameters n and H, and if necessary, the function ¢ and w can be set.

1.1. Solutions for arbitrary n and ¢ = ¢.

Substituting the specified parameters in (3)-(4), we obtain solutions:

1. For n = —1, the potential takes the form V = 3H MﬁlA, and the Hubble parameter is arbitrary.
Ho\"

2. For H = H,, V = 3H>M? ()"

3.Forn=—1, H=H,, V =3H.M\ = V..

Note that w is arbitrary function. The down star means a constant.
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1.2. Solutions for arbitrary n and ¢ = ¢.t + ¢g

We insert H in (4) and find w from resulting expression and then calculate V' from (3).

1. For H = H*, W, = 3H*¢*7, = 3H. ¢y + 3HZT"MAA ™.
2. For H=",w=2(14n)M, 1+"¢"A (¢ — o) "+ 3mye? (6 — bo)
3 moly mntl ( b >n+2
== *L 4+ Bm—n-—1 M } 5
2¢—¢o ( ) AT (¢ — o) (5)
_m o 2771(1+n)M2 maos M
3. For H = 2 + Ho, w = 5o 02! (¢_¢0+H0) + 367 ( +H0>

7% 3 Mo, Mo, 2 _ m(ﬁ ]Wz?l( Mo, >n
V2¢*7(¢—¢0+H0>+<3(¢—¢0+H0) (1+n)(¢¢0)2> A ¢—¢0+H0 - ©

1.3. Solutions for arbitrary n and ¢ = %tz + ¢ot + @1

1.For H = H,, w=3H,y (:i:\/gb% — 20y (1 — ¢)) — P47,

3 3 1 9 9 Hn+2
V="Ho <i\/¢% — 2. (¢1 — ¢)> + 5007 (68— 26, (61— 9)) +3MZ . (7)
m 2(14+n)m™ 1t M m
2. For H=",w= )\T(Lt'b+g(¢*t+¢0)2 +3 ’Y¢o + ¢y (3m — 1),
3 m y M2 mn+1
V= 3" (9ut 4 00)° + 2T (gt + 00 + I (3m - 1). ®)

m _ 2m(1+n) M2 HtH,\ P m
3. For H =2 + H.,w = 5o (P455)" 43 (5 + H) 7 (9t + do) — 67,

3 /m 1 m m+tH\"
V:§(7+H*) (¢*t+¢0>37+2(¢*t+¢0>2¢*7+<3 (?'FH*) ( +n) )M (M)
(9)
1.4. Solutions for n =0, w = w,, H = H,
L ¢=¢., V=3HIM}.
9. ¢) 3 * Y 3H*t+31‘§* t+¢)*’
3 MV w ’ N N T w ’ 3H.y. 3H.t
V =_-H, Tt SHIM? + = Tt ety (10
5 <3H*e +3H*7) v+ 3H; pz+2<3H*e +3Hw)e e?*ty. (10
1.5. Solutions for n = 0, w = w,, H = 7
The expression for the potential takes the view
3m g 2 m, 2
V:§7¢7+3<t>Ml+ =00 _ﬁMpl' (11)
The equation for the scalar field ¢:
W, — T¢3’Y + ¢y — ?Mﬁl =0. (12)

The study of this equation is beyond the scope of this article.
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1.6. Solutions for n = 0, ¢ = Pt + ¢g

3Obiz’yt w
H=Ce™n + =, 13
e rl 4 3y (13)
3 3<;b22w 4);4)0 w 3¢§27 qﬁ;qﬁo w 2 03¢ ’y 3¢3 i d);d)o
_ 2M * * 3 2M * * 2 * 2M * 2
V= 3 Ce™"pt + 3y ooy +3 | Ce™r + 3 My + QM;?Z pl My. (14
1.7. Solutions for n =0, ¢ = %tz + dot + @1

Equation (4) takes the form

we (Gt + 60)° = BH (bt + $0)° 7 + (dut + b0)° by + 2HM? = 0. (15)

The solution of the equation in terms of I" function is:

. 2 (d)*t + ¢0)4>

3
s (ett00)! P (dettdo) r (4’
MZ] 4 oM,

H = H,e* (16)
(8(;5*]\/[2 >
1.8. Solutions for n = -1, w = w,, H = H,
3H*y*
Het . _—* ¢ . 1
¢ = oz ¢t 3H*,y +¢ (17)
3 e3 =y« 1 [ e3Hxyx w 2
V= *H* 3H* 3H AM 3H.t * 3Huysx ,3Hxt . 18
2 (3H >7+ 2<3H*e gy ) ¢ e 48)
1.9. Solutions for n = —1, w = w., H =
C]t3m+1 Y
= — t* + C! 19
3 2
3
v=""om - Ly) oy + ot — Lt} (3mertmt — L)y 132N (20)
2t Wi Wy Wik t P
For further construction of solutions, it is necessary to choose m. For example, choosing m = 1, we get
solutions:
Citt v ol 72 —4(Cy — @) w.
= — t“+Cy, t=4|— + . 21
¢ 4 20.}* + » w*C’l w*Cl ( )

1.10. Solutions for n = —1, w = w., H = 7* + H,

Substituting parameters into the original equation (4) and making simple algebra we get

¢:3(—+H*>¢——. (22)
t v
The solution with respect to ¢ in terms of I' function is:

qwo [ (1= 3m, 3H,t) 331 (H.1)*"
H*t?)m :

Q’S — Ct3m63H*t + t3me3H* (23)

The study of this equation we do not consider in this article.
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1.11. Solutions for n = —1, w = w, and different values ¢

1l.g=0¢,, V= 3HM51)\, where H - any function.

2 L M2
2.6 =t + o, H= g2 = H, V=200 4 2ot
wt67) (63 —2¢x (01— ¢)) M2 M watdur)
30— 242 4 ot + ¢y, V = F p .
?=5 bat + 61, 2 =20 (61—9)

The obtained exact solutions of the equations of cosmological dynamics are the basis for further

analysis of the evolution of cosmological disturbances and verification of cosmological models of this
type based on observational data.

Conclusion

The article [1] investigates two kind of generalized scalar-torsion gravity in slow-roll regime. The
authors of [1] show good correspondence with observation data for chaotic inflation. Our work is devoted
to search of exact solutions for scalar-torsion gravity of the Galilean type, given by the action (2). Three
classes of exact solutions are found based on the selection of model parameters. Solutions were obtained
for additional specified Hubble parameter H: de Sitter solution, power law evolution, exponential-power
law evolution. We note that listed Hubble parameters are in good agreement with observation data for
Friedmann cosmology. Presented solutions are not cover all possible solutions of the considered model.
The search of new solutions and verification of them on observational data is the following task for
future investigations.
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