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АКСИОННАЯ ЭЛЕКТРОДИНАМИКА НА ПРОСТРАНСТВЕННО-ВРЕМЕННОЙ
ПЛАТФОРМЕ ТИПА БИАНКИ: СЛЕДЫ СДВИГОВЫХ НАПРЯЖЕНИЙ В
ПОТОКЕ ЭФИРА *

Шакирзянов А.Ф.𝑎,1, Балакин А.Б.𝑎,2

𝑎 Казанский (Приволжский) федеральный университет, г. Казань, 420008, Россия

В рамках аксионного расширения эфирной версии теории Эйнштейна-Максвелла мы изучаем структуру
электромагнитного поля, допускаемую анизотропными космологическими моделями пространства-
времени, описываемыми моделями Бианки. Эти модели гарантируют, что скорость эфира обладает
сдвигом, и мы акцентируем внимание на его роли в эволюции аксионно-фотонных систем. В этой короткой
заметке мы обсудим расширенные основные уравнения, полученные в предположении, что квадрат тензора
сдвига включен в потенциал аксионного поля.
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AXION ELECTRODYNAMICS ON THE BIANCHI SPACETIME PLATFORM:
FINGERPRINTS OF SHEAR OF THE AETHER VELOCITY
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In the framework of axionically extended Einstein-Maxwell-aether theory we study the structure of the
electromagnetic field allowed by the anisotropic cosmological spacetime platforms associated with the Bianchi
models. These models guarantee that the aether velocity possesses the shear, and we focus on its role in the
evolution of the axion-photon systems. In this short note we discuss the extended master equations obtained
under the assumption that the square of the shear tensor is included in the potential of the axion field.
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Introduction

The Bianchi models, which describe evolution of the homogeneous anisotropic Universe, are well
known and very fruitful in the context of modeling of the physical system dynamics. We study the
properties of the axion-photon coupling mediated by the dynamic aether [1–4]. When we deal with the
anisotropic Universe, the velocity of the aether 𝑈 𝑗 is characterized not only by the expansion scalar
Θ = ∇𝑘𝑈

𝑘 (e.g., as in the case of Friedmann Universe), but also by the nonvanishing shear tensor 𝜎𝑝𝑞.
Thus, the Bianchi spacetimes become the unique models for the extended analysis of the aether dynamics
and its impact on the electrodynamic systems. However, the constraint for the ratio of the velocities
of the gravitational and electromagnetic waves, which has been obtained due to the observation of the
binary neutron star merger (see [5]), crossed out the shear tensor from the basic scalar𝐾𝑖𝑗𝑚𝑛∇𝑖𝑈𝑚∇𝑗𝑈𝑛

introduced into the Lagrangian of the dynamic aether theory [6]. This means that in the canonic theory
of the dynamic aether the shear tensor is a hidden quantity, and we have to search for another way to
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reveal the shear fingerprints. In this short note we suggest to consider a specific model of interaction
between the axion field 𝜑 and aether velocity, namely, we introduce the square of the shear tensor into
the axion field potential 𝑉 . Since the axion field is coupled to the electromagnetic field, the shear of
the aether velocity affects the structure of magnetic and electric fields in the Universe. In other words,
we suggest the mechanism of the degeneration removal with respect to the shear of the aether velocity,
based on the axion-aether interaction. Keeping in mind this idea, below we derive the extended master
equations for the axion, vector, electromagnetic and gravitational fields.

1. The formalism

We start with the action functional of the Einstein-Maxwell-axion-aether theory

𝑆(EAA) =

∫︁
𝑑4𝑥

√
−𝑔

{︂
1

2𝜅

[︀
𝑅+2Λ+𝜆(𝑔𝑚𝑛𝑈

𝑚𝑈𝑛−1)+𝐾𝑎𝑏𝑚𝑛∇𝑎𝑈𝑚∇𝑏𝑈𝑛

]︀
+ (1.1)

+
1

4
(𝐹𝑚𝑛 + 𝜑𝐹 *

𝑚𝑛)𝐹𝑚𝑛 +
1

2
Ψ2

0

[︀
𝑉 (𝜑,Θ, 𝜎2)−𝑔𝑚𝑛∇𝑚𝜑∇𝑛𝜑

]︀}︂
.

As usual, the term with the Lagrange multiplier 𝜆 guaranties that the aether velocity four-vector is
timelike and unit, 𝑔𝑚𝑛𝑈

𝑚𝑈𝑛=1. The standard decomposition of the covariant derivative of the aether
velocity four-vector

∇𝑖𝑈𝑘 = 𝑈𝑖𝐷𝑈𝑘 + 𝜎𝑖𝑘 + 𝜔𝑖𝑘 +
1

3
Θ∆𝑖𝑘 , (1.2)

where 𝐷 = 𝑈𝑘∇𝑘 is the convective derivative, ∆𝑖𝑘 = 𝑔𝑖𝑘−𝑈𝑖𝑈𝑘 is the projector, Θ = ∇𝑘𝑈
𝑘 is the

expansion scalar, 𝜔𝑖𝑘 = 1
2∆𝑝

𝑖 ∆𝑞
𝑘(∇𝑝𝑈𝑞−∇𝑞𝑈𝑝) is the skew symmetric vorticity tensor, involves into

consideration the symmetric traceless shear tensor 𝜎𝑖𝑘= 1
2∆𝑝

𝑖 ∆𝑞
𝑘 (∇𝑝𝑈𝑞+∇𝑞𝑈𝑝))− 1

3Θ∆𝑖𝑘 (𝑔𝑚𝑛𝜎𝑚𝑛=0).
Using the Jacobson’s constitutive tensor

𝐾𝑎𝑏𝑚𝑛=𝐶1𝑔
𝑎𝑏𝑔𝑚𝑛+𝐶2𝑔

𝑎𝑚𝑔𝑏𝑛+𝐶3𝑔
𝑎𝑛𝑔𝑏𝑚+𝐶4𝑈

𝑎𝑈 𝑏𝑔𝑚𝑛 , (1.3)

one can rewrite the kinetic term 𝒦 ≡ 𝐾𝑎𝑏𝑚𝑛(∇𝑎𝑈𝑚)(∇𝑏𝑈𝑛) in the following form

𝒦 = (𝐶1+𝐶4)𝐷𝑈𝑘𝐷𝑈
𝑘+(𝐶1+𝐶3)𝜎𝑖𝑘𝜎

𝑖𝑘 + (𝐶1−𝐶3)𝜔𝑖𝑘𝜔
𝑖𝑘+

1

3
(𝐶1+3𝐶2+𝐶3) Θ2 . (1.4)

Based on the results presented in [5] and on the theoretical predictions about the gravitational wave
velocity in the aether [6], one has to put 𝐶3 = −𝐶1. This means that the shear tensor 𝜎𝑖𝑘 disappears from
the decomposition (1.4). The term in (1.1), which contains the Maxwell tensor 𝐹𝑚𝑛 and its dual 𝐹 *

𝑚𝑛

produces the equations of axion electrodynamics, when one uses the variation procedure with respect to
the potential of the electromagnetic field 𝐴𝑗 . The potential of the axion field 𝑉 is assumed to depend on
the axion field 𝜑 itself, on the expansion scalar Θ and the square of the shear tensor 𝜎2 = 𝜎𝑝𝑞𝜎

𝑝𝑞; the
parameter Ψ0 is reciprocal to the coupling constant of the axion-photon interaction. Due to the definition
𝐹𝑖𝑘 = ∇𝑖𝐴𝑘−∇𝑘𝐴𝑖, we have to keep in mind the equation ∇𝑘𝐹

*𝑖𝑘 = 0. The standard procedure of
variation of (1.1) with respect to 𝐴𝑖 gives the main equation of axion electrodynamics

∇𝑘

[︀
𝐹 𝑖𝑘 + 𝜑𝐹 *𝑖𝑘]︀ = 0 ⇒ ∇𝑘𝐹

𝑖𝑘 = −𝐹 *𝑖𝑘∇𝑘𝜑 . (1.5)

Clearly, the properties of the magneto-electric configurations depend on the state of the axion field.
Variation of (1.1) with respect to 𝜑 gives the equation

𝑔𝑚𝑛∇𝑚∇𝑛𝜑+
1

2

𝜕

𝜕𝜑
𝑉 (𝜑,Θ, 𝜎2) = − 1

4Ψ2
0

𝐹 *
𝑚𝑛𝐹𝑚𝑛 . (1.6)

The term in the right-hand side of this equation can be interpreted as the electromagnetic pseudoscalar
source of the axion field; the second term in the left-hand side shows that the aether regulates the
behavior of the axion field via the scalars Θ and 𝜎2.
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Variation with respect to 𝑈 𝑗 gives us the equations of the aether dynamics in the canonic form

∇𝑎𝒥 𝑎𝑗 = 𝜆 𝑈 𝑗 + 𝐼𝑗 , 𝜆 = 𝑈𝑗

[︀
∇𝑎𝒥 𝑎𝑗 − 𝐼𝑗

]︀
, (1.7)

but now the four-vector quantity 𝐼𝑗 and the tensor 𝒥 𝑎𝑗 are, respectively, of the form

𝐼𝑗 = 𝐶4(𝐷𝑈𝑚)(∇𝑗𝑈𝑚) − 𝜅Ψ2
0

𝜕𝑉

𝜕(𝜎2)
𝜎𝑗𝑚𝐷𝑈𝑚 , (1.8)

𝒥 𝑎𝑗 = 𝒥 (0)𝑎𝑗 + 𝜅Ψ2
0

[︂
𝜕𝑉

𝜕(𝜎2)
𝜎𝑎𝑗 +

1

2

𝜕𝑉

𝜕Θ
𝑔𝑎𝑗
]︂
, 𝒥 (0)𝑎𝑗 = 𝐾𝑎𝑏𝑗𝑛(∇𝑏𝑈𝑛) . (1.9)

Equations for the gravitational field as the result of variation with respect to metric is of the form

𝑅𝑖𝑘 − 1

2
𝑅 𝑔𝑖𝑘 = Λ𝑔𝑖𝑘 + 𝜅𝑇

(𝐸𝑀)
𝑖𝑘 + 𝜅𝑇

(A)
𝑖𝑘 + 𝑇

(𝑈)
𝑖𝑘 + 𝑇

(𝑉 )
𝑖𝑘 . (1.10)

The stress-energy tensors of the electromagnetic and pure axion field have the standard form

𝑇
(𝐸𝑀)
𝑖𝑘 =

1

4
𝑔𝑖𝑘𝐹𝑚𝑛𝐹

𝑚𝑛−𝐹𝑖𝑚𝐹
𝑚

𝑘 , 𝑇
(𝐴)
𝑖𝑘 = Ψ2

0

[︂
∇𝑖𝜑∇𝑘𝜑+

1

2
𝑔𝑖𝑘 (𝑉−∇𝑛𝜑∇𝑛𝜑)

]︂
. (1.11)

Other contributions contain the derivatives of the axion field potential with respect to Θ and 𝜎2:

𝑇
(𝑈)
𝑖𝑘 =

1

2
𝑔𝑖𝑘 𝐾

𝑎𝑏𝑚𝑛∇𝑎𝑈𝑚∇𝑏𝑈𝑛+𝑈𝑖𝑈𝑘𝑈𝑗∇𝑎𝒥 𝑎𝑗+𝐶4 (𝐷𝑈𝑖𝐷𝑈𝑘−𝑈𝑖𝑈𝑘𝐷𝑈𝑚𝐷𝑈
𝑚) +

+∇𝑚
[︁
𝑈(𝑖𝒥

(0)
𝑘)𝑚−𝒥 (0)

𝑚(𝑖𝑈𝑘)−𝒥 (0)
(𝑖𝑘)𝑈𝑚

]︁
+𝐶1 [(∇𝑚𝑈𝑖)(∇𝑚𝑈𝑘)−(∇𝑖𝑈𝑚)(∇𝑘𝑈

𝑚)] , (1.12)

𝑇
(𝑉 )
𝑖𝑘 = 𝜅Ψ2

0

{︂
2
𝜕𝑉

𝜕(𝜎2)

[︂
𝜎𝑚(𝑖𝜎

𝑚
𝑘)−𝜎𝑚(𝑖∇𝑘)𝑈

𝑚+
1

3
Θ𝜎𝑖𝑘

]︂
−(𝐷+Θ)

[︂
𝜎𝑖𝑘

𝜕𝑉

𝜕(𝜎2)
+

1

2
𝑔𝑖𝑘

𝜕𝑉

𝜕Θ

]︂}︂
. (1.13)

2. Bianchi-I spacetime platform

When one considers the anisotropic spatially homogeneous Universe with the metric

𝑑𝑠2 = 𝑑𝑡2 − 𝑎2(𝑡)𝑑𝑥2 − 𝑏2(𝑡)𝑑𝑦2 − 𝑐2(𝑡)𝑑𝑧2 , (2.1)

and with the aether velocity four-vector 𝑈 𝑗 = 𝛿𝑗0, one obtains immediately that

∇𝑖𝑈𝑘 = ∇𝑘𝑈𝑖 =
1

2
�̇�𝑖𝑘 ⇒ 𝐷𝑈 𝑖 = 0 , 𝜔𝑚𝑛 = 0 , Θ =

�̇�

𝑎
+
�̇�

𝑏
+
�̇�

𝑐
, 𝜎0𝑘 = 0 , (2.2)

𝜎1
1 =

�̇�

𝑎
−1

3
Θ , 𝜎2

2 =
�̇�

𝑏
−1

3
Θ , 𝜎3

3 =
�̇�

𝑐
−1

3
Θ , 𝜎2 =

(︂
�̇�

𝑎

)︂2

+

(︃
�̇�

𝑏

)︃2

+

(︂
�̇�

𝑐

)︂2

−1

3
Θ2 . (2.3)

Next, we will have a thorough analysis of the complete system of model equations taking into account
the term 𝜎2 (2.3).

Conclusion

The full-format analysis of the system of equations for gravitational, electromagnetic, vector and
pseudoscalar (axion) fields is, unfortunately, out of the frames of this short note. However, based on the
presented results, we can see that the incorporation of the square of the shear tensor 𝜎2 into the axion
field potential 𝑉 (𝜑,Θ, 𝜎2) removes the degeneration with respect to the shear tensor, attributed to the
aether velocity.
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