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АКСИОННОЕ РАСШИРЕНИЕ ЭФИРНОЙ ВЕРСИИ ТЕОРИИ
ЭЙНШТЕЙНА-ДИРАКА: СНЯТИЕ ВЫРОЖДЕНИЯ ПО СДВИГУ В ЭФИРНОМ
ПОТОКЕ *

Ефремова А.О.𝑎,1, Балакин А.Б.𝑎,2

𝑎 Казанский (Приволжский) федеральный университет, г. Казань, 420008, Россия

Мы рассматриваем динамику квартета взаимодействующих космических субстратов, который включает
динамический эфир, представленный единичным времениподобным векторным полем, аксионную тёмную
материю, описываемую псевдоскалярным полем, спинорное поле, связанное с фермионными частицами,
и гравитационное поле. Расширенный набор основных уравнений выведен на основе идеи о том,
что потенциал псевдоскалярного поля является функцией семи аргументов. Первый из них – это
само псевдоскалярное поле; второй и третий аргументы являются фундаментальными спинорными
инвариантом и псевдоинвариантом; четвёртый и пятый – это перекрёстные эфирно-аксионные инварианты
и перекрёстные псевдоинварианты; шестой аргумент – скаляр расширения, а седьмой – квадрат тензора
сдвига потока эфира. Полный набор основных уравнений получен и подготовлен к дальнейшему анализу.
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AXIONIC EXTENSION OF THE EINSTEIN-DIRAC-AETHER THEORY:
DEGENERACY REMOVAL WITH RESPECT TO SHEAR OF THE AETHER FLOW
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We consider dynamics of the quartet of interacting cosmic substrata, which includes the dynamic aether,
presented by the unit timelike vector field, the axionic dark matter, described by the pseudoscalar field, the
spinor field associated with fermion particles, and the gravity field. The extended set of master equations is
derived based on the idea that the potential of the axion field to be the function of seven arguments. The first
one is, standardly, the pseudoscalar field; the second and third arguments are the fundamental spinor invariant
and pseudoinvariant; the fourth and fifth ones are the aether-axion cross-invariants and cross-pseudoinvariants;
the sixth argument is the expansion scalar, and the seventh one is the square of tensor of the shear of the aether
flow. The complete set of Master equations is derived and prepared for analysis.
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Introduction

We study the guiding role of dynamic aether in the processes of interaction between spinor and
pseudoscalar fields. This sector of cosmic interactions attracts attention, when one considers the coupling
between the axionic dark matter and fermions (massive Dirac particles), as well as, the coupling between
axions and massless neutrinos [1]. Since the dynamic aether is mathematically associated with the global
timelike unit vector field 𝑈 𝑗 , the effect of this cosmic substratum on the axion and spinor field could
be associated with the acceleration four-vector 𝑎𝑖 = 𝑈 𝑗∇𝑗𝑈𝑖, with the expansion scalar Θ = ∇𝑘𝑈

𝑘,
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with the skew-symmetric vorticity tensor 𝜔𝑚𝑛 and the symmetric traceless shear tensor 𝜎𝑚𝑛. When we
work with the isotropic Friedmann type cosmology, the only Θ turns out to be not equal to zero. The
nonvanishing vorticity tensor appears in the Gödel’s rotating Universe. When we deal with the Bianchi
type anisotropic homogeneous cosmological models, the nonvanishing shear tensor inevitably appears
as an important characteristic of the dynamic aether flow. Five years ago we were faced with specific
degeneracy with respect to the shear of the aether velocity. In 2017, the observation of the binary neutron
star merger [2] has shown that the ratio of the velocities of the gravitational and electromagnetic waves
is highly likely equal to one, so that two Jacobson’s constants 𝐶1 and 𝐶3 [3] are linked by the relationship
𝐶1+𝐶3=0. This means that the shear tensor happens to be crossed out from the aether kinetic term,
thus disappearing from the Lagrangian of the dynamic aether and becoming the hidden quantity.

We suggest the mechanism of the degeneracy removal with respect to the shear of the aether flow,
which is connected with the introduction of the square of the shear tensor 𝜎2 ≡ 𝜎𝑚𝑛𝜎

𝑚𝑛 into the
potential of the axion field 𝑉 . Also, we assume that the potential 𝑉 is the function of Θ and depends
on the spinor scalar 𝑆 = 𝜓𝜓, on the spinor pseudoscalar 𝑆 = 𝜓𝛾5𝜓, as well as, on the cross-invariant
𝜔 = 𝑈𝑛𝜓𝛾

𝑛𝜓 and cross-pseudoinvariant Ω = 𝑈𝑛𝜓𝛾
𝑛𝛾5𝜓. (Here and below 𝛾𝑛 is the Dirac matrices).

As the result, master equations of all the presented fields are shown to acquire new specific terms; we
derive them and reduce to the case of the Bianchi-I model.

1. The formalism

The action functional of the Einstein-Dirac-aether-axion theory contains three groups of terms:

𝑆 =

∫︁
𝑑4𝑥

√
−𝑔
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1

2𝜅
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𝑅+2Λ+𝜆(𝑔𝑚𝑛𝑈

𝑚𝑈𝑛−1)+𝐾𝑎𝑏𝑚𝑛∇𝑎𝑈𝑚∇𝑏𝑈𝑛

]︀
+ (1.1)

+

[︂
𝑖

2

(︀
𝜓𝛾𝑘𝐷𝑘𝜓−𝐷𝑘𝜓𝛾

𝑘𝜓
)︀
−𝑚𝜓𝜓

]︂
+

1

2
Ψ2

0 [𝑉−𝑔𝑚𝑛∇𝑚𝜑∇𝑛𝜑]

}︂
.

The first group located in square brackets with the multiplier 1
2𝜅 in front, relates to the version of the

vector-tensor theory of gravity known as the Einstein-aether theory [3]. In this theory the variation with
respect to the Lagrange multiplier 𝜆 provides the aether velocity four-vector 𝑈𝑘 to be unit, 𝑔𝑚𝑛𝑈

𝑚𝑈𝑛=1.
The kinetic term 𝒦 ≡ 𝐾𝑎𝑏𝑚𝑛∇𝑎𝑈𝑚∇𝑏𝑈𝑛 with the constitutive tensor

𝐾𝑎𝑏𝑚𝑛=𝐶1𝑔
𝑎𝑏𝑔𝑚𝑛+𝐶2𝑔

𝑎𝑚𝑔𝑏𝑛+𝐶3𝑔
𝑎𝑛𝑔𝑏𝑚+𝐶4𝑈

𝑎𝑈 𝑏𝑔𝑚𝑛 , (1.2)

in which we have to put 𝐶3 = −𝐶1 due to results of the observations [2], can be rewritten as

𝒦 = (𝐶1+𝐶4)𝐷𝑈𝑘𝐷𝑈
𝑘+2𝐶1𝜔𝑖𝑘𝜔

𝑖𝑘+𝐶2Θ2 . (1.3)

Here we use the decomposition of the covariant derivative of the aether velocity four-vector

∇𝑖𝑈𝑘 = 𝑈𝑖𝐷𝑈𝑘+𝜎𝑖𝑘+𝜔𝑖𝑘+
1

3
Θ∆𝑖𝑘 , 𝐷 = 𝑈 𝑗∇𝑗 , ∆𝑖𝑘 = 𝑔𝑖𝑘−𝑈𝑖𝑈𝑘 , (1.4)

where the symmetric traceless shear tensor and the vorticity tensor have, respectively, the form

𝜎𝑖𝑘 =
1

2
∆𝑝

𝑖 ∆𝑞
𝑘 (∇𝑝𝑈𝑞+∇𝑞𝑈𝑝))−1

3
Θ∆𝑖𝑘 , 𝜔𝑖𝑘 =

1

2
∆𝑝

𝑖 ∆𝑞
𝑘(∇𝑝𝑈𝑞−∇𝑞𝑈𝑝) . (1.5)

The second group of terms relates to the contribution of the Dirac field. It includes the spinor field 𝜓
and its Dirac conjugated 𝜓, the Dirac matrices 𝛾𝑛 and 𝛾5. The covariant derivatives of the spinor field
are taken in the Fock-Ivanenko form based on the tetrad four-vectors 𝑋𝑗

(𝑎):

𝐷𝑘𝜓 = 𝜕𝑘𝜓 − Γ𝑘𝜓 , 𝐷𝑘𝜓 = 𝜕𝑘𝜓 + 𝜓Γ𝑘 , Γ𝑘 =
1

4
𝑔𝑚𝑛𝑋

(𝑎)
𝑠 𝛾𝑠𝛾𝑛∇𝑘𝑋

𝑚
(𝑎) . (1.6)

The third group of terms with the square of the coupling constant Ψ0 in front, describes the contribution
of the pseudoscalar (axion) field 𝜑. The potential of the axion field is considered to be the function of
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seven arguments (see their definitions above) 𝑉 = 𝑉
(︀
𝜑, 𝑆, 𝑃, 𝜔,Ω,Θ, 𝜎2

)︀
. The arguments 𝑆 and 𝑃

describe the specific coupling of the axion and spinor fields; the arguments 𝜔 and Ω describe trilateral
interactions between axion, spinor fields and aether; the arguments Θ and 𝜎2 describe the direct control
over the axion field, which is carried out by the aether.

Master equation for the axion field, obtained by the variation of the action functional (1.1) with
respect to 𝜑, keeps the standard form:

𝑔𝑚𝑛∇𝑚∇𝑛𝜑 = −1

2

𝜕

𝜕𝜑
𝑉 (𝜑, 𝑆, 𝑃, 𝜔,Ω,Θ, 𝜎2) . (1.7)

Dirac equations acquire new terms due to variation of the potential 𝑉 with respect to 𝜓 and 𝜓:

𝑖𝛾𝑛𝐷𝑛𝜓 −
(︂
𝑚𝐸−1

2
Ψ2

0�̃�

)︂
𝜓 = 0 , 𝑖𝐷𝑛𝜓𝛾

𝑛 + 𝜓

(︂
𝑚𝐸−1

2
Ψ2

0�̃�

)︂
= 0 , (1.8)
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𝛾5
)︂
𝑈𝑘𝛾

𝑘+
𝜕𝑉

𝜕𝑆
𝐸+

𝜕𝑉

𝜕𝑃
𝛾5+

(︂
𝜕𝑉

𝜕𝜔
𝐸+

𝜕𝑉

𝜕Ω
𝛾5
)︂
𝑈𝑘𝛾

𝑘 . (1.9)

The matrix term 𝑀 =
(︁
𝑚𝐸− 1

2Ψ2
0�̃�
)︁
plays the role of the effective mass of the spinor field interacting

with the axion field; 𝐸 is the unit matrix (see [1] for details).
Master equations for the unit vector field 𝑈 𝑗 undergo the following extensions:

∇𝑎𝒥 𝑎𝑗 = 𝜆 𝑈 𝑗 + 𝐼𝑗 , 𝜆 = 𝑈𝑗

[︀
∇𝑎𝒥 𝑎𝑗 − 𝐼𝑗

]︀
, (1.10)

𝐼𝑗 = 𝐶4(𝐷𝑈𝑚)(∇𝑗𝑈𝑚) + 𝜅Ψ2
0

[︂
𝜕𝑉

𝜕𝜔
(𝜓𝛾𝑗𝜓) +

𝜕𝑉

𝜕Ω
(𝜓𝛾𝑗𝛾5𝜓) − 𝜕𝑉

𝜕(𝜎2)
𝜎𝑗𝑚𝐷𝑈𝑚

]︂
, (1.11)

𝒥 𝑎𝑗 = 𝒥 (0)𝑎𝑗 + 𝜅Ψ2
0

[︂
𝜕𝑉

𝜕(𝜎2)
𝜎𝑎𝑗 +

1

2

𝜕𝑉

𝜕Θ
𝑔𝑎𝑗
]︂
, 𝒥 (0)𝑎𝑗 = 𝐾𝑎𝑏𝑗𝑛(∇𝑏𝑈𝑛) . (1.12)

Equations for the gravity field as the result of variation with respect to metric is of the form

𝑅𝑖𝑘 − 1

2
𝑅 𝑔𝑖𝑘 = Λ𝑔𝑖𝑘 + 𝜅𝑇

(𝐷)
𝑖𝑘 + 𝜅𝑇

(A)
𝑖𝑘 + 𝑇

(𝑈)
𝑖𝑘 + 𝑇

(𝑉 )
𝑖𝑘 . (1.13)

The canonic stress-energy tensors of the spinor and pure axion field have the standard form

𝑇
(D)
𝑖𝑘 =

𝑖

2

[︀
𝜓𝛾(𝑖𝐷𝑘)𝜓−𝐷(𝑖𝜓𝛾𝑘)𝜓

]︀
−𝑔𝑖𝑘

{︂
𝑖

2

[︀
𝜓𝛾𝑛𝐷𝑛𝜓−(𝐷𝑛𝜓)𝛾𝑛𝜓

]︀
−𝑚𝜓𝜓

}︂
, (1.14)

𝑇
(𝐴)
𝑖𝑘 = Ψ2

0

[︂
∇𝑖𝜑∇𝑘𝜑+

1

2
𝑔𝑖𝑘 (𝑉−∇𝑛𝜑∇𝑛𝜑)

]︂
. (1.15)

The term 𝑇
(𝑈)
𝑖𝑘 contains the derivatives of the axion field potential with respect to Θ and 𝜎2:

𝑇
(𝑈)
𝑖𝑘 =

1

2
𝑔𝑖𝑘 𝐾

𝑎𝑏𝑚𝑛∇𝑎𝑈𝑚∇𝑏𝑈𝑛+𝑈𝑖𝑈𝑘𝑈𝑗∇𝑎𝒥 𝑎𝑗+𝐶4 (𝐷𝑈𝑖𝐷𝑈𝑘−𝑈𝑖𝑈𝑘𝐷𝑈𝑚𝐷𝑈
𝑚) +

+∇𝑚
[︁
𝑈(𝑖𝒥

(0)
𝑘)𝑚−𝒥 (0)

𝑚(𝑖𝑈𝑘)−𝒥 (0)
(𝑖𝑘)𝑈𝑚

]︁
+𝐶1 [(∇𝑚𝑈𝑖)(∇𝑚𝑈𝑘)−(∇𝑖𝑈𝑚)(∇𝑘𝑈

𝑚)] , (1.16)

The term 𝑇
(𝑉 )
𝑖𝑘 , in addition, contains the derivatives of 𝑉 with respect to 𝜔 and Ω:

𝑇
(𝑉 )
𝑖𝑘 = 2𝜅Ψ2

0

{︂
𝜕𝑉

𝜕𝜔
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𝜓𝑈(𝑖𝛾𝑘)𝜓

]︀
+
𝜕𝑉

𝜕Ω

[︀
𝜓𝑈(𝑖𝛾𝑘)𝛾

5𝜓
]︀

+ (1.17)

+
𝜕𝑉

𝜕(𝜎2)

[︂
𝜎𝑚(𝑖𝜎

𝑚
𝑘)−𝜎𝑚(𝑖∇𝑘)𝑈

𝑚+
1

3
Θ𝜎𝑖𝑘

]︂
−1

2
(𝐷+Θ)

[︂
𝜎𝑖𝑘

𝜕𝑉

𝜕(𝜎2)
+

1

2
𝑔𝑖𝑘

𝜕𝑉

𝜕Θ

]︂}︂
.

The complete system of Master equations for gravitational, spinor, vector and axion fields is derived
and is ready for analysis; unfortunately, it is out of the frames of this short note.
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Conclusion

We plan to apply the formulated theory to the anisotropic homogeneous cosmological model of
the Bianchi-I type, for which 𝜎𝑖𝑘 ̸= 0. For this case the structure of the potential of the axion field
𝑉 (𝜑, 𝑆, 𝑃, 𝜔,Ω,Θ, 𝜎2) guarantees the degeneracy removal with respect to the shear tensor, attributed to
the aether velocity.
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