
ПРОСТРАНСТВО, ВРЕМЯ И ФУНДАМЕНТАЛЬНЫЕ ВЗАИМОДЕЙСТВИЯ 2023, Вып. 3-4

УДК 530.122, 524.74

© Накибов Р. С., Урсулов А.В., 2023

ОРБИТЫ МАССИВНЫХ ЧАСТИЦ В СФЕРИЧЕСКИ СИММЕТРИЧНОМ
ГРАВИТАЦИОННОМ ПОЛЕ С УЧЕТОМ КОСМОЛОГИЧЕСКОЙ
ПОСТОЯННОЙ *

Накибов Р. С.𝑎,1, Урсулов А. В.𝑎,2

𝑎 Уральский федеральный университет, г. Екатеринбург, 620002, Россия.

В данной работе представлены результаты теоретического исследования траекторий массивных тел
в метрике Коттлера с учетом космологической постоянной Λ. В работе предложена классификация
траекторий в одночастичном случае для метрики с положительной и отрицательной космологической
постоянной, перебор вариантов основан на различных решениях уравнения траектории, полученных
разложением соответствующей алгебраической кривой в ряд Пюизе. В работе также освещены некоторые
представляющие интерес типы траекторий, связанные с различными значениями космологической
постоянной. Для случая отрицательной космологической постоянной получена ее верхняя оценка на
основании анализа кривых вращения галактик.
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In this paper we present the results of a theoretical study of the trajectories of massive particles in the Köttler
metric in view of the cosmological constant Λ. For both negative and positive signs of Λ a classification
of trajectories is proposed, with entries based on different solutions of the trajectory equation, obtained by
the expansion of the corresponding algebraic curve in Puiseux series. We also provide some specific types of
trajectories which correspond to different values of the cosmological constant. In the case of negative values of
the cosmological constant its upper limit is estimated from the galaxy rotation curves.
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Introduction

It was firstly pointed in 1916 by Einstein that the Λ-term (cosmological constant) should be included
in gravitational field equations within the static Universe model[1]. Later in 1918 Köttler considered Λ-
term in a centrally-symmetric gravitational field [2]. Subsequently, the study of the cosmological constant
faded into the background, since, as it was believed, there were not enough physical grounds to take
it into account[3]. Nowadays there is a renewed interest in exploring the contribution of the Lambda-
term in the Einstein-Hilbert field equations. On the one hand, in the framework of ΛCDM model the
presence of the Λ–term explains the observed accelerating expansion of the Universe[4]. On the other
hand, diverting the value of cosmological constant from established in ΛCDM leads to explanation of
some other observed astrophysical phenomena (e.g. rotational curves of some galaxies[5, 6]). Besides,
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the presence of cosmological constant has an effect on properties of black holes and event horizon[7, 8],
on deflection of light and gravitational lensing[9, 13], and on orbits of massive particles in centrally-
symmetric gravitational field[14, 15]. The study of gravitational fields with negative Λ [5, 16] that
induce the anti-de Sitter spacetimes[17] is particularly interesting.

1. General statements

Consider a metric tensor of centrally-symmetric gravitational field in coordinates 𝑥𝑖 = {𝑐𝑡, 𝑟, 𝜃, 𝜙}
of a remote observer:

𝑔𝑖𝑘 =

⎛⎜⎜⎜⎝
𝛼2 0 0 0

0 −𝛽2 0 0

0 0 −𝛾2 0

0 0 0 −𝛾2 sin2 𝜃

⎞⎟⎟⎟⎠ , (1.1)

where 𝛼, 𝛽, 𝛾 are continuous functions with variable 𝑟, 𝜃 is an angle[3]. Without loss of generality consider
a motion in an equatorial plane 𝜃 = 𝜋/2. The Hamilton-Jacobi equations of a particle of mass 𝑚 are
given by:

𝑔𝑖𝑘
𝜕𝑆

𝜕𝑥𝑖
𝜕𝑆

𝜕𝑥𝑘
−𝑚2𝑐2 = 0 (1.2)

where 𝑆 is action, 𝐸 is energy, 𝑙 is an angular momentum of a massive particle and 𝑐 is the speed of
light.

Substituting
𝑆 = −𝐸𝑡+ 𝑙𝜙+ 𝑆𝑟(𝑟) (1.3)

we obtain the equation of trajectory by

𝜕𝑆

𝜕𝑙
= 𝜙0 = 𝑐𝑜𝑛𝑠𝑡 (1.4)

𝜙− 𝜙0 = 𝑗

∫︁
𝑑𝑟√︁

− 𝛾2

𝛽2 (𝛾2 + 𝑗2) + 𝑘2 𝛾4

𝛼2𝛽2

(1.5)

where 𝑘 = 𝐸/𝑚𝑐2, 𝑗 = 𝑙/𝑚𝑐2 is a reduced angular momentum. For a centrally-symmetric space 𝑘 and
𝑗 are constant in time. The latter can also be interpreted as a characteristic radius dependant on mass
and angular momentum since it is measured in meters.

We obtain the potential energy 𝑈(𝑢) from the Binet equation[22],

𝑑2𝑢

𝑑𝜙2
+ 𝑢 = − 1

𝑚𝑐2𝑗2
𝑑𝑈(𝑢)

𝑑𝑢
, (1.6)

𝑈(𝑟) = −1

2
𝑚𝑐2

(︀
𝑗2𝑢2 + 𝑢4𝐹 (𝑟)

)︀
. (1.7)

where 𝑢 = 1/𝑟. Effective potential of a two body problem is given as

𝑈𝑒𝑓𝑓 (𝑟) = −𝑚𝑐
2

2

𝐹 (𝑟)

𝑟4
(1.8)

Here 𝐹 (𝑟) is a radicand from (1.5):

𝐹 (𝑟) = −𝛾
2

𝛽2

(︀
𝛾2 + 𝑗2

)︀
+ 𝑘2

𝛾4

𝛼2𝛽2
(1.9)

For the Köttler metric with a nonzero cosmological constant Λ and a central body of Schwarzschild
radius 𝑟𝑔

𝛼2 = 1− 𝑟𝑔
𝑟

− Λ𝑟2

3
, 𝛽2 =

1

𝛼2
, 𝛾2 = 𝑟2, (1.10)

the function 𝐹 (𝑟) takes the following form

𝐹 (𝑟) =
Λ

3
𝑟6 +𝐾𝑟4 + 𝑟𝑔𝑟

3 − 𝑗2𝑟2 + 𝑗2𝑟𝑔𝑟, (1.11)
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where 𝐾 = −(1− 𝑘2)− 1
3Λ𝑗

2.
In the following calculations we assume 𝑟 > 𝑟𝑔, where 𝑟𝑔 is an event horizon defined by the equation

1− 𝑟𝑔
𝑟

− Λ𝑟2 = 0. (1.12)

2. Rotatonal curves

Consider Λ < 0. In this case, it becomes possible to explain the problem of galaxy rotational
curves[5]. In the classical limit the linear velocity of a circular motion is given by

𝑣 =

√︂
1

𝑚
𝑟
𝑑𝑈

𝑑𝑟
(2.1)

Assuming 𝑗 = 𝑟𝑣(𝑟)/𝑐 we obtain a following rotational curve

𝑣

𝑐
=

√︃
1
3 |Λ|𝑟2 +

1
2
𝑟𝑔
𝑟

2− 3
2
𝑟𝑔
𝑟

. (2.2)

Over large distances the rotational curve given by (2.2) expresses a slow linear growth ∼
√︀
|Λ|𝑟.

The linear speed has a minimum value if the inequality 𝑟2𝑔 < |Λ|−1 holds, which is the case for a motion
outside the event horizon. The radius 𝑟𝑚𝑖𝑛 at which the minimum speed is reached and the corresponding
speed value 𝑣𝑚𝑖𝑛 are given by

𝑟𝑚𝑖𝑛 = 3

√︃
3

4

𝑟𝑔
|Λ|

+
3

8
𝑟𝑔 (2.3)

𝑣𝑚𝑖𝑛 =
𝑐

2
6

√︂
9

2
|Λ|𝑟2𝑔 . (2.4)

Since the linear speed exceeds its minimum 𝑣 ⩾ 𝑣𝑚𝑖𝑛 a constraint can be placed on the value of Λ
observed in galaxies.

|Λ| ⩽ 2

9

(︁
2
𝑣𝑚𝑖𝑛
𝑐

)︁6 1

𝑟2𝑔
= 8

(︂
2

3

)︂2
1

𝐺2𝑐4
𝑣6𝑚𝑖𝑛
𝑀2

≈ 10−13 𝑣
6
𝑚𝑖𝑛

𝑀2
(2.5)

where 𝐺 is a gravitational constant, 𝑀 is a central body mass and Λ < 0. For a supermassive black
hole of mass 𝑀 = 105𝑀⊙ and 𝑣𝑚𝑖𝑛 ≈ 200 km/s one gets |Λ| < 10−52 m−2, which is consistent with
estimations given in [5].

3. Circular motion

In the classical limit stable circular orbits correspond to minima of effective potential energy (1.8),
unstable orbits to maxima. Assuming (1.11) and Λ < 0 we get the effective potential

𝑈𝑒𝑓𝑓 (𝑟) = −𝑚𝑐
2

2

1

𝑟4

(︂
−1

3
|Λ|𝑟6 +𝐾𝑟4 + 𝑟𝑔𝑟

3 − 𝑗2𝑟2 + 𝑟𝑔𝑗
2𝑟

)︂
(3.1)

Finding the extrema of effective potential leads to an equation
1

3
|Λ|𝑟5 + 1

2
𝑟𝑔𝑟

2 − 𝑗2𝑟 +
3

2
𝑟𝑔𝑗

2 = 0, (3.2)

which was solved by the Puiseux method (p. 225), the roots of the equation are presented in the Table
1.

Concluding, for particles with angular momentum high enough or mass low enough so that the
value of a parameter 𝐽 exceeds the critical value and the sign changes in the inequality 𝐽 < 𝐽𝑐, where

𝐽𝑐 =
6

√︁
3/(|Λ|𝑟2𝑔), (3.3)

the stable Schwarzschild root changes to a new value that is expressed explicitly through the cosmological
constant. For such particles the gravitational pull is mostly provided by the negative cosmological
constant. Fig. 1 depicts the stability diagram for the orbits.
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Таблица 1. The radii of circular roots in the case of negative cosmological constant. The first case recreates
Schwarzschild circular orbits, the second case is a novelty and arises if inequality 𝐽 > 𝐽𝑐 holds, where 𝐽 = 𝑗/𝑟𝑔.

No. Conditions Unstable root Stable root In dimensionless 𝜌 = 𝑟𝑔/𝑟

1 𝑗 < 𝑟
2/3
𝑔 /|Λ|1/6, 𝑗 > 𝑟𝑔, 𝑟

2
𝑔 > |Λ|𝑗2 𝑟1 ≈ 3𝑟𝑔/2 𝑟2 ≈ 2𝑗2/𝑟𝑔 𝜌1 = 3/2, 𝜌2 = 2𝐽2

2 𝑗 > 𝑟
2/3
𝑔 /|Λ|1/6, 𝑗 > 𝑟𝑔, 𝑗

2 > |Λ|𝑟4𝑔 𝑟1 ≈ 3𝑟𝑔/2 𝑟2 ≈ 4
√︀

3𝑗2/|Λ| 𝜌1 = 3/2, 𝜌2 =
√
𝐽𝐽

3/2
𝑐

3 Jc

J

J
c

2

3

ρ

ρ ≈ 3/2

ρ ≈ 2 J2

ρ ≈ J J
c

3/2

Рис. 1. Stability diagram for circular orbits in dimensionless coordinates. The upper branch corresponds to
stable roots, the lower branch to unstable.

4. Non-circular motion. Classification and example orbits

All possible trajectories of non-circular orbits are determined by the equation (1.4) where 𝐹 (𝑟) is
provided by (1.11). Trajectories depend on the number and value of positive roots of the 𝑝(𝑟) = 𝐹 (𝑟)/𝑟,

(𝑟 ̸= 0).

𝑝(𝑟) = −1

3
|Λ|𝑟5 +𝐾𝑟3 + 𝑟𝑔𝑟

2 − 𝑗2𝑟 + 𝑗2𝑟𝑔 = 0 (4.1)

It is possible to get some information by applying the Descartes’ rule of signs[18]. For Λ < 0 there exist
three roots or a singular root, for Λ > 0 there are four, two or zero positive roots.

The equation was solved and the roots are present in the Table 2. The roots are divided in eight
configurations, and configurations 𝐴, 𝐵, and 𝐶 represent cases where finite motion is possible. Since
the motion is possible if 𝑝(𝑟) > 0, then in configurations with a single root (𝑟 < 𝑟1) the particle may
fall inside the central body or the system is located within event horizon, in double root configurations
unbound trajectories are found outside the larger radius (𝑟 > 𝑟2). In a three or five root configurations
there exists a region of finite motion (𝑟2 < 𝑟 < 𝑟3).

Note that in the configuration 𝐶 with 𝐾 < 0 the lambda-term can be neglected, thus reproducing
the Schwarzschild solution. In other cases, the larger root depends on the cosmological constant, only
these cases will be considered further.

Let us list some of the orbits. Unbound trajectories outside 𝑟𝑚𝑎𝑥 =
√︀
3|𝐾|/Λ in case of Λ > 0 are

either modified hyperbolic spirals if 𝐾 > 0, or modified hyperbolas if 𝐾 < 0:

𝑟 =
1√︁

Λ
3𝐾 − 𝐾𝜙2

𝑗2

(4.2)

The formula covers both cases. Corresponding trajectories are displayed in Fig. 2 and Fig. 3
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Таблица 2. List of configurations and conditions that lead to such configurations. The order of roots can
always be determined via conditions; 𝑛

√
1 is evaluated in a complex plane; only the first term of roots is present.

No. Conditions Roots
Λ > 0, 𝐾 > 0 Λ > 0, 𝐾 < 0 Λ < 0, 𝐾 < 0 Λ < 0, 𝐾 > 0

1
|Λ|3𝑟2𝑔𝑗4 > |𝐾|5,
𝑗3|Λ| > 𝑟𝑔,

|Λ|𝑟4𝑔 > 𝑗2

5
√
−1

5

√︁
3𝑗2𝑟𝑔

Λ
5
√
−1

5

√︁
3𝑗2𝑟𝑔

Λ
5
√
1 5

√︁
3𝑗2𝑟𝑔
|Λ|

5
√
1 5

√︁
3𝑗2𝑟𝑔
|Λ|

2

|𝐾|3 > |Λ|𝑟2𝑔 ,
|𝐾|2 > |Λ|𝑗2,
|𝐾|5 > |Λ|3𝑗4𝑟2𝑔 ,
|𝐾|𝑗 > 𝑟𝑔,√︀
|𝐾|𝑟𝑔 > 𝑗,

±𝑖
√︁

𝐾
Λ ,

3
√
−1

3

√︁
𝑗2𝑟𝑔
𝐾

±1
√︁

|𝐾|
Λ ,

3
√
1 3

√︁
𝑗2𝑟𝑔
|𝐾|

±1
√︁

𝐾
|Λ| ,

3
√
−1

3

√︁
𝑗2𝑟𝑔
𝐾

±𝑖
√︁

|𝐾|
|Λ| ,

3
√
1 3

√︁
𝑗2𝑟𝑔
|𝐾|

3

|Λ|𝑟2𝑔 > |𝐾|3,
𝑟4𝑔 > |Λ|𝑗6,
𝑟𝑔 > |Λ|𝑗3,
𝑟𝑔 > 𝑗,

3
√
−1 3

√︁
𝑟𝑔
Λ ,±𝑖𝑗

3
√
−1 3

√︁
𝑟𝑔
Λ ,±𝑖𝑗

3
√
1 3

√︁
𝑟𝑔
|Λ |,±𝑖𝑗

3
√
1 3

√︁
𝑟𝑔
|Λ |,±𝑖𝑗

4
|Λ|𝑗2 > 𝐾2,

𝑗6|Λ| > 𝑟4𝑔 ,

𝑗2 > |Λ|𝑟4𝑔 ,

4
√
1 4

√︁
𝑗2

Λ , 𝑟𝑔
4
√
1 4

√︁
𝑗2

Λ , 𝑟𝑔
4
√
−1 4

√︁
𝑗2

|Λ| , 𝑟𝑔
4
√
−1 4

√︁
𝑗2

|Λ| , 𝑟𝑔

5

|𝐾|3 > |Λ|𝑟2𝑔 ,
|𝐾|2 > |Λ|𝑗2,
|𝐾|5 > |Λ|3𝑗4𝑟2𝑔 ,
𝑟2𝑔 > 𝑗2|𝐾|,
𝑟𝑔 > 𝑗|𝐾|,
𝑟𝑔 > 𝑗,

±𝑖
√︁

𝐾
Λ ,

− 𝑟𝑔
𝐾 ,±𝑖𝑗

±1
√︁

|𝐾|
Λ ,

𝑟𝑔
|𝐾| ,±𝑖𝑗

±1
√︁

𝐾
|Λ| ,

− 𝑟𝑔
𝐾 ,±𝑖𝑗

±𝑖
√︁

|𝐾|
|Λ| ,

𝑟𝑔
|𝐾| ,±𝑖𝑗

A(6)

|Λ|𝑟2𝑔 > |𝐾|3,
𝑟4𝑔 > |Λ|𝑗6,
𝑟𝑔 > |Λ|𝑗3,
𝑗 > 𝑟𝑔

3
√
−1 3

√︁
𝑟𝑔
Λ ,

𝑗2

𝑟𝑔
, 𝑟𝑔

3
√
−1 3

√︁
𝑟𝑔
Λ ,

𝑗2

𝑟𝑔
, 𝑟𝑔

3
√
1 3

√︁
𝑟𝑔
|Λ |,

𝑗2

𝑟𝑔
, 𝑟𝑔

3
√
1 3

√︁
𝑟𝑔
|Λ |,

𝑗2

𝑟𝑔
, 𝑟𝑔

B(7)

𝐾3 > |Λ|𝑟2𝑔 ,
𝐾2 > |Λ|𝑗2,
𝐾5 > |Λ|3𝑗4𝑟2𝑔 ,
𝑗2𝐾 > 𝑟𝑔,

𝑗2 > 𝐾𝑟𝑔,

±𝑖
√︁

𝐾
Λ ,

±1 𝑗√
𝐾
, 𝑟𝑔

±1
√︁

|𝐾|
Λ ,

±𝑖 𝑗√
𝐾
, 𝑟𝑔

±1
√︁

𝐾
|Λ| ,

±1 𝑗√
𝐾
, 𝑟𝑔

±𝑖
√︁

|𝐾|
|Λ| ,

±𝑖 𝑗√
𝐾
, 𝑟𝑔

C(8)

𝐾3 > |Λ|𝑟2𝑔 ,
𝐾2 > |Λ|𝑗2,
|𝐾|5 > |Λ|3𝑗4𝑟2𝑔 ,
𝑟2𝑔 > 𝑗2|𝐾|,
𝑟𝑔 > 𝑗|𝐾|,
𝑗 > 𝑟𝑔

±𝑖
√︁

𝐾
Λ ,

− 𝑟𝑔
𝐾 ,

𝑗2

𝑟𝑔
, 𝑟𝑔

±1
√︁

|𝐾|
Λ ,

𝑟𝑔
|𝐾| ,

𝑗2

𝑟𝑔
, 𝑟𝑔

±1
√︁

𝐾
|Λ| ,

− 𝑟𝑔
𝐾 ,

𝑗2

𝑟𝑔
, 𝑟𝑔

±𝑖
√︁

|𝐾|
|Λ| ,

𝑟𝑔
|𝐾| ,

𝑗2

𝑟𝑔
, 𝑟𝑔

Consider a case of three roots and Λ < 0. Let us factorize the radical expression of (1.4):

𝜙 =

∫︁
𝑗𝑑𝑟√︁

− 1
3 |Λ|𝑟(𝑟 − 𝑟1)(𝑟 − 𝑟2)(𝑟 − 𝑟3)(𝑟 − 𝑟4)(𝑟 − 𝑟5)

(4.3)

In each of configurations 𝐴,𝐵,𝐶 (see Table 2) there is a total of five roots, some of which may be
negative or complex. The root 𝑟 = 𝑟𝑔 is present only once in each of those configurations and it’s the
smallest positive root. Assuming that the orbits take place in 𝑟𝑚𝑎𝑥 > 𝑟 > 𝑟𝑚𝑖𝑛 ≫ 𝑟𝑔, we can expand
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Рис. 2. Unbound orbit with Λ > 0, 𝐾 > 0 Рис. 3. Unbound orbit with Λ > 0, 𝐾 < 0

the factor (𝑟 − 𝑟𝑔)
−1/2 as

1
√
𝑟 − 𝑟𝑔

≈ 1√
𝑟
+

1

2

𝑟𝑔
𝑟
√
𝑟
+ . . . (4.4)

in which case trajectories can be expressed in a form of a linear combination of incomplete elliptic
integrals and elementary functions.

𝜙 =

√︃
3𝑗2

|Λ|

[︃∫︁
𝑑𝑟

𝑟
√︀
(𝑟1 − 𝑟)(𝑟 − 𝑟2)(𝑟 − 𝑟3)(𝑟 − 𝑟4)

+
𝑟𝑔
2

∫︁
𝑑𝑟

𝑟2
√︀

(𝑟1 − 𝑟)(𝑟 − 𝑟2)(𝑟 − 𝑟3)(𝑟 − 𝑟4)

]︃
(4.5)

The corresponding formulas for the case of four real roots (conf. 𝐵, 𝐶) and two real and two complex
roots (conf. 𝐴) are taken from[19]. Here 𝐹 (𝜗|𝑚), 𝐸(𝜗|𝑚), Π(𝛼2;𝜗|𝑚) are incomplete elliptic integrals
of first, second and third kind. Let us introduce the notation

𝐴2 = (𝑎− Re(𝑐))2 + Im(𝑐)2, 𝐵2 = (𝑏− Re(𝑐))2 + Im(𝑐)2, 𝑔 = 1/
√
𝐴𝐵

𝛼 =
𝑏𝐴− 𝑎𝐵

𝑎𝐵 + 𝑏𝐴
, 𝛼1 =

𝐴−𝐵

𝐴+𝐵
, 𝑋1 = 1, 𝑋2 =

𝑟𝑔
2

𝑚 =
(𝑎− 𝑏)2 − (𝐴−𝐵)2

4𝐴𝐵
, 𝜃 = arccos

(𝑎− 𝑟)𝐵 − (𝑟 − 𝑏)𝐴

(𝑎− 𝑟)𝐵 + (𝑟 − 𝑏)𝐴
, cos 𝜃 = cn𝑢

𝑅−2 =
1

𝑚
((𝑚− 𝛼2(1−𝑚))𝐹 (𝜃|𝑚) + 𝛼2𝐸(𝜃|𝑚) + 2𝛼

√
𝑚 arccos(dn𝑢))

𝑅−1 = 𝐹 (𝜃|𝑚) +
𝛼√
𝑚

arccos(dn𝑢), 𝑅0 = 𝐹 (𝜃|𝑚)

𝑅1 =
1

1− 𝛼2

(︃
Π(

𝛼2

𝛼2 − 1
; 𝜃|𝑚)− 𝛼

√︃
1− 𝛼2

𝑚+ (1−𝑚)𝛼2
arctan

(︃√︂
𝑚+ (1−𝑚)𝛼2

1− 𝛼2
sd𝑢

)︃)︃

𝑅2 =
1

(𝛼2 − 1)(𝑚+ 𝛼2(1−𝑚))

(︂
(𝛼2(2𝑚− 1)− 2𝑚)𝑅1 + 2𝑚𝑅−1 −𝑚𝑅−2 +

𝛼3sn𝑢 dn𝑢
1 + 𝛼 cn𝑢

)︂
,

where 𝑎 > 𝑏, 𝑐, 𝑐 are the roots of the radicand. Then for configuration 𝐴 trajectories are given by the
formula:

𝜙(𝑟) =

√︃
3𝑗2

|Λ|

2∑︁
𝑠=1

(𝐴+𝐵)𝑠𝑔𝑋𝑠

(𝐴𝑏−𝐵𝑎)𝑠

𝑠∑︁
𝑛=0

𝛼𝑠−𝑛1 (𝛼− 𝛼1)
𝑛𝑠!

(𝑠− 𝑛)!𝑛!
𝑅𝑛 (4.6)
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Introducing the notation

𝑔 =
2√︀

(𝑎− 𝑐)(𝑏− 𝑑)
, 𝛼 =

𝑐

𝑏

𝑎− 𝑏

𝑎− 𝑐
, 𝛼1 =

𝑏

𝑐
𝛼, 𝑋1 = 1, 𝑋2 =

𝑟𝑔
2

𝑚 =
(𝑎− 𝑏)(𝑐− 𝑑)

(𝑎− 𝑐)(𝑏− 𝑑)
, 𝜃 = arcsin

√︃
(𝑎− 𝑐)(𝑟 − 𝑏)

(𝑎− 𝑏)(𝑟 − 𝑐)

𝑉0 = 𝐹 (𝜃|𝑚), 𝑉1 = Π(𝛼2, 𝜃|𝑚), sin 𝜃 = sn𝑢

𝑉2 =
1

2(𝛼2 − 1)(𝑚− 𝛼2)
(𝛼2𝐸(𝜃|𝑚) + (𝑚− 𝛼2)𝐹 (𝜃|𝑚)+

+ (2𝛼2𝑚+ 2𝛼2 − 𝛼4 − 3𝑚)Π(𝛼2, 𝜃|𝑚)− 𝛼4sn𝑢 cn𝑢dn𝑢
1− 𝛼2sn2𝑢

)︂
,

where 𝑎 > 𝑏 > 𝑐 > 𝑑 are roots of the radicand we get trajectories formula for configurations 𝐵 and 𝐶:

𝜙(𝑟) =

√︃
3𝑗2

|Λ|

2∑︁
𝑠=1

𝑔𝑋𝑠

𝑏𝑠
𝛼2𝑠
1

𝛼2𝑠

𝑠∑︁
𝑛=0

(𝛼2 − 𝛼2
1)
𝑛𝑠!

𝛼2𝑛
1 𝑛!(𝑠− 𝑛)!

𝑉𝑛 (4.7)

For any set of parameters {Λ, 𝑟𝑔,𝐾, 𝑗} this process allows to find the set of roots and a suitable
formula of trajectory inside the region 𝑟𝑚𝑎𝑥 > 𝑟 > 𝑟𝑚𝑖𝑛. These formulas describe the motion from 𝑟𝑚𝑖𝑛

to 𝑟𝑚𝑎𝑥, then the particle returns along a similar trajectory.
Note two important cases. The first case arises if log10(𝑟𝑚𝑎𝑥/𝑟𝑚𝑖𝑛) > 2..3. The trajectory then is

a modified hyperbolic spiral (Λ < 0,𝐾 > 0):

𝑟 =
1√︁

𝐾𝜙2

𝑗2
+ |Λ|

3𝐾

(4.8)

The second case describes a closed bound orbit in case of 𝑟𝑔 = 0 and Λ < 0. Integrating the simplified
expression

𝜙 =

∫︁
𝑗𝑑𝑟

𝑟
√︁

1
3Λ𝑟

4 +𝐾𝑟2 − 𝑗2
. (4.9)

we obtain the general formula for such orbits

𝑟 =

⎯⎸⎸⎷ 2𝑗2/𝐾

1−
√︁
1 + 4

3
Λ𝑗2

𝐾2 sin (2𝜁𝜙+Δ𝜙)
, (4.10)

where Δ𝜙 = 0, 𝜁 = 1 in case of 𝑟𝑔 = 0.
Equation (4.10) allows for several trajectories. For Λ > 0, regardless of the sign of 𝐾, hyperbolic

orbits follow from the formula, however, if the attraction to the center is provided only by the
cosmological constant Λ < 0, (and 𝐾 > 0), then the formula implies a closed bound orbit. Accounting
for the non-zero gravitational radius leads to deviations in the formula and perihelion precession:

𝜁 = 𝑟𝑚𝑖𝑛𝑟𝑚𝑎𝑥

√︃
|Λ|
3𝑗2

, (4.11)

Δ𝜙 = − 𝑟𝑔
𝑟𝑚𝑖𝑛

𝐸

(︃
arcsin

√︃
𝑟2𝑚𝑎𝑥(𝑟

2 − 𝑟2𝑚𝑖𝑛)

𝑟2(𝑟2𝑚𝑎𝑥 − 𝑟2𝑚𝑖𝑛)

⃒⃒⃒⃒
1− 𝑟2𝑚𝑖𝑛

𝑟2𝑚𝑎𝑥

)︃
(4.12)

where 𝐸(𝜃|𝑚) is an incomplete elliptic integral of the second kind. These variations are displayed in
Fig. 4–6. Expressions (4.10)–(4.12) can be used for configuration 𝐵 if 𝑟𝑚𝑖𝑛 ≫ 𝑟𝑔 due to both 𝑟𝑚𝑖𝑛, 𝑟𝑚𝑎𝑥
being independent on 𝑟𝑔 in the first term. In other configurations radii depend on gravitational radius
and formulas (4.6) and (4.7) should be used.
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Рис. 4. Modified hyperbolic
spiral Λ < 0, 𝐾 > 0

Рис. 5. Closed orbit with Λ <

0, 𝐾 > 0 and 𝑟𝑔 = 0.

Рис. 6. Bound orbit with
perihelion precession with Λ < 0,
𝐾 > 0 due to accounting for 𝑟𝑔.

5. A study of trajectories

Let us fix 𝑟𝑔 and Λ and vary parameters 𝑗 and 𝐾. Then for each pair {𝑗,𝐾} one can calculate
the value of any quantity 𝑃 , thus obtaining the dependence 𝑃 = 𝑃 (𝑗,𝐾) as a dataset. The function
𝑃 = 𝑃 (𝑗,𝐾) then can be represented as a heatmap (e.g. Fig. 7). Finally, comparing the diagrams for
different 𝑟𝑔 and Λ, one can study the influence of all four parameters on the particle trajectories. The
script for such procedure is written and can be shared via e-mail.

In general, bound and spiral orbits are mathematically possible with a variety of combinations of
parameters, but not all of them could have been observed in physical systems. It is worth noting some
interesting properties of orbits in the case of Λ < 0.

Trajectories that belong to narrow regions of motion are located at characteristic radii from 100 pc
to 100 kpc, which corresponds to the size of galaxies, and if the system is fairly remote the particles cannot
escape. In particular, the orbits are limited by 𝑟𝑚𝑎𝑥 = 3

√︀
3𝑟𝑔/|Λ| in configuration 𝐴 (see Table 2), which

corresponds to low-energy particles. This radius shows weak grows with 𝑟𝑔 and also weakly depends on
the particle properties (𝐽 , 𝐾).

Trajectories in wider regions of motion form spiral trajectories despite of a bounded region. In this
case the maximal radius can approach the size of an observable Universe (

√︀
3/Λ). There is merit in

assuming that a particle at such distance would be captured by another gravitating system. However,
not all particles can leave the system in a physically reasonable time. For «slow» particles, the escape
along the spiral trajectory will take a significantly longer time and the particle for the observer will
effectively remain on the spiral trajectory.

Conclusion

In the present paper we consider the trajectories of massive particles in the Köttler metric for
various values of the cosmological constant. A classification of these trajectories is proposed, which is
based on the Puiseux method for polynomials. Some specific or notable types of trajectories are outlined.
It should be noted that not all obtained trajectories can be found in a real system. However, in our
opinion, in addition to academic interest, understanding the nature of trajectories may be useful in
planning experiments to determine the sign and magnitude of the cosmological constant.

Appendix. Puiseux method

In the present paper we use a proposed Puiseux method to analyse the main equation for
trajectories. This section outlines some key theoretical points concerning the underlying theory and
a proposed application of it as a root-finding method for poynomial equations.

The Newton-Puiseux theorem was originally devised for the study of algebraic curves. An algebraic
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Рис. 7. An example of a heatmap: for any 𝑗,𝐾 with fixed Λ, 𝑟𝑔 a logarithm of the ratio of outer and inner radii
is calculated. Larger values correspond to the spiral trajectories, smaller values to bound orbits with precession.

curve 𝐹 (𝑥, 𝑦) = 0 is a polynomial function of each of its variables over the field of complex numbers. The
theorem provides a method for finding formulas for all of the branches in the form of generalized power
series which allows for negatives and fractions, the Puiseux series[21]. Given that the highest order of 𝑦
in 𝐹 (𝑥, 𝑦) = 0 is 𝑛, the theorem proves that it is possible to obtain exactly 𝑛 different expansions 𝑦(𝑥)
for the branches. For technical details on algorithm see[20].

It is possible to use the Pusieux expansion for the study of polynomials and employ it as a tedious
root finding algorithm for polynomials of higher orders. Consider an equation of the form

𝑎𝑛𝑦
𝑛 + 𝑎𝑛−1𝑦

𝑛−1 + . . . 𝑎1𝑦 + 𝑎0 = 0, (5.1)

where 𝑎𝑛 are parameters (e.g. (4.1)). It is possible to pick a number 𝑥 and a set of exponents 𝑏𝑖 so the
following substitution holds

𝑎𝑖 = sign(𝑎𝑖)𝑥
𝑏𝑖 . (5.2)

In such form the algebraic equation becomes an algebraic curve and can be expanded in a Puiseux
series. The next key point is the usage of Newton polygons. Originally the roots are determined from
the slopes of a convex hull of points that represent the terms of a polynomial. Note that different sets of
parameters may form the same convex hull, hence yielding same expansions and also note that for given
polynomial there is a finite amount of Newton polygons. Consider then a set of all possible Newton
polygons. Those are defined by relations of lines and dots which are easy to obtain in the form of sets of
inequalities. After inverse substitution these sets become so-called conditions which mark the parameter
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space of an equation and Puiseux expansions become approximate formulas suitable for those conditions
which effectively solves the equation.

Concluding, we find the main use of the proposed root-finding method not in obtaining precise
formulas for equations of higher orders but in extracting valuable information about all possible sets of
roots and conditions that induce these roots.
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