TMMPOCTPAHCTBO, BPEMA U ®YHIAMEHTAJIbHBLIE B3BAUMO/IENCTBUS 2022, Bemo. 40

VK 530.122, 524.83
© Bepesun B. A., lokyuaes B.I1., 2022

T'EOMETPUS BEMJISI I KOCMOJIOTTYECKOE OBPA3OBAHUE YACTUIT,

Bepesun B. A.%!, Jlokyuaes B. 1.%2

@ WucruryT anepubix uccaenopanuit PAH, yi. npocnekr 60-netus Okrsabps, . 7a, r. Mocksa, 117312,
Poccus.

IIpencraBnens! jleKnum [JIst CTYIEHTOB JIETHEH INKOJIBI, IIPOBOAUMON (baKysbTeTOM (DYyHIAMEHTAJIbHBIX HAyK
MoCKOBCKOI'O TOCyZapCTBEHHOrO TexHu4deckoro yuusepcurera uMm. H.9. Baymana B 2022 romuy.

Kmoueswie crosa: Kocmosorusi, Teopun rpaBuTaniu, reoMmeTpus Beiisisi, obpazoBaHue 4acTHIL.

WEYL GEOMETRY AND COSMOLOGICAL PARTICLE CREATION

Berezin V. A.%!, Dokuchaev V.I.%2
@ Institute for Nuclear Research of the Russian Academy of Sciences, prospekt 60-letiya Oktyabrya, 7a,
Moscow, 117312, Russia.

These are lectures for students at the summer school conducted by the Faculty of Fundamental Sciences, Bauman

Moscow State Technical University at 2022.

Keywords: Cosmology, gravity theories, Weyl geometry, particle creation.

PACS: 04.50.Kd, 98.80.-k
DOLI: 10.17238/issn2226-8812.2022.3.13-29

1. Differential geometry

The differential geometry starts with the definition of the manifold which is just the set of points

" and so on. In the overlapping regions there

/M/)

covered by patches with the coordinate systems z#, x
exist smooth enough and invertible functions z# = a*(x
The main objects are scalars, vectors and tensors, they are defined by the following transformation

laws.
Scalars:
p(x) = p(2') (1.1)
Vectors: ,
’ oz ’ oxt
P (@) = o), @) = —Sl(@) (12)
Tensors: , ,
' oz’ oz’
pov / — pv
A (o) = ST ST (), (13)
ozt  Ox”
AH/V/ (l’ ) - (933/“/ P B ,Ll.l/(x)7 (1 4)
333’”, ox”
I / — o
Al// (3} ) axu 6:1;/1,/ AI/ (a:) (1 5)
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The ellipsis means that there may be more than two indices. In the above formulas (as well as in many
others below) it is assumed the summation over the same indices appeared up and down (the so called
Einstein’s rule). Main feature of these objects is that the “absence” (= “the existence”) does not depend
on the choice of the coordinate system (their zero values are absolute).

In what follows we will be dealing only with the four-dimensional space-times. Thus, the indices
will take values (0, 1,2, 3), the index “0” being reserved for the time-like coordinate.

Let us consider the simplest case — the Minkowski space-time of Special Relativity. In 1907 Hermann
Minkowski (1864-1909) introduced the notion “interval”, ds, between the neighbouring points. Its square,
in the Cartesian (orthogonal) coordinates equals

ds® = dt* — di?, (1.6)

what is a generalization of the Pythagoras’ theorem. Such an interval is invariant under the Lorentz
transformation of Special Relativity, i.e., remains the same for any inertial observer. Transformed to
the general (curvilinear) coordinates ¢'(¢, %), £’ = Z'(t, Z), it becomes

ds* = g, (2")dz"dx"" . (1.7)

In the general space-time, g, () is called the metric tensor, and its role is of most importance. It is
assumed that the metric tensor is non-degenerate, i.e.,

9 = det(gu) = [lguw |l # 0, (1.8)

and it is symmetric, g,, = g,,. Therefore, there exists its reverse, g"”,
9" g = 81, (1.9)

where 0¥ is the Kronecker symbol (= unit tensor).

The metric tensor g,, and its inverse g"” allow us to lower and raise indices, so from now on
l, = gw!” and I, = ¢g"”l, will denote the same vector, but differently displayed (the formulas for
tensors are evident). Remember the Einstein’s rule!

1.1. Differentiation

The subtitle “Differential geometry” implies that we have to introduce somehow the differentiation
procedure. The general definition is the following: the differentiation is any linear operator obeying the
Leibniz rule. The linearity means that the operator D, acting on the linear combination of two functions
aA(z) + BB(x), o, B = const, gives us

D(aA(x) + BB(x)) = a(DA(x)) + B(DB(z)), (1.10)
while the Leibniz rule tells us how to deal with the product of two functions,
D(A(z)B(z)) = (DA(z))B(z) + A(z)(DB(z)). (1.11)

Everybody knows from the course of the mathematical analysis that the “ordinary differential”
dA(x) is the linear part of the increment of A(z), namely,

A(z+dr) — A(z)=dA(z) + ... =A(z) pdz* + .. ., (1.12)

where A(z) , = 0A/0z" is the partial derivative. Evidently, for a scalar field, ¢(z + dz) — () is a
scalar. But for the vector or tensor fields it is not so, because we have to compare their values in different
points with different laws of transformations. We need to transfer somehow the vector in one point to
the vector (!) in the neighboring point along some special path. Such a procedure is called the parallel
transfer.
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In the Minkowski space-time (4-dim) or in the Euclidean space (3-dim) all the points are equivalent,
and the parallel transport of any vector I# in Galilean (Cartesian) coordinates is, by definition, simply

di* =0, (1.13)

since the metric tensor does not depend on z. In the curvilinear coordinates it is not so.
Let us introduce some new differential operator, D, and demand that the vector after transferring
remains the vector. For the parallel transfer, by definition,

DI* = 0. (1.14)

(For the scalars, Dy = dyp.)
The linearity condition requires that

DI = dI* +TH, 1Mda". (1.15)
1.2. Connections

The coefficients T'%), are called connections. The requirement for vectors to remain vectors leads to
the following transformation law

/ o2t 0" 9 Ox¥ Ot
Fﬁ//\/ == /a: N i x/\, < 7 m Fﬁ)\ (116)
o'V oz Ozt oz'N 9z'” Ox#

This new differential is called “the covariant differential”. The corresponding covariant derivative for the
vector field [# equals
\NCR= NN V13 (1.17)

And what about Dp,,? The Leibniz rule will help us because Dp,,l* is a scalar. One has

D(p,l") = 1"(Dp,) + pu(DI*) = 1"(Dp,) + pu(di* + T4 1V dz?), (1.18)

But, D(p,I*) = d(p,l"), hence
D(pul#) = l'u(dpu) —|—pu(dl“), (1.19)

and one obtains from this, that
Dp,, = dp,, — Fxﬂpyd:ﬁ‘, (1.20)
V)\p# = Pu,x — FK,upV- (1'21)

The Leibniz rule also helps us in establishing the differentiation of tensors if one remembers that the
product of two vectors [“p” is a tensor. We will show below the final result

VAARY = A TN AT + T, AR, (1.22)
v)\Auu = Auy,)\ - FC)’\-MAO'V - KVALLOW (123)
Vadl = AL, +TR, A7 TS, AL (1.24)

What could happen if some vector I* would undergo the parallel transfer along an infinitesimal closed
contour around some point? In general, its length (1#],,) and orientation will be changed. This gives us
the knowledge about the neighborhood of the point in question (topological property). It appears that

the behavior of the vector is defined by the tensor of fourth rank, R called the curvature tensor,

VAo’

_ a]‘_‘ﬁa . arllj)\

Rﬂuka - 837’\ oo + Fi)\rgo - F/;m :A' (125)
Note, that, by construction, R” , = —R" . If R” , =0, the space-time (or space) is called flat. By

summing over 1 = A, one obtains the new tensor of the second rank, the Ricci tensor,

R, = R} (1.26)

VAo
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Such an operation (as well as its result) is called “the convolution”. The convolution of the Ricci tensor
gives us the curvature scalar
R=R}=¢"R,,. (1.27)

This completes the description of the differential geometry.
So, in order to construct any differential geometry, one needs to know the metric tensor g, (x) and
the connections I'), (x). But, the connections do not behave like a tensor, and, this is rather inconvenient.
It turns out that the connections can be calculated if one knows three tensors (the trinity), the
metric tensor g, (), the torsion S;}V,

A A A
S =T —T0, (1.28)
and the nonmetricity Qx..,
Q)\uu = V,\QW~ (129)

Here we write down the final result which can be obtained by solving the above linear partial differential

equations. Namely,

I, =C, +K", +L*,, (1.30)
where C)‘W are famous Christoffel symbols,
A 1 AR
C wy 59 (gﬂu,u + kv — QW,R), (1.31)
and .
KA;U/ - i(SA,uu 7S;L>\visv)\,u)7 (132)
1
L = 5@ = Q0 — Q%) (1.33)

1.3. Riemannian geometry

The famous Riemannian geometry appears the most simple, both torsion and nonmetricity are

zZero,
Sn, =0, @, =0. (1.34)

That is
Loy =T, =Chy = %g“’(gw,u + Gps + G (1.35)
Vv = Gupn = 0. (1.36)
By semicolon, “;”, we denote the covariant derivative, when the connections are the Christoffel symbols.

In the Riemannian geometry the curvature tensor, R, , acquires some additional algebraic

symmetries,
R,u,l/)\a' = R)\O’Hl/ = _Rup,/\a = _Ruua)\ (137)
RMV)\O’ + RMO‘I/)\ + RM}\O’V = 0’ (138)
and obeys the Bianchi identities
RMU}\U;I{ + Ruun)\;a + Ruuan;)\ =0. (139)
Also the Ricci tensor is symmetric
R, =R, (1.40)

The main and famous application of the Riemannian geometry to theoretical physics is, of course,
General Relativity. But before coming to this , we will make some lyrical digression.



Tl'eomerpust Beitns u kocMmosorntueckoe 0Opa3oBaHIe TaCTHUI] 17

2. The least action principle

The modern theoretical physics is based on the so called Least Action Principle. The invention of
the least action principles is associated with the names of Pierre de Fermat (1601-1665), Pierre-Louis
Mareau de Moupetuis (1698-1759), Leonard Euler (1707-1783) and Joseph Louis Lagrange (1736-1813).

Fermat was not a professional mathematician, but maid many great achievements. Among them, he
explained the reflection of the light rays using the least action principle, but his works were not published
during his life. Moupetuis rediscovered this and introduced the very notion “action”. Euler and Lagrange
developed the corresponding mathematical formalism known now as the variational calculus. How does
it work?

First of all, one should choose suitable dynamical variables describing the system under consideration.
The next step is the construction of some function of these variables and its derivatives, taking into
account “the first principles”, i. e., space-time symmetries, covariance (= independence of the choice of
the coordinate system), specific symmetries and other properties of the problem and so on. Such a
function is called “the Lagrangian”, its choice, of course, is not unique.

With the Lagrangian at hand, one should integrate it over the space-time region inside the some
boundary. And this is the action functional we are looking for. The least action principle reads as follows.
“‘Among all the trajectories of dynamical variables, the “true” ones are that provide the minimum of
the action integral”.

Let us denote the set of the dynamical variables by 1, and the action integral by S. To find a
minimum (extremum) of S we should make a variation of the dynamical variable, d1, and then put the
corresponding variation §S to zero. The variations 1 of course, can be arbitrary small (infinitesimal)
so the rules of operation are the same as with the derivatives. The only difference is that the dynamical
variables 11 and 9, 610 = ¥a(x) — 11 (x) are taken in the same point. Thus, if ¥ is, say, a vector, then
97 is also a vector. Evidently the variation commutes with the partial derivative, i.e., 6(¢,) = (6¢),.
It is most important to note that the variations §v will inevitably appear at the boundary surface of
integration, X. It is required that this variations should vanish. Because of this one may read in the
textbooks about “the least action principle with the fixed ends”. Below are some simple, but useful,
examples of how all this works in practice.

2.1. Classical examples

2.1.1 One dynamical variable

Let us consider a system with only one dynamical variable z(t) and the Lagrangian £ = L(x(¢), @(t)),
2 — time derivative of x. Then the action is

S _/bﬁ(x(t),i:(t),t) dt. (2.1)

b
(6 [ - (62) + == (62) ¢ dt
[ooa=[{Gr0n+ Gon)
/ab{gi(éx) +% <g§533) — (22’2) (6:v)}dt. (2.2)

The second term is the full derivative and can be integrated over,

_oc Z+/ab{g§ _ <(§ig§)}(5z)dt. (2.3)

08 =—(0x)
Since dz(a) = dz(b) = 0 (fixed ends!) and dx in the integrand is arbitrary, we arrive at the famous

The variation of S equals

05

ox

Euler-Lagrange equation

oL _doL _,
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2.1.2 Scalar field

The second example is the system with continuous “number” of dynamical variables, let it be the
scalar field p(z*), u = 0,1,2,3. The action S is

5= / £ (o). 0 4(x)) V=g ', (2.5)

here g = det(g.) <0, ¢, = Op(x)/0x", Q is the volume of integration with the boundary ¥. Then

S

_ [JoL oL 7 ds
55 = / {5000+ 5 00,0 } v7ad (26)

- /{gfowfgwn( T =a60)) - (573 (590)}61456-
J y i v ”

Now, we will make use of remarkable Stokes’ theorem: for any vector [*,

/szu :/l“dS#. (2.7)
Q b

We do not intend to explain what dS,, is, it is essential for us now that the volume integral of the full

derivative is converted into the surface integral. Thus, we have

oL oL 1 oL
55:/ V=4(s dSﬂL/ <\/)
J 95, 9(d¢)ds, Q{&p = \op, VY

}(&0)\/71(141- (2.8)

M

The surface integral vanishes because d¢o = 0 on ¥ (fixed ends!). We are left with the following Euler-

oL oL
_— — =0. 2.9
890 <8¢1N);H ( )

Lagrange equation,

3. General Relativity

Let us come, at last, to General Relativity. This incredible theory combines physics and geometry
and has two parents, Albert Einstein (physics) and David Hilbert (mathematics).

Einstein’s idea: matter fields make the space-time curved and this very curvature is that we feel
as the gravitation. The Hilbert’s idea: all the physical equations may be deduced from the least action
principles. By the end of 1915 both programs were, actually, fulfilled.

According to Einstein, the left-hand-side should be pure geometrical, while the right-hand-side
should be proportional to the energy-momentum tensor, 7},,, of the matter fields as a source. According
to Hilbert, the total action, Siot, should be the sum of the gravitational (geometrical) part, Sgrayv, and
the matter part Sy, i.e.,

Stot = Sgrav + Sm- (3.1)

Both of them kept in mind the Riemannian geometry, so, the only dynamical variable could be the
metric tensor g,,. By definition,

1

ef 1 LV nag
58, —§/Tw(5gl W—gdtz = i/T‘ (69 )V —gd*z. (3.2)

For the gravitational Lagrangian, Hilbert made the simplest possible choice — curvature scalar R. Thus,
the so called Hilbert action equals

1

L —
e R/—gd*x, (3.3)

Sgrav = SH =
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where G is the Newton’s gravitational constant (remember that ¢ = 1). This coefficient is chosen in
order to have the correct non-relativistic limit and the minimum (not maximum) of the action (the
“minus sign”).
Thus
§ / Ry/—gd*z = 871G / T, (89" )/ —g d*x. (3.4)

Since R = ¢"YR,,, and 0/—g = —(1/2)/—gg""(6¢g"" (famous formulas from the textbooks), one readily
has

1
5/R\/fg d*x :/{g‘“’((;RW) + (R — §gWR)(5g“”)}\/fg d*z. (3.5)
For R, there exists the remarkable formula by Palatini |1|, found in 1919,
5R/w = (6F:\w)§)\ - (6F}>;,/\)§V (3-6)

@

(more precisely, the metric covariant derivative ¢;” should be replaced by the general one, V). Everybody
can easily check this, starting from the definition of Ricci tensor and remembering that (51",’),/ is a tensor
(unlike I‘i‘w itself). Then, noticing that

9" (OTh)av=g = (9" (0T,)) V=9 = (9" (6T}, )V =9) , (3.7)

is a full derivative and using the Stokes’ theorem, one gets immediately the famous Einstein equation

1
R, — QQWR =8rGT,,. (3.8)
If David Hilbert would know the Palatini formula in 1915!
4. Weyl Geometry

The triumph of the geometrical description of the gravitational interactions forced scientists to
search for the unification of all known at the time interactions — gravity+electromagnetism — under
the auspices of geometry. Hermann Weyl offered such a geometry.

4.1. Electromagnetic field and gauge invariance

In order to understand, how it was done we have to remind some facts concerning the classical
electrodynamics. Electromagnetic field are described by the vector-potential A,,. The electric and magnetic
strengths are the components of the anti-symmetric second rank tensor F),,,

Fo=Av— Ay = Avp — A (4.1)

The first pair of Maxwell equations is just the identity

F;u/;a + Fou;u + Fua;u = O, (42)
while the second pair has the form
Frv /= Y
prv = D g (4.3)

v V=g
where j# is the electric current density. It easy to verify that the electric charge is conserved, i.e.,
7 =0.

We see that the electromagnetic vector-potential A, does not enter the Maxwell equations, only
F,,, are present (and measurable). The tensor F),, is, obviously, invariant under the transformation
A, — A,+ «a,, where o is an arbitrary scalar field. This the so called gauge transformation and,
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correspondingly, gauge invariance. It is known from the course of the electrodynamics, that the action
for the system “single charged particle of mass m + electromagnetic field” has the form

1
S = —m/ds —/Auj“\/—g dx — Tor F, FH\/—gdz. (4.4)
7r

It is clear that the second term is not manifestly gauge invariant. And it does not need to be! But
05(= 0) — does! Let us consider an infinitesimal gauge transformation da. The corresponding response,
65, is

88 = —/(5Au)j”\/—g dtz = —/j“(éa)m\/—g d*z. (4.5)
Separating the full derivative and neglecting it, one gets
T
55 = / U'NZ9 o 50y /=g diz = / . (6a)y/=gd'z = 0. (4.6)
/=g ;
We obtained the electric charge conservation law, j*, = 0. This is the self-consistency condition.
4.2. Weyl geometry versus Riemannian geometry

Hermann Weyl [2| put forward the following pure physical idea: in the course of the parallel transfer
of some rod (= vector), its length is changing (unlike in the Riemannian geometry). It seems quite natural
in the unified theory because the rods are made of the charged particles. Thus,

V)\gp,u 7& 0. (47)

Weyl’s choice was the simplest one:

Q)\,uu = v)\g;w = Akg,uva (48)

where A) is the electromagnetic vector potential. Assuming Sﬁ‘y =0 (Ffw = 1";)“), one gets

A A A
F;w - Opu + Wuuv (49)
O = 50 4.10
vy — 59 (gmu,u + G — guu,m)7 ( . )
1
W;;\V = _5(‘4#6;\ + Al/(sf;,\ - A/\g;u/)- (4.11)

This is not the end of the story.
4.3. Conformal transformation

The change in the length can be compensated by the suitable local conformal transformation, which
is the following,
ds* = Q2 (x)ds?, (4.12)
1

Juv = QQ(x)guw g = Q2(2) . (4.13)

Important note: the local conformal transformation does not touch upon the coordinate system, it is
simply the change of the measurement units.
The Christoffell symbols C;\, are transformed as

pv

A Q Q v Ao Q,o’ ~
Ch =G+ (st + 0t - o). o
Surprisingly enough, if one would demand
. Q
A=A, +22% (4.15)
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then
I, =TI}, (4.16)
i.e. A, becomes a gauge field when the connections are required to be conformal invariant |3,4] — great
discovery!
Evidently, one has
R" ., =R",,, (4.17)
R, = R, (4.18)
F,, =F,,. (4.19)

This is “the Weyl Geometry”.
5. Weyl gravity

It can be easily shown that the Maxwell equations are invariant under the local conformal transformations.
Hermann Weyl claimed that in the unified theory the gravitational equations must be conformal invariant
too. In analogy with the electromagnetism he decided to include into the Lagrangian only quadratic
terms, namely,

SW = /ﬁw\/ —g d4$, (51)
Lw = a1 Ruro R*? + aa R, R*™ + a3 R* + ay F),, F*™. (5.2)

It is quite clear that the action Ly is conformal invariant (remember that /—g = Q*\/=7).

Albert Einstein found some discrepancies between the predictions of Weyl’s unified theory and the
stability of the atomic spectra (the problem of the “second time” and all that). The theory was rejected
and almost forgotten.

We will not identify the Weyl vector A,, with the electromagnetic vector potential and consider it
just as a part of the beautiful conformal invariant geometry. Nowadays, even the fact that the Weyl’s
Lagrangian Sy is quadratic, looks plausible, because the terms quadratic in curvatures (in Riemannian
geometry), describe the conformal anomaly in one loop approximation of the quantum field theory [5H13],
the latter being responsible for the vacuum polarization and particle creation [14].

5.1. Total action

The total action is
Stot = Sw + Sm- (5.3)

Though the Weyl action Sy, is conformal invariant, the action for the matter fields, Sy, does not need
to be such. But its variation §.5,,, is obliged to be conformal invariant. This means that there exists
some condition imposed on the form of the matter Lagrangian. Let us find it. In general, the matter
Lagrangian depends on some dynamical variables, v, describing the matter fields, and on the geometrical
variables, g,, and A,,.

By definition,

55m = / T (39 )V =g d'z - / G (0A4,)v/=gd"x
OLw
o

where TH" is the energy-momentum tensor, and G* can be called “the Weyl current”. By virtue of the

+ (0p)v/—gd'z, (5.4)

Euler-Lagrange equation, the last term equals zero.

Then, consider an infinitesimal conformal transformation

092

69#1/ = 29?]#1/(59) = 29;“/67
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5A, =26 (QQ“) = 25(log Q) . = 2(8(log Q). = 2 ((5;;) . (5.6)
hen,
' 5= [ (52) it for () =t o

Separating the full derivative in the second term and neglecting it (fixed ends!), one gets
2G",, = Trace(T""). (5.8)
This is the self-consistency condition. (Note the metric covariant derivative in the left-hand-side).

5.2. Perfect fluid

Sm = f/s(X, n)yv/—gdiz + /)\o(uuu” —1)y/—gd'z
Jr/)\l(nu”);w/{qdzier/AQX,#U“\/fgd“x, (5.9)

with the following dynamical variables: n(z) as the particle number density, u*(z) as the four-velocity
vector and X (z) as the auxiliary variable, enumerating the trajectories [15,/16]. The energy density
e(X,n) depends on two dynamical variables, and Ag(x), A1(x) and A2(z) are the Lagrange multipliers,
providing the constraints.

The equations of motion are

Oe
on: 5, A putt =0, (5.10)
out - 2)\011,“ - n)\l,u + )\QX“u = 0, (511)

Oe
0X : —87 - (AQ’M#);H =0. (512)

The constraints are

A (nut),, =0, (5.13)
oA (nut), =0, (5.14)
A X, ut =0. (5.15)

The first of them is just the familiar renormalization of the four-velocities, the second one demonstrates
the conservation law of the number of particles, while the third constraint tells us that the auxiliary
variable X is constant along the trajectory.

The energy-momentum tensor is obtained by varying the metric tensor dg,,: T*”

= eg —
2 outu” 4+ nAy su’gh”. By contracting the second of the equations of motion with wu,, using the

constraints and the comparing with the first one, allows us to extract the relation

Oe

2M\g = —n—. 5.16
0 "on ( )
Introducing, then, the hydrodynamical pressure p
Oe
=n— — 5.17
p=ng <, (517)

we get the familiar energy-momentum tensor for the perfect fluid

™ = (e + p)uru” — pg"". (5.18)
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The Weyl geometry may and will cause the modifications of the simple picture presented above. To
understand what kind of changes are possible, let us consider the single particle moving in a given
space-time.

Everybody knows that in the Riemannian geometry, the only invariant that can be constructed in
order to describe the particle motion is the interval s along its trajectory. Hence,

dzxt dzv
Spurt = = [ ds = =m [\ (0) G- (519)

where m is the particle mass (u*u, = 1), da#/ds = dz* /dT = u* — its four-velocity, and 7 — the proper
time.
The least action principle, §S,, = 0, with the fixed ends gives us the geodesic equations (“shortest”
interval),
uy,,u’ = 0. (5.20)

In the Weyl geometry, however, there exists yet another invariant,
B=A,u", (5.21)

and the single particle action may have the more general form,

Spart :/f1(B)ds+/f2(B)d7' :/{ fi(B)\/guutu’ + fo(B) }dr. (5.22)

The equations of motion become
Frinp = (£ + F)A = frw) ) B + (f; + f2) Py, (5.23)

where Fy, = Ay x — Ax . Since FAHu/\u” = 0 and uA;guA = 0 (due to the normalization), then the
contraction with u* gives us

(5 +£)B=11) B =o. (5.24)
This is a consistency condition.

How to insert the interaction with the Weyl vector A, into the perfect fluid Lagrangian? Evidently,
the new invariant B = A, u* is tightly linked to the particle number density n. Hence, it seems natural to
make the replacement n —  ¢(B)n. And how about the particle number conservation law, (nu*),, = 07

We have already mentioned that the quadratic in curvatures terms describe the vacuum polarization
and may cause the particle creation from the vacuum fluctuations. Therefore,

3

(nut),, = ¥(inv), (5.25)

where W is some invariants constructed from the geometrical structures and classical fields which also
are possible sources of the particle production.

Clearly, particles, can be just counted, point by point, its number should not depend on the metric
itself and on the conformal factor, in particular. Let us check this. The local conformal transformation
Guv = Q2§ causes the following changes,

o v = % V=g =0%/-3. (5.26)
Thus,

(nu!);uv/—g = (nu*) o = (ﬁa“\/jg)wa (5.27)
i.e., (nu*),,\/—g is conformal invariant. The result (though rather simple) is of very importance, since

it does not depend at all on the type of geometry or the gravitational Lagrangian.
In the absence of the classical matter fields we have no other choice but the following

O(inv) = o} BT + ah RV + o4 R? + o4 F, P, (5.28)
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i.e., the Weyl gravitational Lagrangian with “primed” coefficients.

The matter action integral Sy, becomes now,
Sm = — /E(X,@(B)n)\/fgd‘l:r + /)\O(u#u“ —1)y/—gd'z
+ /)\1 ((nut),, — ®(inv)) /=g d*z +/)\2X7#u“\/—g d*x. (5.29)

Surely, the changes made by us, will influence both Weyl current G*, and the energy-momentum
tensor, T*¥. There are contributions from the energy density ¢, we call the G#[part] and G*¥[part],
correspondingly, and from the creation function ®(inv), we call them G*[cr] and T#"[cr]. The former

ones can be easily calculated,

/

GMpart] = %(54— p)ut, (5.30)

/

T [part] = (e+p) (1 - BZ) utu” — pgh”. (5.31)

The creation parts are two lengthy. We will show them in the next Section [f] for the cosmological
space-times.

6. Cosmology

By cosmology we will understand the homogeneous and isotropic space-time described by the
Roberson-Walker metric. What is it?
Let us consider the Euclidean 3-dimensional space. Its line element dl is determined by the familiar
Pythagoras’ theorem
di? = da® 4 dy? + d2* = dr® + r*(d6* + sin® 0dp?). (6.1)

The last equality represents the same, but written in the spherical coordinates, r? = z2 + y? 4+ 22 —
radius of the sphere centering at any point. Evidently, this is homogeneous and isotropic. Surely, the
most general form looks as follows,

dI? = f(r)dr? + r*(d6? + sin® 0d?). (6.2)

Thus we have one unknown function, f(r). So we need only one equation in order to determine it. If
one assumes that our 3-geometry is Riemannian (you already know what it means), the 3-dimensional
curvature scalar, K, should be constant (due to the homogeneity),

K = K. (6.3)

Using general formulas, given above in the first part of the lectures, you may calculate K (as an exercise)
and obtain the following equation

2f 2 1
77’f2 + = (1 — f) = Ky = const, (6.4)
which is readily integrated,
1 Ky o K
4 ) 6.5
f 6 e r (6:5)

The central point, r = 0, is singular. But it cannot be so — otherwise, all the points must be singular
as well (homogeneity!). Therefore, K7 = 0, and after the rescaling of r one gets

d 2
di? = a2 <1 _TW + r2(d6? + sin? 9d¢2)) . k=0,+£L (6.6)
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Because of the homogeneity (again!) it is possible to introduce the global time ¢ and write down the
4-dimensional metric in the form

dr?
1—kr2

ds® = dt® — a®(t) ( + r%(df? + sin? 9d902)) , k=0,=£1. (6.7)
The time ¢ is called “the cosmological time”. This is just the Robertson-Walker metric. The only unknown
function in the metric tensor is the so called scale factor a(t).

The Weyl geometry is characterized also by the Weyl vector A,. How about it? Due to the very
high cosmological symmetry, the Weyl vector may have only one nonzero component, Ay (t). By the
suitable conformal transformation Q(t) it can be put zero, since A(t) = A(t) + 20/9Q. This fixes the
gauge freedom. Evidently, in cosmology

Fo=A4,,—4,,=0. (6.8)

s

Warning! We are not allowed to put A, = 0 prior to the variation of the action, because 64, # 0. So, we
should calculate the variation both of the Weyl action, Sy, and the matter action, Sy,. The result will
be the vector gravitational equation with G* in the right-hand-side in the first case, and the definition
of G* (in the left-hand-side) in the second case. As already mentioned, the latter consists of two parts,
G*[part] and G*[cr]. The first one, that comes from the direct interaction of the particles with the Weyl
vector, we presented above. The calculation of the second, that comes from the particle creation law, is
rather cumbersome. Below is the result

G'[cr] = 0, (6.9)

GOler] = —2(2a) + b)) MRS — (o 4 6a5) AR — 2(; + ab + 3a%) M R. (6.10)

In order to obtain the vector gravitational equation it is sufficient to put A\; = 1 and to remove primes
72(0&1 +042+3043)/\1R: G°. (611)

It is right now that we have the right to put A, = 0 straight in the Lagrangians. Actually, we will
be dealing with the Riemannian geometry, where the Weyl Lagrangian can be rewritten in the following

way
Lw = a1RueR" + asRu R + azR? + auF,, F*

= aC? + BGB+yR>. (6.12)

Here C? = “,,AJC’“”A", where C),,5s is the so called Weyl tensor, defined as the completely traceless

part of the curvature tensor R, o,

1
O;w)\a = Ruw\o + 5 (_Ru)\guo + Ruagu)\ + Rukguo - Ruog/\u)
1
+6R(gu>\gun - g;mgw\), (613)
1
0? = Ruyro R"™?7 — 2R, R"™ + 532. (6.14)

Then follows the so called Gauss-Bonnet term, GB,
GB = Ry R"* — 4R, R" + R?, (6.15)

which is the full derivative in the 4-dimensional space-time and does not affect the field equations.
It is easy to calculate the coefficients «, 8 and ~:

a+f=m
—20 — 48 = ag (6.16)
30+ B4y =as
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The same, surely, true for the “primed” version. With this new notations, one has
Giler] = 480\ R) — 2(8 4 37) AR — 69\ R. (6.17)

The coefficient o does not enter at all, as it should be, since the Weyl tensor is identically zero for any
homogeneous and isotropic space-time.

The variation of the metric tensor, dg,,,, provides us with the left-hand-sides of the tensor gravitational
equations (coming from §Sw) and their right-hand-sides, energy momentum tensor T#" (coming from
5Sm). Note, that in cosmology we need to know only 7% = T and T' = TraceT*", since T* = 0 and
TY =Tlg", T} = (1/3)(T — Tg)). Thus,

T = T[part] + Tler], (6.18)
T[part] = ¢ — 3p, (6.19)
Tler] = AM(8B'RY —48'R—129'R)

4 <ﬁ’Z(R +2R) + 67/ R + wZR)

—1207/ (R + 3% R), (6.20)
a
1Y = T [part] + TQ[cr], (6.21)
To[part] = ¢, (6.22)
0 A a 0 ! N a
Toler] = 8y'\ gRO —4(8"+ 37y )\ aR
—7' A1 (1221% + R(4RJ — R)) . (6.23)

Again, in order to get the corresponding left-hand-sides, one should put A\; = 1 and erased “primes”.
At last, let us write down the complete set of the field equations.

Vector:
—6v7R =G, (6.24)
Tensor: )
B (122}% + R(4R° — R)) =79, (6.25)
12y (1’% + 3ZR> =T (6.26)
Self-consistency condition:
(G%*) 0 1
2 e Ty + 317 =T, (6.27)
where .
a
R} = -3 (6.28)
. . 2 k
R:—6<“+a§ > k=0,+1 (6.29)
a a

It is quite clear that the self-consistency condition is just the consequence of the vector and trace
equations.

How about the equations of motion for the cosmological perfect fluid? It appears that we are left
with only one equation plus the law of the particle creation, namely,

P
sy 6.30
{ (nas) — (I)(IDV) ( )

a3
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4
d(inv) = —gﬁ’R8(2R8 — R) ++'R?. (6.31)

Remember, we assumed the absence of any classical fields that may cause the particle production.

Let us suppose now that the universe was created from “nothing”; i. e., from some quantum foam [17].
Most likely, it emerged empty — without matter fields (particles). This vacuum is not absolutely empty,
it is filled with the quantum (virtual) fluctuations of the matter fields (particles are the real quanta of
these fields).

Such a vacuum, being deformed (polarized) by the strong gravitational field, can produce particles.
Then, the question arises: being the initial state, may or may not it persists? In other words, may it
survive for a while? If the answer is “yes”, we will call this physical vacuum “the pregnant” vacuum — it
may give birth to particles, but did not do this yet (see also |18}/19]).

What are the condition to be the pregnant vacuum? First of all,

O(inv) =0, |8+ [#0, (6.32)

i.e., the particle creation is not completely prohibited. This is translated to

4
§5’138(21%8 —R) =+'R% (6.33)
Then, evidently,
n=0 (6.34)
and
GO[part] = T3 [part] = T[part] = 0. (6.35)

Let us have a look at the equation left from the set of equations of motion for the perfect fluid, namely

O (6.36)

n

There are three completely different types of behavior of the right-hand-side in the limit n — 0.

etp _

1. lim 0o. There is no vacuum solution at all, even in the very beginning.

n—0

2. n—0 1111% # = 0 (for example, thermal radiation). Then, if §’,+" # 0, we have the following set
n—

of equations,

A1 = const (6.37)
R=¢RY) = (6.38)
(3v'€* +48'(¢ —2))Ry = 0 (6.39)
—6(y =7 \)R=0 (6.40)
.
—12(y =4\ (Ichls ) =0 (6.41)
—(v=7"M\) {12ZR+R(R4R8)} =0. (6.42)

Let, first, v # 7'A1, then R = 0. Now we have two possibilities. Either R = 0 and, hence, R} =0—
in this case the vacuum represents the so called Milne universe, i. e., locally flat (Minkowski) space-
time. Or & = 4, one gets the (Anti) de Sitter space-time for the specific choice of the coefficients
B+ 64" =0.

Let now

=7\, (6.43)

it is not the special condition, but the solution for A\;. Then

i+ k = Coatr. (6.44)
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Formally the vacuum solution exists, but, first, it may be unstable, and, second, if no other types
of particle are producing.

At last, let us come to the third case.

3. Dust pregnancy. For the dust matter
A1 = —=(0)(t — to). (6.45)
The whole set of equations are reduced to
R=0 (6.46)

R(R—4RJ) = 0. (6.47)

Up to now, the results are the same as before. But, for the general choice of 3’ and 4/, the universe
emerging from the quantum foam, like Aphrodite, immediately starts to produce dust particles!!!
Dark matter?
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