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Introduction

Currently, various astrophysical processes and cosmological perturbations in the early universe are
considered as sources of gravitational wave radiation [1]. Gravitational waves resulting from the merger
of black holes and neutron stars were discovered in the LIGO and Virgo experiments [2, 3] based on the
interference method proposed in [4]. Relic gravitational waves, which is one of the types of cosmological
perturbations at the inflationary stage of the evolution of the early universe, are described both on the
basis of Einstein gravity [5] and its modifications [6, 9] have not yet been discovered due to their small
amplitude, which is less than the sensitivity of modern detectors [8].
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Various laboratory sources of gravitational waves are also considered, based both on the interaction
of electromagnetic radiation and matter [9, 10], and considering the electromagnetic field as a source of
gravitational waves [11, 12].

Thus, gravitational-wave fluctuations of the space-time metric are induced by both matter
perturbations and an alternating electromagnetic fields 𝛿𝑇𝜇𝜈 = 𝛿𝑇

(𝑀)
𝜇𝜈 + 𝛿𝑇

(𝐸𝑀)
𝜇𝜈 , and the predominance

of the first or second factor is associated with the specifics of the process of generating gravitational
waves.

According to estimates given in [9, 10], the interaction of a short pulse of powerful laser radiation
and matter 𝛿𝑇 (𝑀)

𝜇𝜈 ≫ 𝛿𝑇
(𝐸𝑀)
𝜇𝜈 makes it possible to generate high-frequency gravitational waves with an

amplitude on the order ℎ0 ∼ 10−40 forthe realistic parameters of this experiment, which is much less
than the sensitivity limit of modern detectors ℎ0 ∼ 10−21 − 10−22 [2, 3].

In [13, 14, 15, 16] exact wave solutions of the equations of the gravitational field in linearized
General Relativity were obtained for the case of gravitational waves induced by electromagnetic waves
in vacuum, dielectric media and an external magnetic field. In these works, a Fabry-Perot resonator filled
with electromagnetic radiation was considered as a source of gravitational waves, and the characteristics
of external transverse gravitational waves were calculated based on the characteristics of gravitational
waves coupled with the electromagnetic field inside the resonator.

Also, the analysis of the processes of generating gravitational wave radiation through
electromagnetic fields of a special configuration in a vacuum, dielectric media and an external magnetic
field, carried out in [15, 16], implies the possibility of obtaining gravitational waves with controlled
characteristics in laboratory conditions.

The coupled states of gravitational and electromagnetic waves were considered as the basis for this
analysis. These states were considered earlier both: within the framework of the analysis of gravitational
and electromagnetic waves in the vicinity of astrophysical objects [17], and within the framework of the
problem of generating gravitational waves in terrestrial conditions [18].

In this work, we consider the possibility of detecting free gravitational waves induced by a system
of coupled gravitational-electromagnetic fields when separating a gravitational wave from such a system.
Direct detection of free gravitational waves in the vicinity of a region filled with coupled gravitational-
electromagnetic fields makes it possible to determine the characteristics of gravitational waves associated
with the electromagnetic field.

1. Coupled gravitational and electromagnetic waves

Weak gravitational waves are considered based on the linearized Einstein gravity theory as small
perturbations of Minkowski space-time [1]

𝑔𝜇𝜈 = 𝜂𝜇𝜈 + ℎ𝜇𝜈 , |ℎ𝜇𝜈 | ≪ 1, (1.1)

where 𝜂𝜇𝜈 is the metric tensor of Minkowski space-time with nonzero components 𝜂00 = 1, 𝜂11 = 𝜂22 =

𝜂33 = −1 and 𝜇, 𝜈 = 0, 1, 2, 3.
In this case, the Einstein equations

𝐺𝜇𝜈 ≡ 𝑅𝜇𝜈 − 𝑔𝜇𝜈𝑅 = 𝜅𝑇𝜇𝜈 , (1.2)

taking into account the harmonic gauge, can be written as follows [1]

2ℎ𝜇𝜈 = Δℎ𝜇𝜈 −
1

𝑐2
𝜕2ℎ𝜇𝜈
𝜕𝑡2

=

(︂
𝑇𝜇𝜈 −

1

2
𝜂𝜇𝜈𝑇

)︂
, (1.3)

where 𝐺 is the gravitational constant, 𝑐 is the velocity of light in vacuum, 𝜅 = 16𝜋𝐺
𝑐4

is the Einstein
constant and 𝑇𝜇𝜈 is the energy-momentum tensor.

For gravitational waves propagating in direction 𝑥1 = 𝑥, non-zero components of tensor ℎ𝜇𝜈
determine three possible types [19]:
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• ℎ22, ℎ23, ℎ33 – transverse–transverse (𝑇𝑇 ),

• ℎ12, ℎ13, ℎ20, ℎ30 – longitudinal–transverse (𝐿𝑇 ),

• ℎ11, ℎ10, ℎ00 – longitudinal–longitudinal (𝐿𝐿).

However, in empty space (𝑇𝜇𝜈 = 0), 𝐿𝑇 and 𝐿𝐿–waves do not lead to a deviation from the flat
Minkowski space-time and can be eliminated by additional coordinate transformations [19]. Also, one
has three possible polarizations for 𝑇𝑇 -waves, namely ℎ23, ℎ22 − ℎ33 and ℎ22 + ℎ33. However, equations
(1.3) in empty space lead to condition ℎ22 + ℎ33 = 0, and, thus, transverse-traceless gravitational waves
with only two polarizations ℎ23 and ℎ22 −ℎ33 can propagate, which corresponds to so called transverse-
traceless gauge [1].

Nevertheless, one can consider the possibility of the existence of coupled states of electromagnetic
and gravitational waves for which 𝐿𝑇 and 𝐿𝐿–types of the metric perturbations are non-zero and
ℎ22 + ℎ33 ̸= 0 on the basis of Einstein-Maxwell equations written in a general form.

The gravitational field equations (1.2) in the gauge-invariant form can be written as follow [20]

∇2Θ = −𝜅𝜌, (1.4)

∇2Φ =
𝜅

2

(︁
𝜌+ 3𝑃 − 3𝑆̇

)︁
, (1.5)

∇2Ξ𝑖 = −2𝜅𝑆𝑖, (1.6)

2ℎTT
𝑖𝑗 = −2𝜅𝜎𝑖𝑗 , (1.7)

where ℎTT
𝑖𝑗 corresponds to the 𝑇𝑇 -waves, gauge-invariant potentials Θ, Φ, Ξ𝑖𝑖 define the remaining

possible modes ℎ00, ℎ0𝑗 and 𝜌, 𝑃 , 𝑆, 𝑆𝑖, 𝜎𝑖𝑗 are defined by the components of the energy-momentum
tensor 𝑇𝜇𝜈 of the source of gravitational field.

For the case of empty space these equations are reduced to the following form

∇2Θvac = 0, (1.8)

∇2Φvac = 0, (1.9)

∇2Ξvac
𝑖 = 0, (1.10)

2ℎTT,vac
𝑖𝑗 = 0. (1.11)

As one can see, in empty space, only equation (1.11) has wave solutions corresponding to the free
𝑇𝑇 -waves.

Nevertheless, for a specific source, under conditions

𝜌 ∼ 𝜕2

𝜕𝑡2
Θ, (1.12)(︁

𝜌+ 3𝑃 − 3𝑆̇
)︁
∼ 𝜕2

𝜕𝑡2
Φ, (1.13)

𝑆𝑖 ∼
𝜕2

𝜕𝑡2
Ξ𝑖, (1.14)

expressions (1.4)–(1.6) correspond to the Poisson type wave equations.
Solutions of these equations describe gravitational waves coupled with this specific source, which

are not a product of the choice of coordinate system.
Electromagnetic waves in a Fabry-Perot resonator were considered as such a specific source in works

[14, 15, 16]. Based on solutions to the gravitational field equations in these works, the characteristics
of coupled gravitational waves inside the resonator were obtained. Also, in [14, 15, 16] a procedure for
reconstructing characteristics of free gravitational 𝑇𝑇 -waves in the empty space was defined, that we
will consider in more detail.
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2. Decoupling of gravitational and electromagnetic waves

Let us consider coupled gravitational waves induced by a system of the flat electromagnetic waves
(or one wave) in a Fabry-Perot resonator along a some direction 𝑥 as follows

ℎ𝜇𝜈 = 𝐴𝜇𝜈 (𝑈𝑠, 𝐸𝑘, 𝜔𝑘, 𝐿, 𝑥)
{︁
𝛼 cos

[︁
𝜔𝑔

(︁
𝑡− 𝑥

𝑐

)︁
+ 𝜙𝜇𝜈

]︁
+ 𝛽 cos

[︁
𝜔𝑔

(︁
𝑡+

𝑥

𝑐

)︁
+ 𝜙𝜇𝜈

]︁}︁
, (2.1)

where 𝐴𝜇𝜈 = 𝐴𝜇𝜈 (𝐸𝑘, 𝜔, 𝐿, 𝑥) are the amplitudes of the coupled gravitational waves, 𝑈𝑠 (𝑠 = 1, 2, 3, ...)
are the characteristics of additional constant or variable fields (for example, magnetic fields or the
medium with some dielectric and magnetic properties) inside resonator, 𝐸𝑘 is the electric field strength
and 𝜔𝑘 is the frequency for each electromagnetic wave (𝑘 = 1, 2, 3, ...), 𝐿 is the Fabry-Perot resonator
length, the constants parameters 𝛼 and 𝛽 depend on the configuration of the resulting electromagnetic
field, 𝜔𝑔 = 𝜔𝑔(𝜔𝑘, 𝑈𝑠) is the frequency of the coupled gravitational waves and 𝜙𝜇𝜈 are a some additional
phases.

Examples of such solutions of the gravitational field equations were considered in [14, 15, 16] for
the case of a single electromagnetic wave [14], a system of electromagnetic waves and in the presence of
a constant magnetic field and dielectric media as well [15, 16].

When electromagnetic part of the coupled gravitational-electromagnetic waves are reflected from
the walls of the resonator (or absorbed by the walls of the resonator), gravitational and electromagnetic
waves are decoupled, since gravitational waves interact extremely weakly with matter [1].

In empty space 𝑇𝜇𝜈 = 0, solutions of equations (1.3) can be written in the form of plane gravitational
𝑇𝑇 -waves [1]

ℎ22 = −ℎ33 = ℎ0 cos
[︁
𝜔𝑔

(︁
𝑡∓ 𝑥

𝑐

)︁]︁
, (2.2)

where ℎ0 and 𝜔𝑔 are the amplitude and frequency of gravitational waves in empty space, the upper sign
corresponds to the case of wave propagation in the positive direction, for the lower sign wave propagates
in the opposite direction.

Thus, internal solutions (2.1) for a given energy-momentum tensor 𝑇𝜇𝜈 correspond to the
gravitational field coupled with the source, and solution (2.2) in the form of plane transverse
gravitational waves is external one. Consequently, the comparison of the characteristics of coupled and
free gravitational waves presupposes the choice of a certain type of sources of the gravitational field.

The connection between internal and external solutions is determined from the condition of
continuity of the energy density flux of gravitational waves [14, 15, 16]

𝑐𝑡01 = − 𝑐

4𝜅

(︀
𝜕0ℎ𝑖𝑗𝜕1ℎ

𝑖𝑗
)︀
, 𝑖, 𝑗 = 1, 2, 3, (2.3)

at the boundary between the region filled with the source and empty space
(︀
𝑐𝑡01

)︀
𝑖𝑛

=
(︀
𝑐𝑡01

)︀
𝑜𝑢𝑡

.
When considering the process of generating gravitational waves by means of Fabry-Perot resonators

filled with electromagnetic waves, the method of theoretical analysis of this process can be represented
as follows:

1. Obtaining internal gravitational-wave solutions of equations (2.1) for a given source;

2. Calculation of the energy density flux 𝑐𝑡01 of gravitational waves based on the obtained solutions;

3. Reconstruction of the characteristics of free gravitational waves in empty space based on the
solutions (2.1) and (2.2) with condition

(︀
𝑐𝑡01

)︀
𝑖𝑛

=
(︀
𝑐𝑡01

)︀
𝑜𝑢𝑡

;

4. Assessment of the possibility of detecting external gravitational waves.

Thus, the analysis of gravitational waves coupled with the electromagnetic field is of interest both
from the point of view of their difference from free gravitational waves in empty space, and for assessing
the possibility of creating emitters of fundamentally observed gravitational waves.
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In works [14, 15, 16], coupled gravitational waves induced by a system of standing electromagnetic
waves in a Fabry-Perot resonator were considered

ℎ00 = ℎ11 = −4𝐺𝐸1𝐸2

𝑐3𝜔̃

(︂
𝐿

2
+ 𝑥

)︂
sin
(︁
𝜔̃
(︁
𝑡− 𝑥

𝑐

)︁)︁
− 4𝐺𝐸1𝐸2

𝑐3𝜔̃

(︂
𝐿

2
− 𝑥

)︂
sin
(︁
𝜔̃
(︁
𝑡+

𝑥

𝑐

)︁)︁
, (2.4)

ℎ01 = ℎ10 =
4𝐺𝐸1𝐸2

𝑐3𝜔̃

(︂
𝐿

2
+ 𝑥

)︂
sin
(︁
𝜔̃
(︁
𝑡− 𝑥

𝑐

)︁)︁
− 4𝐺𝐸1𝐸2

𝑐3𝜔̃

(︂
𝐿

2
− 𝑥

)︂
sin
(︁
𝜔̃
(︁
𝑡+

𝑥

𝑐

)︁)︁
, (2.5)

ℎ22 = −4𝛼𝐺𝐸1𝐸2

𝑐2𝜔̃2

[︁
cos
(︁
𝜔̃
(︁
𝑡− 𝑥

𝑐

)︁)︁
+ cos

(︁
𝜔̃
(︁
𝑡+

𝑥

𝑐

)︁)︁]︁
, (2.6)

ℎ33 = −4𝛽𝐺𝐸1𝐸2

𝑐2𝜔̃2

[︁
cos
(︁
𝜔̃
(︁
𝑡− 𝑥

𝑐

)︁)︁
+ cos

(︁
𝜔̃
(︁
𝑡+

𝑥

𝑐

)︁)︁]︁
, (2.7)

and corresponding transverse gravitational waves in the surrounding space were defined as follows

ℎ22 = −ℎ33 = ±2𝐺𝐸1𝐸2

𝑐2𝜔̃2
cos
(︁
𝜔̃
(︁
𝑡− 𝑥

𝑐

)︁)︁
, (2.8)

where 𝜔̃ = |𝜔2 − 𝜔1| = 𝜔𝑔 is the difference frequency of electromagnetic waves.
Thus, the space-time metric in the vicinity of an electromagnetic resonator filled with two standing

electromagnetic waves can be defined as

𝑑𝑠2 = 𝑐2𝑑𝑡2 − 𝑑𝑥2 −
[︁
1− ℎ0 cos

(︁
𝜔̃
(︁
𝑡∓ 𝑥

𝑐

)︁)︁]︁
𝑑𝑦2 −

[︁
1 + ℎ0 cos

(︁
𝜔̃
(︁
𝑡∓ 𝑥

𝑐

)︁)︁]︁
𝑑𝑧2, (2.9)

i.e. it contains only components of one type of polarization

ℎ+ (𝑥, 𝑡) = ℎ0 cos
(︁
𝜔̃
(︁
𝑡∓ 𝑥

𝑐

)︁)︁
. (2.10)

Within the framework of the problem of generating and detecting gravitational waves, the controlled
parameters of the source are the electric field strengths 𝐸1 = 𝐸2 = 𝐸0 in the resonator and their
difference frequency 𝜔̃, and the controlled parameter of the detector is the amplitude of detectable
gravitational waves ℎ0, which is restricted by detector sensitivity.

After substitution of expression for electric field strengths

𝐸2
0 =

8𝜋

𝑐
𝐼𝐿 ×𝑄 =

8𝜋

𝑐

(︂
𝑃𝑆
𝑆

)︂
×𝑄, (2.11)

and 𝜔𝑔 = 2𝜋𝑓𝑔𝑤 into (2.8) we obtain the amplitude of gravitational waves

ℎ0 =

(︂
4𝐺

𝜋𝑐3

)︂
×
(︂
𝐼𝐿
𝑓2𝑔𝑤

)︂
×𝑄, (2.12)

where 𝑄 is the quality factor of the resonator, 𝐼𝐿 is the laser radiation intensity, 𝑃𝐿 is the laser radiation
power and 𝑆 is the cross-sectional area of the beam.

For the quality factor of the electromagnetic resonator 𝑄 ≃ 106, the continuous laser radiation
power 𝑃𝐿 ≃ 103 𝑊 and the cross-sectional area of the beam 𝑆 ≃ 10−4 𝑚 we obtain following amplitude
of decoupled gravitational waves in empty space

ℎ0 ≃ 3× 10−23 ×
(︂

Hz
𝑓𝑔𝑤

)︂2

. (2.13)

Thus, indirect analysis of the states of coupled gravitational and electromagnetic waves in the
Fabri-Perot resonator can be performed by detecting decoupled gravitational waves in the surrounding
space.

As one can see, the frequency of detected gravitational waves or the difference frequency of standing
electromagnetic waves in the resonator for the successful implementation of such an experiment must
be determined by the sensitivity of the detector.
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3. The detection of decoupled gravitational waves

As a possible method for detecting decoupled gravitational waves we consider their influence on an
external magnetic field.

The equations of electrodynamics for arbitrary space-time geometry can be written as follows

𝜕𝜇𝐹
𝜇𝜈 +

1√
−𝑔

𝜕𝜇
(︀√

−𝑔
)︀
𝐹𝜇𝜈 = 𝜇0𝑗

𝜈 , (3.1)

𝜕𝐹𝛽𝛾
𝜕𝑥𝛼

+
𝜕𝐹𝛾𝛼
𝜕𝑥𝛽

+
𝜕𝐹𝛼𝛽
𝜕𝑥𝛾

= 0, (3.2)

where components of the tensor of electromagnetic field is

𝐹0𝑘 =
1

𝑐
𝜕𝑡𝐴𝑘 − 𝜕𝑘𝐴0 ≡ 𝐸𝑘

𝑐
, (3.3)

𝐹𝑗𝑘 = 𝜕𝑗𝐴𝑘 − 𝜕𝑘𝐴𝑗 ≡ −𝜖𝑖𝑗𝑘𝐵𝑖. (3.4)

Considering the magnetic field 𝐵⃗ = (0, 𝐵𝑦, 𝐵𝑧) for the case of the unperturbed Minkowski space-
time, in the gravitational wave field for metric (2.9) its components are determined from equations
(3.1)–(3.2) as follows [21]

𝐵̃𝑦 = 𝐵𝑦

⎛⎝ 1 + ℎ+√︁
1− ℎ2+

⎞⎠ , (3.5)

𝐵̃𝑧 = 𝐵𝑧

⎛⎝ 1 + ℎ+√︁
1− ℎ2+

⎞⎠ . (3.6)

Thus, the relative change in the magnetic field

𝛿𝐵

𝐵
=
𝐵̃ −𝐵

𝐵
= −1 +

1 + ℎ+
1− ℎ+

≃ 2ℎ+ ∼ ℎ0. (3.7)

Taking into account the sensitivity of SQUID magnetometers (𝛿𝐵)min ∼ 10−18 𝑇 [22, 23] and the
magnetic field 𝐵 ≃ 10 𝑇 , from (2.13) and (3.7) we can estimate the frequency the detectable decoupled
gravitational waves as follows

𝑓𝑔 = 𝑓 ≤ 2× 10−2 𝐻𝑧. (3.8)

Thus, the main problem in implementing this approach is the formation of the system of standing
electromagnetic waves in the resonator at the difference frequency 𝑓 ≤ 2 × 10−2 𝐻𝑧 and generating
sufficiently strong magnetic fields.

Similar estimates can be made for other methods of detecting gravitational waves [24]. However,
increasing the power of laser radiation and the sensitivity of gravitational wave detectors make it possible
in the future to increase the difference frequency 𝑓 = 𝑓𝑔 and consider such experiments as feasible ones.

Conclusion

In this work, we considered coupled gravitational and electromagnetic waves in the Fabri-Perot
resonators. It has been shown that coupled gravitational waves can appear not as gauge artifacts
generated by a special choice of coordinate system, but as actual physical effects.

To study such gravitational-electromagnetic waves, a method for detecting decoupled gravitational
waves in the surrounding space was proposed. A system of standing electromagnetic waves and associated
gravitational waves was considered as a source of decoupled gravitational waves. For realistic parameters
of the experiment on the generation and observation of such decoupled gravitational waves, restrictions
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𝑓 ≤ 2 × 10−2 𝐻𝑧 were obtained on the difference frequency of standing electromagnetic waves, which
leads to the significant difficulties in implementation.

Nevertheless, this result can be interpreted as technical, rather than fundamental, problems in
implementing such experiment based on the proposed approach, which can be solved both by using
opportunities to increase the characteristics of the source and improving the sensitivity of gravitational
wave detectors.

Also, as a perspective for studying the considered states of coupled gravitational and
electromagnetic waves, we can note the analysis of their propagation in the expanding universe and
their possible influence on the stochastic gravitational waves background at the present era.
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