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ИНФЛЯЦИОННЫЕ МОДЕЛИ НА ОСНОВЕ ОБОБЩЕННЫХ ТОЧНЫХ
КОСМОЛОГИЧЕСКИХ РЕШЕНИЙ *

Фомин И. В.𝑎,1, Денцель Е.С.𝑎,2

𝑎 МГТУ им. Н.Э. Баумана„ г. Москва, 105005, Россия.

В данной работе предложен метод построения неограниченного числа точных решений уравнений
космологической динамики для случая гравитации Эйштейна и телепараллельного эквиввалента
общей относительности. Точные космологические решения полученные, в рамках данного подхода,
подразумевают сложные типы эволюции скалярного поля и динамики расширения вселенной. В качестве
примера рассмотрены решения уравнений космологической динамики в виде рядов, каждый член
которых и весь ряд являются точными решениями. Показано, что при определенном выборе параметров,
полученные решения соответствуют корректной динамике расширения вселенной на различных стадиях
ее эволюции.

Ключевые слова: телепараллельная гравитация, общая теория относительности, скалярные поля, точные
решения.
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This paper proposes a method for constructing an unlimited number of exact solutions to the equations of
cosmological dynamics for the case of Einstein gravity and the teleparallel equivalent of general relativity. The
exact cosmological solutions obtained within the framework of this approach imply complex types of evolution
of the scalar field and the dynamics of the expansion of the universe. As an example, solutions to the equations
of cosmological dynamics in the form of series are considered, each term of which and the entire series are exact
solutions. It is shown that with a certain choice of parameters, the solutions obtained correspond to the correct
dynamics of the expansion of the universe at various stages of its evolution.
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Introduction

Within the framework of constructing current cosmological models, the stage of cosmological
inflation is important, since during this stage various physical processes occur that determine the further
evolution of the universe [1, 5].

Various gravity theories are used to construct models of cosmological inflation, including Einstein
gravity (GR) and the teleparallel equivalent of general relativity (TERG) [3, 4, 5].

Teleparallel gravity is a special case of metric-affine gravity, an important feature of which is the
use of non-Riemannian geometry. Unlike Einstein gravity, teleparallel gravity does not have geodesic line
equations. Force equations describe the motion of particles under the influence of gravity, and instead of
metrics, dynamic tetrads are used. Just as the Levi-Civita connection which provides a way to naturally
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differentiate vector fields on a Riemann manifold, in teleparallel gravity the Weizenbock connection with
torsion and zero curvature is used [5].

It can also be noted that to construct and analyze cosmological models, different methods are
used including exact and approximate solutions of the cosmological dynamic equations [5]. A review of
various methods for constructing exact cosmological solutions for the case of Einstein gravity is given in
[5, 6]. We also note that all these methods can be used in constructing exact solutions of the equations
of cosmological dynamics based on TEGR [7].

However, it should be noted that these methods make it possible to construct a limited number
of exact solutions to the equations of cosmological dynamics in explicit form. Also, in the context of
construction of the exact solutions of the cosmological dynamics equations in explicit form, as a rule,
fairly simple types of evolution of scalar fields or types of cosmological dynamics are considered.

In this paper, we propose a method for constructing an unlimited number of exact solutions of
cosmological dynamic equations with a complex form of the volution of a scalar field and a complex
form of the cosmological dynamics based on the generating function of a special type for the case of GR
and TERG.

It is also shown that in the case of a special choice of the constant parameters of the cosmological
models obtained by the method, they correctly describe the dynamics of the expansion of the universe
at different stages of its evolution.

1. Cosmological models based on the teleparallel gravity

Teleparallel gravity is a well-known modification of Einstein gravity, in which tetrads 𝑒𝑎𝜇 or
components of the tetrad field e𝑎(𝑥𝜇) are used instead of a metric.

The tetrads form an orthogonal coordinate basis for which 𝑒𝑎𝜇𝑒
𝜈
𝑎 = 𝛿𝜈𝜇 and 𝑒𝑎𝜇𝑒

𝜇
𝑏 = 𝛿𝑎𝑏 . They relate

the space-time metric 𝑔𝜇𝜈 and the Minkowski tangent space metric 𝜂𝑎𝑏 = 𝑑𝑖𝑎𝑔(−1, 1, 1, 1) as follows [5, 8]

𝑔𝜇𝜈 = 𝑒𝑎𝜇𝑒
𝑏
𝜈𝜂𝑎𝑏. (1.1)

Characteristic quantities of teleparallel gravity: torsion scalar 𝑇 = 𝑆 𝜇𝜈
𝜌 𝑇 𝜌𝜇𝜈 , superpotential 𝑆 𝜇𝜈

𝜌

and the distortion tensor 𝐾𝜇𝜈
𝜌 , which are specified in the components of the tetrad field [5, 8]

𝑇 𝜌𝜇𝜈 = 𝑒𝜌𝑎
(︀
𝜕𝜇𝑒

𝑎
𝜈 − 𝜕𝜈𝑒

𝑎
𝜇 + 𝜔𝑎𝑏𝜇𝑒

𝑏
𝜈 − 𝜔𝑎𝑏𝜈𝑒

𝑏
𝜇

)︀
, (1.2)

𝑆 𝜇𝜈
𝜌 =

1

2

(︁
𝐾𝜇𝜈

𝜌 + 𝛿𝜇𝜌𝑇
𝜃𝜈
𝜃 − 𝛿𝜈𝜌𝑇

𝜃𝜇
𝜃

)︁
, (1.3)

𝐾𝜇𝜈
𝜌 = −1

2

(︀
𝑇𝜇𝜈𝜌 − 𝑇 𝜈𝜇𝜌 − 𝑇 𝜇𝜈

𝜌

)︀
, (1.4)

where 𝜔𝑎𝑏𝜇 = Λ𝑎𝑑(𝑥)𝜕𝜇Λ
𝑑
𝑏(𝑥) is the spin connection, Λ𝑎𝑑(𝑥) is the local Lorentz transformations.

To construct and analyze models of cosmological inflation with a non-minimal connection between
the scalar field and torsion, let us consider in the system of units 8𝜋𝐺 = 𝑐 = 1 the following action [8]

𝑆 =

∫︁
𝑑4𝑥𝑒 [𝑓(𝑇, 𝜑) + 𝜔(𝜑)𝑋] , (1.5)

where 𝑓(𝑇, 𝜑) is some arbitrary function of the scalar field 𝜑 and torsion 𝑇 , 𝜔(𝜑) is the kinetic function,
𝑋 = − 1

2𝜕𝜇𝜑𝜕
𝜇𝜑 is the kinetic energy of the scalar field and 𝑒 = 𝑑𝑒𝑡

(︀
𝑒𝑎𝜇
)︀
=

√
−𝑔.

To describe inflation dynamics in the case of a spatially flat Friedman-Robertson-Walker (FRW)
metric

𝑑𝑠2 = −𝑑𝑡2 + 𝑎2𝛿𝑖𝑗𝑑𝑥
𝑖𝑑𝑥𝑗 , (1.6)

where 𝑎 = 𝑎(𝑡) is the scale factor, the following tetrad is considered

𝑒𝑎𝜇 = 𝑑𝑖𝑎𝑔(1, 𝑎, 𝑎, 𝑎), (1.7)
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taking into account the Weizenbock connection

𝜔𝑎𝑏𝜇 = 0. (1.8)

In this case, the background dynamics equations corresponding to the action (1.5) are written as
follows [8]

𝑓(𝑇, 𝜑)− 𝜔(𝜑)𝑋 − 2𝑇𝑓,𝑇 = 0, (1.9)

𝑓(𝑇, 𝜑) + 𝜔(𝜑)𝑋 − 2𝑇𝑓,𝑇 − 4𝐻̇𝑓,𝑇 − 4𝐻𝑓,𝑇 = 0, (1.10)

−𝜔,𝜑𝑋 − 3𝜔(𝜑)𝐻𝜑̇− 𝜔(𝜑)𝜑+ 𝑓,𝜑 = 0, (1.11)

where 𝐻 = 𝑎̇
𝑎 is the Hubble parameter, 𝑇 = 6𝐻2 is the torsion scalar and 𝑓,𝑇 = 𝜕𝑓

𝜕𝑇 .
Also note that the canonical scalar fields correspond to the case 𝜔 > 0, for phantom fields 𝜔 < 0,

based on the possibility of the following redefinition of the fields 𝜙 =
∫︀ √︀

𝜔(𝜑) 𝑑𝜑.
The choice of the function 𝑓 = 𝑓(𝑇, 𝜑) determines the form of the theory of gravity in the

cosmological models under consideration.
In works [9, 10], exact solutions of the system of equations (1.9)–(1.11) were obtained for an

arbitrary Hubble parameter with a function 𝑓(𝑇, 𝜑) = −𝐺(𝜑)
√
𝑇 − 𝑉 (𝜑), where 𝐺 = 𝐺(𝜑) is the

coupling function of the scalar field and torsion.
Now, we consider the special case

𝑓(𝑇, 𝜑) = −𝑇 − 𝑉 (𝜑), (1.12)

corresponding to the teleparallel equivalent of general theory of relativity (TEGR), where 𝑉 = 𝑉 (𝜑) is
the potential of the scalar field, the equations of cosmological dynamics (1.9)–(1.11) for 𝜔 = 1 reduces
to the case of cosmological inflation based on Einstein gravity

3𝐻2 =
1

2
𝜑̇2 + 𝑉 (𝜑), (1.13)

−3𝐻2 − 2𝐻̇ =
1

2
𝜑̇2 − 𝑉 (𝜑), (1.14)

𝜑+ 3𝐻𝜑̇+ 𝑉,𝜑 = 0, (1.15)

where 𝑉,𝜑 = 𝑑𝑉
𝑑𝜑 and a dot represents a derivative with respect to the cosmic time 𝑡.

Also, we note that for the case of inflationary models based on general relativity one has the same
dynamical equations [? ], for this reason, the methods for constructing generalized solutions of the
system of equations (1.13)-(1.15) are the same for the cases of GR and TEGR.

2. Generalized exact solutions of cosmological dynamic equations

Since only two equations in system (1.13)-(1.15) are independent, they can be rewritten as follows

𝑉 (𝑡) = 3𝐻2 + 𝐻̇, (2.1)

𝜑̇2 = −2𝐻̇. (2.2)

In order to get exact solutions for the case of complex dynamics, let us consider a scalar field
𝜑 = 𝜑(𝑡) and a Hubble parameter 𝐻 = 𝐻(𝑡) as follows

𝜑(𝑡) = ±𝐴 ln

[︂
𝐸𝜎̇

(𝐶𝜎(𝑡) + 𝐹 )2

]︂
∓𝐴𝐵𝑡+ 𝜑0, (2.3)

𝐻(𝑡) = 𝐴2 ln

[︂
𝑢(𝑡)𝐾/2𝜎̇𝐵

(𝐶𝜎(𝑡) + 𝐹 )2𝐵

]︂
+

2𝐴2𝐶𝜎̇

𝐶𝜎(𝑡) + 𝐹
− 𝐴2𝐵2

2
𝑡+ 𝜆, (2.4)
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where functions 𝜎 = 𝜎(𝑡) and 𝑢 = 𝑢(𝑡) are related as follows(︂
𝜎̈

𝜎̇

)︂2

+𝐾
𝑢̇

𝑢
= 0, 𝜎 ̸= 𝑐𝑜𝑛𝑠𝑡, (2.5)

and 𝐴,𝐵,𝐶,𝐸, 𝐹,𝐾, 𝜆, 𝜑0 are arbitrary parameters.
By direct substitution, one can verify that system (2.3)–(2.5) fully correspond to the cosmological

dynamics equation (2.2).
The main feature of the proposed representation of the equations of cosmological dynamics is the

specific choice of the generating function 𝜎 = 𝜎(𝑡), which leads to the possibility of constructing an
unlimited number of exact solutions.

As the example of prosed approach, we consider the function 𝜎(𝑡) in the following form

𝜎(𝑡) = 𝜎0

∫︁
𝑡𝑝𝑑𝑡

(𝑡+𝑚)𝑞
= − 𝜎0𝑡

𝑝

(𝑞 − 1)(𝑡+𝑚)𝑞−1
+

𝜎0𝑝

𝑞 − 1

∫︁
𝑡𝑝−1𝑑𝑡

(𝑡−𝑚)𝑞−1
, (2.6)

where 𝜎0 = 𝑐𝑜𝑛𝑠𝑡 and 𝜎(𝑡) may be represented as the series

𝜎(𝑡) = 𝜎0

∫︁
𝑡𝑝𝑑𝑡

(𝑡+𝑚)𝑞
= −𝜎0

𝑝∑︁
𝑘=0

𝐶𝑘𝑝
(−𝑚)𝑝−𝑘

(𝑞 − 𝑘 − 1)(𝑡+𝑚)𝑞−𝑘−1
, (2.7)

where 𝐶𝑘𝑝 = 𝑝!
𝑘!(𝑝−𝑘)! .

The representation (2.7) of 𝜎(𝑡) allow us to construct unlimited number of exact cosmological
solutions in the explicit form.

By substituting (2.7) into (2.5), we get

𝑢(𝑡) = 𝑢0(𝑡+𝑚)−
2𝑝𝑞
𝐾𝑚 𝑡

2𝑝𝑞
𝐾𝑚 exp

(︂
(𝑝2 + 𝑞2)𝑡+ 𝑝2𝑚

𝐾𝑡(𝑡+ 𝑝)

)︂
, (2.8)

where 𝑢0 is an arbitrary constant.
Thus, from (2.3)–(2.5) and (2.6)–(2.8) we obtain explicit exact expressions for the scalar field and

the Hubble parameter

𝜑(𝑡) = 𝐴 ln

⎛⎜⎝ 𝐸𝜎0𝑡
𝑝

(𝑡+𝑚)𝑞
(︁
𝐶𝜎0

(︁∫︀
𝑡𝑝

(𝑡+𝑚)𝑞 𝑑𝑡
)︁
+ 𝐹

)︁2
⎞⎟⎠−𝐴𝐵𝑡+ 𝜑0, (2.9)

𝐻(𝑡) = 𝐴2 ln

⎛⎜⎝
(︁

𝜎0𝑡
𝑝

(𝑡+𝑚)𝑞

)︁𝐵 (︁
𝑢0(𝑡+𝑚)−

2𝑝𝑞
𝐾𝑚 𝑡

2𝑝𝑞
𝐾𝑚 exp

(︁
(𝑝2+𝑞2)𝑡+𝑝2𝑚
𝐾𝑡(𝑡+𝑚)

)︁)︁𝐾/2
(︁
𝐶𝜎0

(︁∫︀
𝑡𝑝

(𝑡+𝑚)𝑞 𝑑𝑡
)︁
+ 𝐹

)︁2𝐵
⎞⎟⎠− 𝐴2𝐵2𝑡

2
+ 𝜆, (2.10)

or, in the other form

𝜑(𝑡) = 𝐴 ln

⎛⎜⎜⎜⎝
𝐸

(︂
𝑝∑︀
𝑘=0

𝐶𝑘𝑝 (−𝑚)𝑝−𝑘(𝑡+𝑚)𝑘−𝑞
)︂

(︂
𝐶

(︂
−

𝑝∑︀
𝑘=0

𝐶𝑘𝑝
(−𝑚)𝑝−𝑘

(𝑞−𝑘−1)(𝑡+𝑚𝑞−𝑘−1)

)︂
+ 𝐹

)︂2

⎞⎟⎟⎟⎠−𝐴𝐵𝑡+ 𝜑0, (2.11)

𝐻(𝑡) = 𝐴2 ln

⎡⎢⎢⎢⎣
(︂
𝐶1

𝑝∏︀
𝑘=0

𝑒𝑥𝑝
(︁
𝑘−𝑞
𝑡+𝑚

)︁)︂𝐾/2(︂ 𝑝∑︀
𝑘=0

𝐶𝑘𝑝 (−𝑚)𝑝−𝑘(𝑡+𝑚)𝑘−𝑞
)︂𝐵

(︂
𝐶

(︂
−

𝑝∑︀
𝑘=0

𝐶𝑘𝑝
(−𝑚)𝑝−𝑘

(𝑞−𝑘−1)(𝑡+𝑚𝑞−𝑘−1)

)︂
+ 𝐹

)︂2𝐵

⎤⎥⎥⎥⎦+ (2.12)

+

2𝐴2𝐶

(︂
𝑝∑︀
𝑘=0

𝐶𝑘𝑝 (−𝑚)𝑝−𝑘(𝑡+𝑚)𝑘−𝑞
)︂

𝐶

(︂
−

𝑝∑︀
𝑘=0

𝐶𝑘𝑝
(−𝑚)𝑝−𝑘

(𝑞−𝑘−1)(𝑡+𝑚𝑞−𝑘−1)

)︂
+ 𝐹

− 𝐴2𝐵2𝑡

2
+ 𝜆,
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where a sum of a series itself and any summand are the exact solutions of equation (2.2).
Also, from (2.1) and solutions (2.13) we can reconstruct the type of the potential evolution in

explicit form. However, due to the fact that the expression for the evolution of the potential is quite
cumbersome, the form of function 𝑉 = 𝑉 (𝑡) is shown in Fig. ?? for the certain values of the constant
parameters of the inflationary model.

Рис. 1. The potential evolution 𝑉 (𝑡) for
parameters 𝑝 = 2, 𝑞 = 3,𝑚 = 1, 𝐴 = 1, 𝐵 =

0.01, 𝐶 = 1,𝐾 = 1, 𝑢0 = 1, 𝐹 = 1, 𝐸 =

11, 𝜑0 = 10.6, 𝜆 = 1.

Рис. 2. The relative acceleration 𝑄 for
parameters 𝑝 = 2, 𝑞 = 3,𝑚 = 1, 𝐴 = 1, 𝐵 =

0.01, 𝐶 = 1,𝐾 = 1, 𝑢0 = 1, 𝐹 = 1, 𝐸 =

11, 𝜑0 = 10.6, 𝜆 = 1.
We will also check the cosmological model basad on the solutions (2.11)–(2.13) with the selected

parameters for exit from the inflationary stage and the presence of a stage of the second accelerated
expansion of the universe.

For this purpose, we define the relative acceleration of the expansion of the universe as follows

𝑄 =
𝑎̈

𝑎
= 𝐻2 + 𝐻̇, (2.13)

where 𝑄 > 0 corresponds to the accelerated expansion of the universe and 𝑄 < 0 corresponds to the
decelerated expansion of the universe.

From Fig. ?? one can see that the obtained solutions for the selected parameters correspond to
both the exit from inflation and the second accelerated expansion of the universe.

We also note that these properties of cosmological models based on solutions (2.11)–(2.13) can be
obtained for other values of constant parameters.

Conclusion

In this paper, we proposed a new method for constructing an unlimited number of exact solutions
to the equations of cosmological dynamics for the case of Einstein gravity and the teleparallel equivalent
of general relativity.

The specificity of the method is the reduction of dynamic equations to a special form and the choice
of a generating function 𝜎 = 𝜎(𝑡), which allows one to obtain an unlimited number of exact solutions.

Topical issues for further development of this approach are the construction of exact solutions
with the scalar field potential in explicit form 𝑉 = 𝑉 (𝜑), the correspondence of the cosmological
models obtained by these method to observational constraints on the values of the parameters
of cosmological perturbations, and the analysis of approximate solutions following from physically
motivated approximations.
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