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NMHOJIAITNMOHHBIE MOJAEJIN HA OCHOBE OBOBIIEHHBIX TOYHBIX
KOCMOJIOTUYECKUNX PEIIIEHUIN"
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¢ MI'TY um. H.9. Baymana,, r. Mocksa, 105005, Poccus.

B nmannOil pabore mnpenjio’keH MeTOJ IIOCTPOEHHS HEOIDAHMYEHHOI'O YHCJIa TOYHBIX PEIIeHW ypaBHEHHI
KOCMOJIOTHYECKON JUHAMUKHK Il CJIydasl TPaBUTAIUN OWIITeHHA U TeJJelNapa/uIeJbHOTO 3IKBUBBAJIEHTA
obrieit orHOCHTENLHOCTH. TOUHbIE KOCMOJIOTHYMECKHE DPEIIeHHsl IIOJIyUeHHble, B PaMKax JAaHHOTO IOIXOJA,
[I0/IPa3yMEBAIOT CJIOZKHBIE THIIBI BOJIIOINN CKAJISIPHOTO IIOJISI M JUHAMUKH PACIIMPEHUs BcesleHHOM. B KadecTse
IpuMepa pacCMOTPEHbl DPelIeHMs] YPaBHEHMHI KOCMOJIOIMYECKOH JMHAMMKHA B BHJIC DPAJIOB, KarKJbli djeH
KOTODBIX U BECh PsIJl SBJIAIOTCS TOYHBIME pelnleHusMH. [loka3zaHo, 9TO IIpU OIpeeIeHHOM BBIOOpDE ITapaMeTpOB,
IIOJIyYeHHble PelleHns] COOTBETCTBYIOT KOPPEKTHOI JUHAMUKE DACIIMPEHUs BCEJIEHHOII Ha PAa3/IMYHBIX CTAIUAX
ee 3BOJIIOLUH.
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INFLATIONARY MODELS BASED ON GENERALIZED EXACT COSMOLOGICAL
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This paper proposes a method for constructing an unlimited number of exact solutions to the equations of
cosmological dynamics for the case of Einstein gravity and the teleparallel equivalent of general relativity. The
exact cosmological solutions obtained within the framework of this approach imply complex types of evolution
of the scalar field and the dynamics of the expansion of the universe. As an example, solutions to the equations
of cosmological dynamics in the form of series are considered, each term of which and the entire series are exact
solutions. It is shown that with a certain choice of parameters, the solutions obtained correspond to the correct
dynamics of the expansion of the universe at various stages of its evolution.
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Introduction

Within the framework of constructing current cosmological models, the stage of cosmological
inflation is important, since during this stage various physical processes occur that determine the further
evolution of the universe [1, 5].

Various gravity theories are used to construct models of cosmological inflation, including Einstein
gravity (GR) and the teleparallel equivalent of general relativity (TERG) [3, 4, 5].

Teleparallel gravity is a special case of metric-affine gravity, an important feature of which is the
use of non-Riemannian geometry. Unlike Einstein gravity, teleparallel gravity does not have geodesic line
equations. Force equations describe the motion of particles under the influence of gravity, and instead of
metrics, dynamic tetrads are used. Just as the Levi-Civita connection which provides a way to naturally
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differentiate vector fields on a Riemann manifold, in teleparallel gravity the Weizenbock connection with
torsion and zero curvature is used [5].

It can also be noted that to construct and analyze cosmological models, different methods are
used including exact and approximate solutions of the cosmological dynamic equations [5]. A review of
various methods for constructing exact cosmological solutions for the case of Einstein gravity is given in
[5, 6]. We also note that all these methods can be used in constructing exact solutions of the equations
of cosmological dynamics based on TEGR [7].

However, it should be noted that these methods make it possible to construct a limited number
of exact solutions to the equations of cosmological dynamics in explicit form. Also, in the context of
construction of the exact solutions of the cosmological dynamics equations in explicit form, as a rule,
fairly simple types of evolution of scalar fields or types of cosmological dynamics are considered.

In this paper, we propose a method for constructing an unlimited number of exact solutions of
cosmological dynamic equations with a complex form of the volution of a scalar field and a complex
form of the cosmological dynamics based on the generating function of a special type for the case of GR
and TERG.

It is also shown that in the case of a special choice of the constant parameters of the cosmological
models obtained by the method, they correctly describe the dynamics of the expansion of the universe
at different stages of its evolution.

1. Cosmological models based on the teleparallel gravity

a

#OY

Teleparallel gravity is a well-known modification of Einstein gravity, in which tetrads e
components of the tetrad field e, (z*) are used instead of a metric.
The tetrads form an orthogonal coordinate basis for which ejje; = ¢}, and eZeﬁ = 4y'. They relate

the space-time metric g,,, and the Minkowski tangent space metric 1., = diag(—1, 1,1, 1) as follows [5, §]
_a b
g,ul/ - €H€V77ab~ (11)

Characteristic quantities of teleparallel gravity: torsion scalar T' = S, #*T”,, , superpotential S "

and the distortion tensor K*7, which are specified in the components of the tetrad field [5, 8]

T°,, = b (Ouel — dyels + wi,en, — wieh) (1.2)
S H = 1 KM 4 grrty — sy 1.3
D) p T0p,17% pt 0 ) ( : )

1
K" = -5 (THy =TV =T, "), (1.4)

where wy,, = A%(z)8,Ad(z) is the spin connection, A%(x) is the local Lorentz transformations.
To construct and analyze models of cosmological inflation with a non-minimal connection between
the scalar field and torsion, let us consider in the system of units 87G = ¢ = 1 the following action [8]

S = /d4ze [f(T,¢) +w(e)X], (1.5)

where f(T, ¢) is some arbitrary function of the scalar field ¢ and torsion T, w(¢) is the kinetic function,
X = f%amaﬂqs is the kinetic energy of the scalar field and e = det (eZ) =+/—g.
To describe inflation dynamics in the case of a spatially flat Friedman-Robertson-Walker (FRW)
metric
ds® = —dt* + a*6;;dx' da? (1.6)

where a = a(t) is the scale factor, the following tetrad is considered

e? =diag(1,a,a,a), 1.7
“w
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taking into account the Weizenbock connection

W, = 0. (1.8)

In this case, the background dynamics equations corresponding to the action (1.5) are written as
follows [8]

F(T.¢) —w(@)X —2Tfr =0, (1.9)
F(T,0) +w(¢p)X — 2T fr —4H fr —AHf7 =0, (1.10)
—wyX —3w(¢)Ho —w(d)d+ f =0, (1.11)

where H = % is the Hubble parameter, T = 6 H? is the torsion scalar and fr = g—%.

Also note that the canonical scalar fields correspond to the case w > 0, for phantom fields w < 0,
based on the possibility of the following redefinition of the fields ¢ = [ \/w(¢) d¢.

The choice of the function f = f(T,¢) determines the form of the theory of gravity in the
cosmological models under consideration.

In works [9, 10], exact solutions of the system of equations (1.9)—(1.11) were obtained for an
arbitrary Hubble parameter with a function f(T,¢) = —G(¢)VT — V(¢), where G = G(¢) is the
coupling function of the scalar field and torsion.

Now, we consider the special case

f(T,¢) = =T =V(9), (1.12)

corresponding to the teleparallel equivalent of general theory of relativity (TEGR), where V =V (¢) is
the potential of the scalar field, the equations of cosmological dynamics (1.9)—(1.11) for w = 1 reduces
to the case of cosmological inflation based on Einstein gravity

3H? = %J)? +V (o), (1.13)
—3H? —2H = %q/}? —V(o), (1.14)
¢+3Hd+ V4 =0, (1.15)
where V4 = % and a dot represents a derivative with respect to the cosmic time t.

Also, we note that for the case of inflationary models based on general relativity one has the same
dynamical equations [? |, for this reason, the methods for constructing generalized solutions of the
system of equations (1.13)-(1.15) are the same for the cases of GR and TEGR.

2. Generalized exact solutions of cosmological dynamic equations

Since only two equations in system (1.13)-(1.15) are independent, they can be rewritten as follows

V(t)=3H*+ H, (2.1)
¢* = —2H. (2.2)

In order to get exact solutions for the case of complex dynamics, let us consider a scalar field
¢ = ¢(t) and a Hubble parameter H = H(t) as follows

Eo

((b(t)+F)2] + ABt + ¢y, (2.3)

$(t) = £AIn [

t+ A, (2.4)

H(t)AQIH[ u(t)5/268 } 242Cs  A?B?

(Co(t)+F)2B| " Co(t)+F 2
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where functions o = o(t) and u = u(t) are related as follows

LN 2 .
(U> +KY = 0,0 # const, (2.5)
u

ag

and A, B,C, E, F, K, \, ¢y are arbitrary parameters.

By direct substitution, one can verify that system (2.3)—(2.5) fully correspond to the cosmological
dynamics equation (2.2).

The main feature of the proposed representation of the equations of cosmological dynamics is the
specific choice of the generating function o = o(t), which leads to the possibility of constructing an
unlimited number of exact solutions.

As the example of prosed approach, we consider the function o(t¢) in the following form

B thdt oot? oop tr—1dt
=20 | Gy =G a1 T (20

where 09 = const and o(t) may be represented as the series

B trdt = (—m)P=F
=20 | G =~ SR T 27

l
where Cp = m
The representation (2.7) of o(t) allow us to construct unlimited number of exact cosmological
solutions in the explicit form.

By substituting (2.7) into (2.5), we get

2pq  2pq (p2 + q2)t +p?m
t) = t Km{tEm 2.8
u(t) = uo(t +m)~ exp ( Kt +p) , (2.8)

where ug is an arbitrary constant.
Thus, from (2.3)—(2.5) and (2.6)—(2.8) we obtain explicit exact expressions for the scalar field and
the Hubble parameter

EO’()tp

(t +m)a (CUO (f t+m)q dt) >2

oot \ P _ 2pq , 2pq 24 02 t4p2m K/2
(%) (uo(t+m) EKmtEm exp(%)) A2 B2+

p(t) = Aln — ABt + ¢y, (2.9)

Ho = 2B 9 +A, 0 (2.10)
(COO (f ﬁdt) —|—F>
or, in the other form
p
E <Z C;;(—m)l’—k(t + m)k}—q)
oA ];:0 5 | — ABt + ¢o, (2.11)
—m)p—k
(C (— kgo CJI; (qk(1)(t)+mqk1)> + F)
K/2 .
(Cl ele (m)> (Z C}:(_m)pik(t—l— m)kq>
H(t) = A’In k=0 o) 5B + (2.12)
P
(—m)P— k
( ( EZ: P(q k—1)(t+ma—F— 1)> +F)
P
(z_: m)P~F(t + m)k—q> s
! L —k T + A,
( Z (=m)P )) LR

(q—k—1)(t+ma—Fk—1
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where a sum of a series itself and any summand are the exact solutions of equation (2.2).

Also, from (2.1) and solutions (2.13) we can reconstruct the type of the potential evolution in
explicit form. However, due to the fact that the expression for the evolution of the potential is quite
cumbersome, the form of function V' = V(¢) is shown in Fig. ?? for the certain values of the constant
parameters of the inflationary model.

Puc. 1. The potential evolution V(t) for
parameters p = 2, =3,m =1, A=1,B =

Puc. 2. The relative acceleration @ for
parameters p = 2,q = 3,m =1, A =1,B =
00,0 = LK = Luy = LF = LE = 001,C = LK = Lbugp = 1,F = 1,E =
11,40 =10.6,A = 1. 11,¢0 = 10.6,\ = 1.
We will also check the cosmological model basad on the solutions (2.11)-(2.13) with the selected
parameters for exit from the inflationary stage and the presence of a stage of the second accelerated
expansion of the universe.

For this purpose, we define the relative acceleration of the expansion of the universe as follows
a 5
Q=-=H"+H, (2.13)
a

where Q > 0 corresponds to the accelerated expansion of the universe and () < 0 corresponds to the
decelerated expansion of the universe.

From Fig. 7?7 one can see that the obtained solutions for the selected parameters correspond to
both the exit from inflation and the second accelerated expansion of the universe.

We also note that these properties of cosmological models based on solutions (2.11)—(2.13) can be
obtained for other values of constant parameters.

Conclusion

In this paper, we proposed a new method for constructing an unlimited number of exact solutions
to the equations of cosmological dynamics for the case of Einstein gravity and the teleparallel equivalent
of general relativity.

The specificity of the method is the reduction of dynamic equations to a special form and the choice
of a generating function o = o(t), which allows one to obtain an unlimited number of exact solutions.

Topical issues for further development of this approach are the construction of exact solutions
with the scalar field potential in explicit form V = V(¢), the correspondence of the cosmological
models obtained by these method to observational constraints on the values of the parameters
of cosmological perturbations, and the analysis of approximate solutions following from physically
motivated approximations.
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