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НЕЛОКАЛЬНОЕ РАСШИРЕНИЕ РЕЛЯТИВИСТСКОЙ НЕРАВНОВЕСНОЙ
ТЕРМОСТАТИКИ *

Ильин А.C.𝑎,1, Балакин А.Б.𝑎,2

𝑎 Казанский (Приволжский) федеральный университет, г. Казань, 420008, Россия

На основе формализма нелокального расширения причинной термодинамики Израэля-Стьюарта [1],
с одной стороны, и формализма расширенной термостатики [2], с другой, мы предлагаем новую
модель нелокальной неравновесной термостатики для описания статических сферически симметричных
звездных систем. Этот нелокальный формализм оперирует парой ортогональных четыре-векторов: один
из них - стандартный единичный времениподобный 4-вектор скорости среды, другой - единичный
пространственно-подобный 4-вектор (директор). Мы получили расширенное уравнение, описывающее
профиль неравновесного давления, которое может быть интерпретировано как статический аналог
уравнения Бюргерса в классической реологии.
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Based on the formalism of nonlocal extension of the Israel-Stewart causal thermodynamics [1] on the one hand,
and on the formalism of the extended thermostatics [2] on the other hand, we propose the new model of nonlocal
relativistic non-equilibrium thermostatics for description of the static spherically symmetric stellar systems. This
nonlocal formalism operates with the pair of orthogonal four-vectors: one of them is the standard unit timelike
medium velocity four-vector, the second one is the unit spacelike director. We derived the extended equation
describing the profile of the non-equilibrium pressure, which can be indicated as the static analog of the Burgers
equation known in classical rheology.
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Introduction

The description of the neutron star structure involves into consideration the formalism of equations
of state. We believe that the nonlocal rheological-type extension of the relativistic non-equilibrium
irreversible thermodynamics and thermostatics is the most interesting trend in this direction, and in
two recent works [1,2] we have prepared the corresponding mathematical basis. In the work [3] we have
made the trial step towards the description of rheological-type equation of state for the neutron stars
at zero temperature. In this note we suggest the new nonlocal model adapted for static spherically
symmetric rheological systems. In this context we consider the heat-flux four-vector 𝑞𝑘 and the traceless
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part of the non-equilibrium pressure tensor Π
(0)
𝑚𝑛 to be vanishing. We search for the scalar part of the

pressure tensor Π as a function of the radial variable 𝑟.

1. The formalism

1.1. Geometrical aspects of the theory

We use the canonic line element for the model of static spherically symmetric spacetime

𝑑𝑠2 = 𝐵(𝑟)𝑑𝑡2 −𝐴(𝑟)𝑑𝑟2 − 𝑟2
(︀
𝑑𝜃2 + sin2 𝜃𝑑𝜙2

)︀
, 𝐵(∞) = 1 = 𝐴(∞) . (1.1)

The symmetry of this spacetime is described by the following Killing vectors:

𝜉𝑗(0) = 𝛿𝑗0 , 𝜉𝑗(1) = sin𝜙𝛿𝑗𝜃+ cot 𝜃 cos𝜙𝛿𝑗𝜙 , 𝜉𝑗(2) = cos𝜙𝛿𝑗𝜃− cot 𝜃 sin𝜙𝛿𝑗𝜙 , 𝜉𝑗(𝜙) = 𝛿𝑗𝜙 . (1.2)

One obtains from (1.2) and (1.1) that the squares of the Killing vectors give the following relationships:

𝜉2(0) ≡ 𝑔𝑘𝑗𝜉
𝑘
(0)𝜉

𝑗
(0) = 𝐵 , 𝜉2(𝜙) ≡ 𝑔𝑘𝑗𝜉

𝑘
(𝜙)𝜉

𝑗
(𝜙) = −𝑟2 sin2 Θ , 𝜉2(1) + 𝜉2(2) + 𝜉2(𝜙) = −2𝑟2 . (1.3)

1.2. The velocity four-vector and the director

The velocity four-vector and its covariant derivative are, respectively, of the form

𝑈 𝑖 = 𝛿𝑖0
1√
𝐵
, ∇𝑘𝑈𝑖 = −𝛿0𝑘𝛿𝑟𝑖

𝐵′

2
√
𝐵

⇒ 𝐷𝑈𝑖 ≡ 𝑈𝑘∇𝑘𝑈𝑖 = −𝛿𝑟𝑖
𝐵′

2𝐵
. (1.4)

The prime denotes the derivative with respect to the radial variable. For these quantities we deal with
the vanishing expansion scalar (Θ = 0), shear tensor (𝜎𝑖𝑘 = 0), and vorticity tensor (𝜔𝑖𝑘 = 0); the
only acceleration four-vector 𝐷𝑈𝑖 is non-vanishing. With (1.4) the Eckart’s version of thermodynamics
predicts that, when the heat-flux four-vector 𝑞𝑘 vanishes [4], the temperature 𝑇 (𝑟) is predetermined to
be of the following form:

𝑞𝑖 = 0 ⇒ 1

𝑇

⊥
∇𝑘𝑇 = 𝐷𝑈𝑘 ⇒ 𝑇 (𝑟) =

𝑇 (∞)√︀
𝐵(𝑟)

. (1.5)

The director ℛ𝑖 can be defined as the unit spacelike four-vector orthogonal to the velocity four-vector,
which inherits the symmetry of the spacetime, i.e.,

ℛ𝑖𝑈𝑖 = 0 , ℛ𝑖ℛ𝑖 = −1 , ℒ𝜉(𝑎)
ℛ𝑖 = 𝜉𝑘(𝑎)𝜕𝑘ℛ

𝑖 −ℛ𝑘𝜕𝑘𝜉
𝑖
(𝑎) = 0 , (1.6)

where ℒ𝜉(𝑎)
is the Lie derivatives along all the Killing vectors (1.2). All these requirements are satisfied

for the four-vector ℛ𝑖 = 𝛿𝑖𝑟
1√
𝐴
; clearly, it possesses the following properties:

∇𝑘ℛ𝑖 =
1

2
√
𝐴

[︂
𝐵′

𝐵
𝛿𝑖0𝛿

0
𝑘+

2

𝑟

(︀
𝛿𝑖𝜃𝛿

𝜃
𝑘+𝛿𝑖𝜙𝛿

𝜙
𝑘

)︀]︂
, ∇𝑘ℛ𝑘 =

1

2
√
𝐴

[︂
𝐵′

𝐵
+

4

𝑟

]︂
, ℛ𝑘∇𝑘ℛ𝑖 = 0 , ℛ𝑘∇𝑘𝑈

𝑖 = 0 .

(1.7)
Using the analogy with the convective derivative 𝐷 ≡ 𝑈𝑘∇𝑘 we introduce the directional derivative
𝒟 ≡ ℛ𝑘∇𝑘. Finally, keeping in mind that there exists the divergence-free timelike four vector 𝑁𝑘 = 𝑛𝑈𝑘,
∇𝑘𝑁

𝑘 = 0, with the particle number density 𝑛, we introduce the new divergence-free spacelike four-
vector 𝑀𝑘 = ℎℛ𝑘, ∇𝑘𝑀

𝑘 = 0. The multiplier ℎ is considered to be constructed using the moduli of the
Killing vectors (1.2) as follows (ℎ0 is some constant):

ℎ =
ℎ0

𝜉(0)

[︁
𝜉2(1) + 𝜉2(2) + 𝜉2(𝜙)

]︁ ⇒ ∇𝑘

(︀
ℎℛ𝑘

)︀
=

1

𝑟2
√
𝐴𝐵

𝑑

𝑑𝑟

[︂
−ℎ0

2

]︂
= 0 . (1.8)
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1.3. Extension of the entropy flux four-vector

The decomposition of the entropy flux four-vector 𝑆𝑘 can be organized, e.g., as follows:

𝑆𝑘 = 𝑆𝑘
(IS) + ℎℛ𝑘

{︂
𝒟−1[Π𝑓(𝑇 )] +

1

2

[︀
𝒟−1Π

]︀2
+

1

2
𝜏Π2

}︂
, (1.9)

where the contribution 𝑆𝑘
(IS) appeared in the Israel-Stewart theory [5]. Here 𝜏 is a constant and 𝑓(𝑇 ) is

some function of the temperature. The inverse operator 𝒟−1 is defined as

𝒟𝒟−1Π = Π ⇒ 𝒟−1Π =

∫︁ 𝑟

∞
𝑑𝑟Π(𝑟)

√︀
𝐴(𝑟) . (1.10)

For the static spherically symmetric model the entropy production scalar takes the form

𝜎 = ∇𝑘𝑆
𝑘 = ℎΠ

[︀
𝑓(𝑇 ) + 𝒟−1Π + 𝜏𝒟Π

]︀
=

Π2

9𝜁
≥ 0 , (1.11)

where 𝜁 is some function of the temperature. Thus, the non-equilibrium pressure Π has to satisfy the
integro-differential equation

𝜏𝒟Π − Π

9𝜁ℎ
+ 𝑓(𝑇 ) + 𝒟−1Π = 0 . (1.12)

The pure differential version of this equation is

𝜏𝒟2Π − 1

9𝜁ℎ
𝒟Π + Π

[︂
1 −𝒟

(︂
1

9𝜁ℎ

)︂]︂
+
𝑑𝑓

𝑑𝑇
𝒟𝑇 = 0 . (1.13)

We deal with the linear differential equation of the second order known as the Burgers equation [6, 7].
The inhomogeneity of the temperature with the law 𝒟𝑇 = −𝑇 (∞)𝐵′(𝑟)

2
√
𝐴𝐵3

predetermines the features of
the pressure distribution Π(𝑟); when 𝑓(𝑇 ) = 𝑐𝑜𝑛𝑠𝑡 the equation (1.13) admits the vanishing pressure
Π = 0.

Conclusion

The equation (1.13) gives us the new equation describing the profiles of the non-equilibrium pressure
Π(𝑟) in the model of static spherically symmetric object. The next step we have to do is to formulate
the extended equation of hydrostatic equilibrium, which is the key element of the analysis of the star
structure. We hope to analyze this problem in the nearest future.
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