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Рассматриваются модели космологической инфляции со скалярными полями на основе телепараллельной
гравитации с неминимальной связью скалярного поля и кручения. Представлен класс точных решений
уравнений космологической динамики для произвольного вида параметра Хаббла. Также показана
процедура верификации модели с потенциалом скалярного поля 𝑉 (𝜑) = 𝑚2

2
𝜑𝑛, соответствующего

хаотической инфляции с массивным скалярным полем, по наблюдательным ограничениям на значения
параметров космологических возмущений.
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Cosmological inflation models with scalar field based on teleparallel gravity with non-minimal coupling of scalar
field and torsion are considered. Solution type obtained in this paper is justified for any Hubble parameter and
scalar field evolution. Also, the model with scalar field potenital 𝑉 (𝜑) = 𝑚2
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𝜑𝑛, relating to chaotic inflation with

massive scalar field, is verified by modern restrictions on values of cosmological perturbations parameters.
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Introduction

Currently, the cosmological inflation has proven to be the most consistent theory for construction
early universe models based on metric gravity theories. However, some gravity theories alternative
to General Relativity (GR) lead to the same cosmological effects [1], [2]. An example of such theory
is teleparallel equivalent of general relativity, or teleparallel gravity (TG) [3]. Despite the local
Lorentz symmetry breaking, it has attracted great interest in study of cosmological perturbations and
cosmological inflation. Thus, TEGR and GR investigation is essential objective of researches in modern
cosmology.

In the context of Modified Teleparallel Gravity (MTG) theories, it is crucial to analyse how local
Lorentz symmetry breaking affects the nature of cosmological perturbations evolution [4].
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In this paper we consider exact solutions construction method in cosmological inflation models
with non-minimal coupling of torsion and scalar field. Also, we propose generalised solutions, which are
justified for arbitrary Hubble parameter and scalar field evolution. Finally, we consider model verification
with chaotic inflation potential of scalar field.

1. Non-minimal coupling of torsion and scalar field: exact solutions and inflationary model
verification

Teleparallel Gravity (TG) is the case of metric affine gravity, in which spin connection 𝜔𝑎
𝑏𝜇

corresponds to Levi-Civita connection of General Relativity (GR), and tetrad field e𝑎(𝑥𝜇) connects
the spacetime metric 𝑔𝜇𝜈 with Minkowski tangent space metric 𝜂𝑎𝑏 = 𝑑𝑖𝑎𝑔(−1, 1, 1, 1) through 𝑔𝜇𝜈 =

𝑒𝑎𝜇𝑒
𝑏
𝜈𝜂𝑎𝑏.
For inflationary model analysis and construction we use corresponding action [4] in units 8𝜋𝐺 =

𝑐 = 1

𝑆 =

∫︁
𝑑4𝑥𝑒 [𝑓(𝑇, 𝜑) + 𝜔(𝜑)𝑋] , (1.1)

where 𝑓(𝑇, 𝜑) is arbitrary function of scalar field 𝜑 and torsion 𝑇 , 𝜔(𝜑) – kinetic function, 𝑋 =

− 1
2𝜕𝜇𝜑𝜕

𝜇𝜑 – kinetic energy of scalar field and 𝑒 = 𝑑𝑒𝑡
(︀
𝑒𝑎𝜇
)︀

=
√
−𝑔.

In order to describe inflationary dynamics, we use spatially flat Friedmann-Robertson-Walker metric
𝑑𝑠2 = 𝑑𝑡2 + 𝑎2𝛿𝑖𝑗𝑑𝑥

𝑖𝑑𝑥𝑗 , where 𝑎 = 𝑎(𝑡) is the scale factor. Then we choose corresponding tetrad
𝑒𝑎𝜇 = 𝑑𝑖𝑎𝑔(1, 𝑎, 𝑎, 𝑎) such that spin connection is equal to zero.

In that case, cosmological dynamic equations according to action (1.1) can be obtained as follows [4]

𝑓(𝑇, 𝜑) − 𝜔(𝜑)𝑋 − 2𝑇𝑓,𝑇 = 0, (1.2)

𝑓(𝑇, 𝜑) + 𝜔(𝜑)𝑋 − 2𝑇𝑓,𝑇 − 4�̇�𝑓,𝑇 − 4𝐻𝑓,𝑇 = 0, (1.3)

−𝜔,𝜑𝑋 − 3𝜔(𝜑)𝐻�̇�− 𝜔(𝜑)𝜑+ 𝑓,𝜑 = 0. (1.4)

Let us propose exact solutions of equations (1.2)-(1.4), which can be written as

𝑓(𝑇, 𝜑) = −𝐾
√
𝑇 −𝐺(𝜑)

√
𝑇 − 𝑉 (𝜑), (1.5)

𝜔(𝜑) = −1

3

𝐺,𝜑

𝑉 (𝜑)
, �̇� =

√
6𝑉 (𝜑)

𝐺,𝜑
, (1.6)

where K is arbitrary constant, 𝐺(𝜑) defines non-minimal interaction between scalar field and torsion,
𝑓 = 𝑓(𝑇, 𝜑) sets gravitation theory type.

It is easy to verify the solution, if one substitutes (1.5)-(1.6) into equations (1.2)-(1.4). As can
be seen from (1.5) and (1.6) proposed solution is justified for any Hubble parameter and scalar field
evolution, which corresponds to different inflationary scenario and perturbation parameters as well.

It should be noted that there are 2 types of conditions for inflationary dynamics analysis: 𝑉 (𝜑) < 0

and 𝐺,𝜑 > 0 or 𝑉 (𝜑) > 0 and 𝐺,𝜑 < 0 accordingly. The case 𝜔 > 0 corresponds to phantom scalar field
absence [5].

Now we can choose arbitrary 𝐻(𝑡) and 𝜑(𝑡). Let us consider the second type of exact solutions for
chaotic inflation with massive scalar field [6]:

𝑉 (𝜑) = 𝑉0𝜑
𝑛, 𝐻(𝑡) =

𝑚

𝑡
+ 𝜆, 𝜑(𝑡) = 𝑒𝜑0𝑡. (1.7)

where 𝑉0 = 𝑚2

2 , m is scaclar field mass. Observe that in case of 𝑚2 > 0 there is no tachyonic instability
in current cosmological model [7].

Thus, we get other parameters for considered model, from eq. (1.5)–(1.6):

𝐺(𝜑) = −𝜑
𝑛
√

6𝑉0
𝑛𝜑0

, 𝜔(𝜑) =

√
6

3𝜑0𝜑
. (1.8)
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𝑓(𝑇, 𝜑) = −𝐾
√
𝑇 +

𝜑𝑛
√

6𝑉0
𝑛𝜑0

√
𝑇 − 𝑉0𝜑

𝑛, (1.9)

Let us turn to cosmological perturbations parameters, which verification is crucial for estimating
viability of cosmological models. Notice that in papers [4], [8] verification of cosmological inflation
models with non-minimal coupling of scalar field and torsion was considered.

Main parameters of cosmological perturbations are tensor-to-scalar ratio 𝑟, scalar indices of scalar
𝑛𝑆 and tensor 𝑛𝑇 perturbations, as well as power spectrum of scalar perturbations 𝒫𝑆 . At the horizon
crossing (𝑘 = 𝑎𝐻) in current inflation model with non-minimal coupling of 𝑇 and 𝜑 they are defined by
the relations: [4]

𝑄𝑠 =
𝜔(𝜑)𝑋

𝐻2
= − 𝑉 (𝜑)

𝐻2𝐺,𝜑
, 𝑄𝑇 = −1

2
𝑓,𝑇 =

1

4
√
𝑇

(𝐾 +𝐺(𝜑)) (1.10)

𝒫𝑆 =
𝐻2

8𝜋2𝑄𝑆
= − 𝐻4𝐺,𝜑

8𝜋2𝑉 (𝜑)
, 𝒫𝑇 =

𝐻2

2𝜋2𝑄𝑇
= − 2𝐻2

√
𝑇

𝜋2(𝐾 +𝐺(𝜑))
, (1.11)

𝑛𝑆 − 1 = −2𝜖− 𝜂 + 2𝜂ℛ, 𝑛𝑇 = −2𝜖− 𝛿𝑓,𝑇 , (1.12)

𝑟 =
𝒫𝑇

𝒫𝑆
≈ 4

𝑄𝑆𝐾

𝑄𝑇𝐾
= −16

16
√

6𝑉 (𝜑)

𝐺,𝜑(𝐾 +𝐺,𝜑)
. (1.13)

The cosmological inflation analysis is carried out in terms of slow-roll parameters, which have the
form

𝜖 = − �̇�

𝐻2
, 𝛿𝜔𝑋 = − 𝜔𝑋

2𝐻2𝑓,𝑇
, 𝛿𝑓,𝑇 =

𝑓,𝑇
𝐻𝑓,𝑇

, (1.14)

𝛿𝑓�̇� =
𝑓,𝑇𝑇 �̇�

𝐻𝑓,𝑇
, 𝛿𝑓𝑋 =

𝑓,𝑇𝜑�̇�

𝐻𝑓,𝑇
, 𝜂ℛ = 𝛿𝑓,𝑇

[︃
1 +

𝛿𝑓,𝑇
𝛿𝑓�̇�

(︂
1 +

𝛿𝑓𝑋
𝛿𝜔𝑋

)︂]︃
, (1.15)

According to the last cosmological restrictions, cosmological perturbations parameters are
constrained as follows: [9, 10]

𝑟 < 0.032 𝑛𝑆 = 0.9663 ± 0.004, 𝑃𝑆 = 2.1 · 10−9. (1.16)

Let us receive the inverse dependence of average e-fold number during inflation (𝑁 = 60) versus
cosmic time

𝑁 =

∫︁
𝐻(𝑡)𝑑𝑡 = −𝑚 ln(𝑡) + 𝜆𝑡 => 𝑡(𝑁) = 𝑒𝑥𝑝

[︂
1

𝑚

[︂
−𝑚𝐿𝑎𝑚𝑏𝑒𝑟𝑡𝑊

(︂
𝜆𝑒

𝑚
𝑁

𝑚

)︂
+𝑁

]︂]︂
. (1.17)

where 𝐿𝑎𝑚𝑏𝑤𝑒𝑟𝑡𝑊 is 𝜔-Lambert function. In the same token, cosmological perturbations parameters
are defined from equations (1.10)–(1.15). numerical calculations of (1.12)-(1.13), we receive values of
arbitrary constants, which are shown in table 1, for 𝑛 = 2 in eq. (1.7).

Table 1. Cosmological perturbations parameters and values of arbitrary constants.

r 𝑛𝑠 𝑃𝑠 m 𝜆 𝜑0 k 𝑉0

0.03 0.9663 2.1 × 10−9 5.3 2 × 10−4 3.3459 × 10−7 2.18 × 10−4 1.1481 × 10−11

0.03 0.9667 2.1 × 10−9 5.3 2 × 10−4 3.3459 × 10−7 2.3 × 10−4 1.1482 × 10−11

0.02 0.9663 2.× 10−9 5.3 2 × 10−4 3.3459 × 10−7 3.35 × 10−4 1.1945 × 10−11

0.02 0.9667 2.1 × 10−9 5.3 2 × 10−4 8.1340 × 10−7 3.47 × 10−4 2.2793 × 10−11

As we see from table 1, the inflationary model considered corresponds to observational constrains
on perturbation parameters (1.16). It should be observed that inflation energy scale (here, 𝑉0) was
estimated in [11].
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Conclusion

We have considered exact solutions construction method in cosmological models with non-minimal
coupling of scalar field and torsion, which are the modifications of teleparallel equivalent of general
relativity (TEGR).

In addition, we propose exact solutions, which are justified for arbitrary Hubble parameter 𝐻(𝑡)

and scalar field evolution 𝜑(𝑡).
Also, we define two types of solutions in terms of scalar field potential 𝑉 (𝜑) and non-minimal

interaction function 𝐺(𝜑). Finally, the model with 𝑉 (𝜑) and (𝐺,𝜑) < 0 was considered as an example
for chaotic type inflation with massive scalar field. The selected model satisfies observational constraints
on values of cosmological perturbations parameters as 95% C.L.

References

1. Chervon S., Fomin I., Yurov V., Yurov A. Scalar Field Cosmology. Series on the Foundations of Natural

Science and Technology, (WSP, Singapur, 2019), vol. 13. https://doi.org/10.1142/11405

2. Fomin I. Gauss–Bonnet term corrections in scalar field cosmology. Eur. Phys. J., 2020, C 80, 1145. https:
//doi.org/10.1140/epjc/s10052-020-08718-w

3. Bahamonde S., et. al. Teleparallel Gravity: From Theory to Cosmology. Reports on progress in physics.

Physical Society, 2022. https://doi.org/10.1088/1361-6633/ac9cef

4. Gonzalez-Espinoza M., Otalora G. Generating primordial fluctuations from modified teleparallel gravity with
local Lorentz-symmetry breaking. Phys. Rev. B, 2020, vol. 809, p. 135696.

5. Yi-Fu Cai, Capozziello S., Mariafelicia De Laurentis, Saridakis E. f(T) teleparallel gravity and cosmology.
Rep. Prog. Phys., 2016, vol. 2, no. 1, p. 106901.

6. Kallosh R., Linde A. Chaotic inflation and supersymmetry breaking. Phys. Rev. D., 2011, vol. 84, p. 083519.
https://doi.org/10.1103/PhysRevD.84.083519

7. Felice A.D., Frusciante N., Papadomanolakis G. n the stability conditions for theories of modified gravity
coupled to matter fields. JCAP, 2017. https://doi.org/10.1088/1475-7516/2017/03/027

8. Rezazadeh K., Abdolmaleki A., Karami K. Power-law and intermediate inflationary models in f(T)-gravity.

arXiv, 2015. https://arxiv.org/abs/1509.08769

9. Aghanim N., et. al. Planck 2018 results. VI. Cosmological parameters. Astron. & Astrophys., 2020, vol. 641, p.

10. Tristram M. et. al. Improved limits on the tensor-to-scalar ratio using BICEP and Planck. astro-ph.CO,
arXiv:2112.07961, 2022, vol. p. 1–2.

11. Fomin I.V., Chervon S.V. Relic gravitational waves in cosmological models based on the modified gravity
theories. J. Phys.: Conf. Ser., 2021, vol. 2081, p. 012002.

Авторы

Денцель Евгений Станиславович, ассистент кафедры «Физика», МГТУ им. Н.Э. Баумана,
ул. 2-я Бауманская, д. 5, стр. 1, г. Москва, 105005, Россия.
E-mail: edentsel@yandex.ru

Фомин Игорь Владимирович, д.ф.-м. н., профессор кафедры физики, Московский государ-
ственный технический университет имени Н.Э. Баумана, ул. 2-я Бауманская, д. 5, г. Москва,
105005, Россия; профессор кафедры физики и технических дисциплин, Ульяновский государствен-
ный педогогический университет, пл. Ленина, д. 4/5, г. Ульяновск, 432071, Россия.
E-mail: ingvor@inbox.ru

Просьба ссылаться на эту статью следующим образом:
Денцель Е.С., Фомин И.В. Точные решения в космологических моделях с неминимальной связью
скалярного поля и кручения. Пространство, время и фундаментальные взаимодействия. 2023.
№ 1. C. 46–50.

https://doi.org/10.1142/11405
https://doi.org/10.1140/epjc/s10052-020-08718-w
https://doi.org/10.1140/epjc/s10052-020-08718-w
https://doi.org/10.1088/1361-6633/ac9cef
https://doi.org/10.1103/PhysRevD.84.083519
https://doi.org/10.1088/1475-7516/2017/03/027
https://arxiv.org/abs/1509.08769


50 Е.С. Денцель, И.В. Фомин

Authors

Dentsel Evgenii Stanislavovich, assistant of Physics department, Bauman Moscow State Technical

University, 2-nd Baumanskaya st., 5/1, Moscow, 105005, Russia.

E-mail: edentsel@yandex.ru

Fomin Igor Vladimirovich, Doctor of Physical and Mathematical Sciences, Professor of Physics De-

partment of Bauman Moscow State Technical University, 2-nd Baumanskaya street, 5, Moscow, 105005,

Russia; Professor of Department of Physics and Technical Disciplines, Ulyanovsk State Pedagogical

University, Lenin’s square, Build. 4/5, Ulyanovsk, 432071, Russia.

E-mail: ingvor@inbox.ru

Please cite this article in English as:

Dentsel E. S., Fomin I. V. Exact solutions in cosmological models with non-minimal coupling of scalar

field and torsion. Space, Time and Fundamental Interactions, 2023, no. 1, pp. 46–50.




