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Introduction

In this paper it was considered the influence of a real nonlinear cosmological scalar field on the
expansion of the Universe in the framework of flat Friedmann cosmological model as an example.

The Lagrangian of nonlinear scalar field has the form:

1

L=exet ~U). (1)

The corresponding field equation is obtained by varying the action with respect to ¢

dUu
O — =0, 2
s (2)
where 1 6 5
O= — —(v/—gg"=—=).
Vg 0aF VB8 )
Variation of the action with respect to g;; leads to the canonical energy-momentum tensor
1 p
Tir = pim = | 5000" —U(9) ) gik- (3)

Einstein equation with the source (3) can be written as
Rir, = x[papr —Ulp)gin] - (4)
1. The Friedmann metric and macroscopic characteristics of a scalar field.

Let us take the Friedmann metric in the synchronous reference system where the linear element
has the form

ds? = —* D) (da® + dy? + d=?) + dT?. (5)
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We assume that the cosmological scalar field ¢ = ¢(T'). Choosing the vector field V* = 6 as the
vector field of observer in the synchronous reference system, we can determine the internal density of
the scalar field p and the effective pressure p, since in this case the energy-momentum tensor structure
coincides with the energy-momentum tensor structure of a perfect fluid.

Before we start the calculation of p and p let us write the field equations

" RS
— == 6
g 2%0 ) (6)

o2 = %302+ v00). )

The field equation (2) for Friedman metric is the differential consequence of equations (6) and (7).
Let us make a replacing

c =9d. (8)
Then, the equation (6) can be written as:
/ 2 d®
-z 9
v » dp ©)

and the equation (7) after replacing ¢ by (9) takes a form

2 [dd\? n
—®2 = —ZU(p). 10
3 (d(p) 3 () (10)
The density of energy of the scalar field in that reference system p = T, is expressed by ®
1 /dp\? 2 [dd\? 3,
P=73 (dt) +U(p) 22 (dw) +U(p) ~ (11)

and is also positively defined.
The pressure p in given reference system looks like:

p= 297 2U(p) (12)
Thus, the pressure, generally speaking, is not a function with a determined sign. Let us note, that
while the derivation of the final forms of density and pressure of scalar field the equations (9) and (10)
were used.
Further the set of exact solutions of equations (8-10) will be considered for the different types of
nonlinearities.

2. Higgs non-linearity U(p) = £¢? — 2904 (y A < 0)

In that case, the equation (10) admits the exact solution under an additional restriction on the
coupling constant (2scp = 4\).
d = ig\/—,u @2

Choosing a sign plus, we have after integration (8) and (9) that »(7T) and linear element ds® take a
form

p=p(0)eVHT, (13)
ds? = —e~ $9° O exp(=2V=iT) 4y 4 o2 1 d22) + d T2 (14)
The solution derived from (13) and (14) with a replacing 7' on —7T' corresponds to the minus sign. For

. . . _ o 4
a sake of simplicity, let us set ¢(0) = /5§ = /5. Then,
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2
Y= \/?e_v —»T, ds® = —e~ 3 (=2 D) (da® + dy? 4 dz?) + d T2 (15)
»x

Calculating p and p for the solution (15) we find

(_M)e—4\/TMT’ (_M>6—2\/TMT(4 . 6—2\/—7MT). (16)
3 3
Analyzing formulae (16) for pressure and density under different asymptotes

o)T <~ pr eV T = —p T — —00, p, p— 00

with saving the equation of state p = —p, which is an equations of vacuum state. A scale factor

p: p:

in metric (15) tends to zero when T — —oo, and because of it the obtained solution corresponds to
singularity in infinite past.

T =—22 p=0,p=122
~ In2 .
T < \{?,p<0,
T> —\/_—#,p>0.
32ep?
_ In2 o
)T > T P = 6(—p)

In general case, excluding from the equations (16) T, we have the equation of state

_ ) [ 3Hp () 32
Pose (4 (—u)>'

)
Let us note that when T — oo the metric (15) transforms to Minkowski space metric.

3
3. Non-linearity of such type U(yp) = pcos 2\/5140, (p>0)

Non-linearity of such type leads to the Sin-Gordon equation for the field function .
Equation (10) has the following exact solution:

d = \/?sin (@ga) . (17)

Potential energy U(p) reaches its extremum in the points ,/%%gp = %, If n is even we obtain the
minimum, if n odd, we obtain the maximum. Pressure and density look like:

p = psin? (\/3%@); p—,ul2—?>sin2\/§%ga

The equation of state looks like p = 2 — 3p. In the minimum point U(yp) p = 0; p = 2u, in the

. (18)

maximum point p = p; p = —p, then, p = —p in the maximum one U(yp).
Integrating equation (9) we find

(40
1 /3 T =35 T
2\ 37 + i +arctan | Be 3 + nm. (19)

2

Requesting under relation 7'F = 0 energy has the minimum we find B=1.
For the sake of definiteness let us choose sign plus in the formula 19. Then TF = 0 changes from

(@0 ’ | (20)

—0o0 to oo for each n.
Integrating equation (8) we find

Uzgln
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With a chose a plus sign in (19) cos( %%gp) > 0 and using couple of elementary trigonometric
transformations we obtain

1 2
—6 —’uT,,T
1+e 3

A relevant linear element looks like:

3
2
ds? = e% (da? + dy? + d2?) + dT>.
—6 iTﬁF
1+e 3

Let us note, that because of (19) p and p are finite quantities with any 7 and, consequently, space

doesn’t have physical singularities connected with equivalences to infinity of density and pressure. If
-2 iuT+

T:F — oo then scale factor tends to zero ~ e 3" , and the equation of state becomes as a vacuum

R
type p = —p. If T;¥ — oo then €2 - 0~ ¢ 2\/?T" and the equation of state becomes as a vacuum
type too.

Thus, we can think that the Universe is born if 7] = oo, according to the watch of observer in
= (2\/%7“’)_1, then it expends reaching the

minimum of potential energy U () when the scale factor equals to 1; then the Universe shrinks and once

that Universe, from vacuum for characteristic time T:Ch o
again it absorbs by vacuum for the same characteristic time. And the process goes again and again for
the infinity. Choice of the sign minus of arctangent in (19) gives the same result.

m2c?

4. Massive linear scalar field U(p) = 72

0

Before all let us note that the addition to the potential U(¢p) of additive constant Uy does not change
the scalar field equation but gives contribution in the energy-momentum tensor, which is equivalent to the
insertion of the cosmological term. At the same time, the presence of this additive term makes it possible
in some cases to obtain examples of exact solutions of the Einstein equation corresponding to a particular

cosmological model. For the massive linear field with the potential of interaction U(y) = ’gzgc 02 — Uy
equation (10) admits the exact solution if Uy = 5- m;;Q'
me [
dP=—,/= 22
6% (22)
2me | 1 m2c?
— 9= /-7 =— T 23
@ Ve D © oz L (23)
1 (m0)4 2 2 m?? 1 <m0)4 72 (24)
P=3:\n ’ P e 3%\ h '
The equation of state looks like p = 3% m;cz —p.If T=0U(p) has a minimum, density of field energy

2 m2c?

p=10;p= 5. "= In cases of bigger T' p = —p — oo.

. . . . . m?c? X,
5. Massive scalar field with cubic non-linearity U(yp) = ch — Zcp —Up

The equation (10) admits the exact solution of type ® = Ap? + B, where A, B, Uy are related by
the following ratios.
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f m2C2
A 6 2r2 -2 3B?
A= —%, A0, B= P U= (25)
2\/ %%

After integration of equations (8) and (9) we find ¢ and linear element ds? in the form

4A
2
w = o€ x ) (26)
2
g 8AT
———exp(———) + BxT
ds? = —¢ 4 p( » ) (da? + dy? + dz*) +dT?. (27)

With the bigger T we have De Sitter world in nonstationary coordinate system. If T — oo p = —p,
i.e. also in this case, the moment of birth of the Universe corresponds to the equation of vacuum state,
besides density and pressure in that case become in infinity, then the Universe expands and goes in De
Sitter vacuum if 7" — +o0.

6. Non-linearity of type U(p) = aeP?

In that case the equation (10) has the exact solution

>
w4 B
_ 3 S
d = e’
T 6

where are eather a > 0, || < V6 or a <0, |B] > V6.
Integrating equations (8) and (9) we have

2 Za 2
=—_1 3~ =7

43
2 TN\R? o 2 2 2
ds* = — [ — (dz® +dy” +dz") +dT%;
p= Osz e’ p=—ae’?.
N

Thus, for exponential nonlinearity the equation of state is barotropic one and it looks like
52
=|—=1]p.
v=(5-1)»
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