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TO THE METHOD OF THE KINETIC EQUATION IN GENERAL RELATIVITY
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Abstract: In this paper, we present a method for finding the 4-vector of the current and the energy momentum
tensor of a nonequilibrium relativistic gas placed in a gravitational field, on the basis of the kinetic equation,
which we write in a different, clearly covariant form, and an expression calculated using this method for 4- the
current vector, which is valid for sufficiently weak and slowly varying fields (see (2.5)).

The designations adopted in this work, with the exception of those stipulated in the text, coincide with
the designations adopted in the works [1] — [4].
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1. Explicitly covariant ways of writing the kinetic equation
The kinetic equation in general relativity is (see [1])

K fa(z,p) = La(z,p), (L.1)

where

K ik6

i
=pl— — T —

L ikP P op®
can be written in an explicitly covariant form by introducing invariant momentum components

p(m) _ é.i(m) i’ pi _ ném)p(m).

Here gi(m) is an arbitrary quadruple of vectors linearly independent at each point, and nfm) is a quadruple
with ffm) vectors ({i(m)n%n) = 5&5). Choosing p(®) as variables in the equation (1.1), we reduce the

operator K to the form
@) 0
3J apa’

where semicolon stands for covariant derivative. If the space admits several linearly independent Killing

2% m), i 0 m),.(n), i ]
K =p' )ﬂ(m) O + pmpl )n(m)nfn)€§ (1.2)

vectors at each point, then the operator K is simplified by choosing Killing vectors as fz(m). If we choose
an orthoreper as §§m), then we get an orthoreper notation of the kinetic equation (1.1).
Note one more property of the operator K , which is verified by direct computation

Kailizu.inpilpig o 'pin = pkpilpiQ o 'pinahiz---in;k' (1'3)
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This equality can be easily generalized if we bear in mind that the scalar function f(z,p) can depend
on the vector p’ only as a complex function f(z,g(z,p)), where g(x,p) conventionally denotes the set of
all scalars of the form a;,;, i, p'tp---p»

Kf(x,p) = p'Vif(z,p). (1.4)

Here V; means the derivative, which is calculated as ifp’ is a covariantly constant vector. We will call
such a derivative the covariant partial derivative.?
Using (1.4), we can write (1.1) as

pivifa(xvp) :Ia((E,p), (15)

and the generalization of the kinetic equation to the case of electromagnetic forces [3] in the form

% €a 1o zi _
p vz + ?F iP apa fa(xap) - Ia(xap)' (16)

n what follows, we will need a linearized kinetic equation in the collisionless approximation for the
case when the electromagnetic field is absent in the equilibrium state, and in the nonequilibrium state it
is “on” weak electromagnetic and gravitational disturbance. As shown in [2,3], the distribution function
in a nonequilibrium state should be sought in the form

fa(z,p) = fA(z, p){1 + @a(z,p)}.

Then ¢, (x, p) will satisfy the equation:
. €a i
P'Viga(r,p) = —p'¢" Frs — p'p 10T (1.7)

(in the corresponding equations obtained in [2,3], we replaced the operator K by piV;).
In (1.4) introduces the notion of a partial covariant derivative. Note one property of its

Udppi1 ~~~pi"J(9:,p)] = /dpp“ e p™ Vi (x, p). (1.8)
33

Here dp = is an invariant volume element in momentum space, J(z,p) is a scalar or tensor

Vv=gd®p
pa
function.

If we choose geodesic coordinates at the point @ as the coordinate system, then the equality
(1.8) turns into a trivial statement about the possibility of differentiating an integral with respect to a
parameter. Since the terms of this equality are components of the tensor, it takes place in any coordinate
system and any point.

As an application of the property (1.8), we obtain the equations for the moments of the distribution

function

frezein = /dpf(ff,p)pi1 cepn
by the following transformations of the kinetic equation:
plvzfa(x7p) = Ia(xap)7
/dppj1 ! P’V fa)w, p) = /dppjl - p? 1, p),
Vi ) = 1 @) (1.9

As you can see, the concept of a partial covariant derivative is a rather convenient mathematical trick
that allows you to avoid sometimes cumbersome calculations (compare, for example, the derivation of
the equation (1.9) in [1]).

2At the time of writing this article (1975), the authors were unaware of the existing concept of the derivative in the
Cartan fibration. In later works, this derivative is denoted V; and is called the Cartan derivative.
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2. Calculation of the 4-vector of the current of a nonequilibrium relativistic gas

The perturbation of the 4-vector of the current and the energy tensor — the momentum of a
relativistic gas in a nonequilibrium state is determined by the formulas:

i* = Zeac/dpp’“ff(ﬂc,p)soa(%p), (2.1)

ik = Zc/dppipkfg(x,p)wa(x,p). (2.2)
a
These expressions are valid if 6T'F; = 0. In general, j* = j§ + jf, t"* = tfF + t}*, where jf, 13" are
calculated from (2.1) and (2.2), and j¥, ti are easily found from the equilibrium distribution function
(see [2]).
In the expressions (2.1), (2.2) it is necessary to substitute the solution of the equation (1.7) in the
collisionless approximation. We will write this solution in the form

o0
—OT—T iv, [€ 7 i,
ale,p) = / dredT='Ve [Cpickp e aTE ] 2.3)
d—0 C
0

Substitution of (2.3) into (2.1) and (2.2) followed by formal integration over momenta (considering that
V., is a partial covariant derivative that does not act on p?) is possible only if the commutators [¢;, \Z1
and [V, V;] are equal to zero, that is, only in flat space. Obviously, in this case, when the unperturbed
metric (background metric) admitting an equilibrium state of the gas is flat, the expressions obtained in
this way will coincide after the Fourier transform with the corresponding expressions for a homogeneous
plasma.

In the case when the background metric is not flat, i.e., the indicated commutators do not vanish,
we will proceed as follows. Substitute (2.3), for example, into (2.1) and expand in a power series

oo
o0

. _ (—T)n . . [ .
jr = eac/dTe N [ dpfa @ PtV Y, G (2.4)
0 n=0 :
After that, we count in some approximation each of the members of the series (2.4), and then again sum
up the series. This can be done, for example, when the conditions

v K Vg R Awyg, (2.5a)

AL, (2.5b)

where A and L are the characteristic size of the disturbance and background inhomogeneity, respectively,
and wy is equal in order of magnitude to cO;gre. Obviously, v, is the speed acquired by a particle in the
gravitational field during the period of wave oscillation (see [4]). This gives the following expression for

the 4-current vector (for simplicity, we put 5Ffj =0):

PP F, " T iy
PV (p'V;)3 7

jE=e2 / dpf°(z,0) (2.6)

where you need to integrate in a formal way, and the result of integration is written in the form
is = [€5€'01(6. V?) + ¢M0a(§, V2) + 03(6, VAV'V! + £04(€, V2)VF + € au (€, VA V¢ Fus.

Here £ = £'V;, V2 = ¢4V, V, are operators that can be considered commuting in our approximation,
and ai(é, V2) — scalar operator expressions. In (2.6), the tensor operator T is introduced, which is
defined by the relations

ViTim =0,  &T; = [€(Vi&)V,] = . (2.7)

The derivation of the formula (2.6) is given in Appendix L
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Appendix I. Derivation of formula (2.6)

We will start from the expression for the 4-current vector (2.4), which we rewrite in a different way,
using the equality

[ ittt pie = 3 gy i), )
£=0

where
i1ecdplipprin — (i1, ¢lo iet1et2 ... qin—1in)
(& 9) 3 g g :

Substituting (I.1) in (2.4), we get

i frE 5
0)

Obviously, 0,1, =0 for n — £ +2 = 2p + 1. Also the expression

+
Z E g ’L]_ ’Lg|1g+1 an,]v vlnééFZ]‘ (1.2)
£=0

o -1 o
i1.ipligp1-inkixg. .. N7, _ ik 11 —21%—-1...in, 7. ...\/.
(€?g) vll vln (n + 1)(TL + 2)5 é‘ (é—ag) v11 vln
n+2-—/4

Jk i1.deliet 1. i 7. ... \T. (TL—|—2—£)

i (n+1)(n+2)§] k(h(g g)h gligg-- Zn)vl Vs

(n+2—-10)¢
(n+1)(n+2)
(n+2—-0)(n—-12)

(n+1)(n+2)

It is easy to get an approximate value for £ ... £V, ..V, -

tn "

&g/ (6, g, (13)

gk(hg\jl(iz (57g)is---ie+2\iz+3~--in)vi1 -V

n*

n(n—1)

5 € (L.4)

é‘il A é‘invil e V’Ln ~ é" —
(members containing (V&%) u (V;, --- V;, F) npm n > 2, are discarded).
In the same approximation, the commutator [V;, V] in (1.3) should be set equal to zero. Therefore,
(1.3), taking into account (1.4), takes the form
00—1)

i1oigliertinkiv. . ©. ick | f0—2
€9 : Vi V“‘7(n+1)(n+2)££ {5

(£-2)(¢£—-3)

~F0—4 n—~0+2
5 né } \%

(n+2-00 ole =1 soa] ome. 042-00 Tay (E=DE=2) 0] on
miDmre? |8 ]V HarDmrot Fz 5 ng3]v vE

(4200 oy C-DE=2) sl o oo

el U B
(n4+2-00 [4 (-1
m+1Xn+m[§‘ 2

This equality can be written as

) ﬁéé—2:| V?L—Z—kavj .

(57g)i1...ig\igHA..injkvil V= (&Ng)il“.muﬂ..Ainjkvil V2

n

—1
n(n ) in72j-‘7;n71in7 (1'5)

_ 5 (5 g)n dgligg- mglcv .V

where (évg)il...ig\iHl...ing‘kvil R v2

in

is formed from (¢,g)"ielies1inikyg, ...V,

in

as follows: we
consider ¢ and Vj commuting until then after commutations we get an expression in which in the
first place there are Vj, not convoluted with the vector &%, and on the second, the third and fourth
places are the corresponding operators is formed similarly ép , V2™ and V. Similarly, it is formed and
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(&, g)n-ilictrinikyggy ..., from (€, )it ielieriiniky, v, Now it remains to substitute

In—2"
(I.5) in (2.4) and take into account (I.1)
T > (—7)" i " )
ky = ei/dTe ’ /dpfc?(fv,p)z( n,) (P'Vi)" 0P E P (1.6)
0 n=0 :

)2 PpIEEy I p Tl Fyj

PiV; (ptV;)3

1 o0
Ehre

Estimates show that the above calculations are valid under conditions (2.5a)—(2.5b).

(') p P T " Frj = e / dpfl(z,0)
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