
ПРОСТРАНСТВО, ВРЕМЯ И ФУНДАМЕНТАЛЬНЫЕ ВЗАИМОДЕЙСТВИЯ 2019, Вып. 4

ГРАВИТАЦИЯ, КОСМОЛОГИЯ И ФУНДАМЕНТАЛЬНЫЕ ПОЛЯ

***

УДК 514.763, 512.816

© Аминова А.В., Хакимов Д.Р., 2019
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В данной работе исследуются пятимерные ℎ-пространства (𝐻41, 𝑔) типа {41} [4]. Находятся необходимые и
достаточные условия, при которых (𝐻41, 𝑔) является пространством постоянной кривизны. Определяется

общее решение уравнения Эйзнхарта в ℎ-пространстве (𝐻41, 𝑔) непостоянной кривизны. Устанавливаются

условия существования негомотетического проективного движения в (𝐻41, 𝑔) и описывается структура

негомотетической проективной алгебры Ли в ℎ-пространстве (𝐻41, 𝑔) типа {41}.
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In this paper we study five-dimensional ℎ-spaces (𝐻41, 𝑔) of type {41} [4]. Necessary and sufficient conditions for
(𝐻41, 𝑔) to be a space of constant curvature are found. The general solution of the Eisnhart equation in ℎ-space

(𝐻41, 𝑔) of non-constant curvature is determined. We establish conditions for the existence of a non-homothetic

projective motion in (𝐻41, 𝑔) and describe the structure of a non-homothetic projective Lie algebra in ℎ-space

(𝐻41, 𝑔) of type {41}.
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Introduction

A vector field 𝑋 on a five-dimensional pseudo-Riemannian manifold (𝑀, 𝑔) with a projective

structure Π is called an infinitesimal projective transformation, or a projective motion if the local 1-

parameter group of local transformations, which is generated by this field in a neighbourhood of each

point 𝑥 ∈ 𝑀, consists of (local) projective transformations, that is, automorphisms of the projective

structure Π.
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The necessary and sufficient condition that 𝑋 = 𝜉𝑖𝜕𝑖 be a projective motion in a pseudo–

Riemannian manifold (𝑀, 𝑔) is

(𝐿𝑋𝑔𝑖𝑗),𝑘 = 2𝑔𝑖𝑗𝜙,𝑘 + 𝑔𝑖𝑘𝜙,𝑗 + 𝑔𝑗𝑘𝜙,𝑖, (1)

where 𝜙 is a function of 𝑥𝑖, which we shall call a defining function of a projective motion 𝑋.

The equation (1) can be written in the form of two relations:

𝐿𝑋𝑔𝑖𝑗 ≡ 𝜉𝑖,𝑗 + 𝜉𝑗,𝑖 = ℎ𝑖𝑗 (2)

(the generalized Killing equation) and

ℎ𝑖𝑗,𝑘 = 2𝑔𝑖𝑗𝜙,𝑘 + 𝑔𝑖𝑘𝜙,𝑗 + 𝑔𝑗𝑘𝜙,𝑖 (3)

(the Eisenhart equation). If 𝜙 = const, that is, div𝑋 = const, then the vector field 𝑋 preserves the

affine connection and hence it is an infinitesimal affine transformation, or an affine motion.

An affine motion 𝑋 is an infinitesimal homothety, or a homothetic motion when ℎ𝑖𝑗 = 𝑐𝑜𝑛𝑠𝑡 · 𝑔𝑖𝑗
and an infinitesimal isometry, or an isometric motion when ℎ𝑖𝑗 = 0 [1].

After making a change of variables

ℎ𝑖𝑗 = 𝑎𝑖𝑗 + 2𝜙𝑔𝑖𝑗 ,

where 𝑎𝑖𝑗 is a symmetric bilinear form with the same Segre characteristic 𝜒 (that is of the same type

𝜒) as ℎ𝑖𝑗 , the equation (3) becomes

𝑎𝑖𝑗,𝑘 = 𝑔𝑖𝑘𝜙,𝑗 + 𝑔𝑗𝑘𝜙,𝑖. (4)

We call 𝑔𝑖𝑗 an ℎ-metric of type 𝜒 and we call (𝑀, 𝑔) an ℎ-space of type 𝜒 [2].

Given the type of tensor ℎ𝑖𝑗 , one can find solutions of the Eisenhart equation (3) and then of the

Killing equation (2).

In a canonical skew-normal frame ( [3], p. 97) {𝑌𝑙} on 𝑉 ⊆𝑀 the equation (4) takes the form

𝑑𝑎̄𝑝𝑞 +

𝑛∑︁
ℎ=1

𝑒ℎ(𝑎̄ℎ𝑞𝜔𝑝ℎ̃ + 𝑎̄𝑝ℎ𝜔𝑞ℎ̃) = (𝑌𝑞𝜙)𝜃𝑝 + (𝑌𝑝𝜙)𝜃𝑞,

where 𝜃ℎ is the canonical 1-form which is conjugate to 𝑌ℎ, 𝜔𝑝𝑞 = −𝜔𝑞𝑝 is the connection 1-form, and

𝑝, 𝑞, 𝑟 = 1, . . . , 5.

In [4] ℎ-spaces (𝐻41, 𝑔) of type {41} were found, and necessary and sufficient conditions for the

existence of projective motion of type {41} were obtained. To calculate the maximal projective Lie

algebra in (𝐻41, 𝑔), it is necessary to obtain a general solution of the Eisenhart equation (3) in ℎ-space

(𝐻41, 𝑔). To solve this problem, one needs to study the integrability conditions (25) for the Eisenhart

equation, which contain the curvature form Ω𝑖𝑗 . In this case, spaces of constant curvature should be

excluded, the structure of the projective group of which is well known [2].

The outline of the article is as follows. Basic definitions and formulas are given in Section 1. The

curvature structure of the ℎ-space (𝐻41, 𝑔) is defined in Section 2. In Section 3 we derive the necessary

and sufficient conditions that ℎ-space (𝐻41, 𝑔) be a space of constant curvature. In Section 4 we discuss

the integrability conditions of the Eisenhart equation in (𝐻41, 𝑔) and obtain an important characteristic

of its solutions in an ℎ-space (𝐻41, 𝑔) of non-constant curvature. In Section 5 we establish necessary and

sufficient conditions for the existence of a non-homothetic projective motion in ℎ-space (𝐻41, 𝑔) of type

{41}, and determine the structure of a non-homothetic projective Lie algebra in (𝐻41, 𝑔).

1. Computing curvature of (𝐻41, 𝑔).

In the paper [4] a canonical skew-normal frame (𝑌𝑖) = (𝜉
𝑖

𝑗𝜕𝑗) has been defined with the following

components in the appropriate coordinates:

𝜉
1

1 = 𝜉
2

2 = 𝜉
3

3 =
1

(𝑓2 − 𝑓1)1/2
, 𝜉

2

1 =
1

2(𝑓2 − 𝑓1)3/2
,
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𝜉
3

1 =
3

8(𝑓2 − 𝑓1)5/2
, 𝜉

3

2 =
1

2(𝑓2 − 𝑓1)3/2
, 𝜉

4

1 =
5

16(𝑓2 − 𝑓1)7/2
, (5)

𝜉
4

2 =
1

8(𝑓2 − 𝑓1)1/2

(︂
3

(𝑓2 − 𝑓1)2
− 8

𝐴
𝜀𝑥1
)︂
, 𝜉

4

3 =
1

2(𝑓2 − 𝑓1)1/2

(︂
1

𝑓2 − 𝑓1
− 4

𝐴
𝜀𝑥2
)︂
,

𝜉
4

4 =
1

𝐴(𝑓2 − 𝑓1)1/2
, 𝜉

5

5 =
1

(𝑓1 − 𝑓2)2
, (𝐴 = 3𝜀

(︀
𝑥3 + 𝜔(𝑥4)

)︀
+ 1− 𝜀).

The canonical forms 𝑎𝑖𝑗 and 𝑔𝑖𝑗 are given by the formulas

𝑎̄𝑝𝑞 =

⎛⎜⎜⎜⎜⎜⎝
0 0 0 𝑒1𝑓1 0

0 0 𝑒1𝑓1 𝑒1 0

0 𝑒1𝑓1 𝑒1 0 0

𝑒1𝑓1 𝑒1 0 0 0

0 0 0 0 𝑒2𝑓2

⎞⎟⎟⎟⎟⎟⎠ , 𝑔𝑝𝑞 =

⎛⎜⎜⎜⎜⎜⎝
0 0 0 𝑒1 0

0 0 𝑒1 0 0

0 𝑒1 0 0 0

𝑒1 0 0 0 0

0 0 0 0 𝑒2

⎞⎟⎟⎟⎟⎟⎠ , (6)

and the following equations are satisfied:

𝑌1𝜙 = 𝑌2𝜙 = 𝑌3𝜙 = 0, (7)

𝑑𝑓1 =
1

2
(𝑌4𝜙)𝜃1, 𝑑𝑓2 = 2(𝑌5𝜙)𝜃5, (8)

𝜔13 =
1

2
(𝑌4𝜙)𝜃1, 𝜔14 = −(𝑌4𝜙)𝜃2, 𝜔15 =

𝑌5𝜙

𝑓2 − 𝑓1
𝜃1,

𝜔24 = −(𝑌4𝜙)𝜃3, 𝜔25 =
𝑌5𝜙

(𝑓2 − 𝑓1)2
𝜃1 +

𝑌5𝜙

𝑓2 − 𝑓1
𝜃2, (9)

𝜔34 = −(𝑌4𝜙)𝜃4, 𝜔35 =
𝑌5𝜙

(𝑓2 − 𝑓1)3
𝜃1 +

𝑌5𝜙

(𝑓2 − 𝑓1)2
𝜃2 +

𝑌5𝜙

𝑓2 − 𝑓1
𝜃3,

𝜔45 =
𝑌5𝜙

(𝑓2 − 𝑓1)4
𝜃1 +

𝑌5𝜙

(𝑓2 − 𝑓1)3
𝜃2 +

𝑌5𝜙

(𝑓2 − 𝑓1)2
𝜃3 +

𝑌5𝜙

𝑓2 − 𝑓1
𝜃4 +

𝑌4𝜙

𝑓2 − 𝑓1
𝜃5.

Here

𝜙 = 2𝑓1 +
1

2
𝑓2 (10)

is the defining function of a projective motion of type {41}, 𝜔𝑖𝑗 = 𝛾𝑗𝑖𝑘𝜃
𝑘 is the 1-form of connection in

the skew-normal frame (𝑌ℎ), 𝑓1 = 𝜀𝑥4 + (1 − 𝜀)𝜅, 𝑓2 = 𝑓2(𝑥
5), 𝜀 takes values 0 and 1, 𝜅 is a constant,

𝑒1, 𝑒2 = ±1. [4]. Using the first Cartan structure equation 𝑑𝜃𝑖 = −
∑︀5
𝑗=1 𝑒𝑗𝜔𝑖𝑗 ∧ 𝜃𝑗̃ and the formulas (9),

we find

𝑑𝜃1 = −3𝑒1(𝑌4𝜙)

2
𝜃1 ∧ 𝜃2 −

𝑒2(𝑌5𝜙)

𝑓2 − 𝑓1
𝜃1 ∧ 𝜃5,

𝑑𝜃2 = −𝑒1(𝑌4𝜙)𝜃1 ∧ 𝜃3 −
𝑒2(𝑌5𝜙)

(𝑓2 − 𝑓1)2
𝜃1 ∧ 𝜃5 −

𝑒2(𝑌5𝜙)

𝑓2 − 𝑓1
𝜃2 ∧ 𝜃5,

𝑑𝜃3 = −𝑒1(𝑌4𝜙)
2

𝜃1 ∧ 𝜃4 −
𝑒2(𝑌5𝜙)

(𝑓2 − 𝑓1)3
𝜃1 ∧ 𝜃5 −

𝑒2(𝑌5𝜙)

(𝑓2 − 𝑓1)2
𝜃2 ∧ 𝜃5 −

𝑒2(𝑌5𝜙)

𝑓2 − 𝑓1
𝜃3 ∧ 𝜃5,

𝑑𝜃4 = − 𝑒2(𝑌5𝜙)

(𝑓2 − 𝑓1)4
𝜃1 ∧ 𝜃5 −

𝑒2(𝑌5𝜙)

(𝑓2 − 𝑓1)3
𝜃2 ∧ 𝜃5 −

𝑒2(𝑌5𝜙)

(𝑓2 − 𝑓1)2
𝜃3 ∧ 𝜃5 −

𝑒2(𝑌5𝜙)

𝑓2 − 𝑓1
𝜃4 ∧ 𝜃5,

𝑑𝜃5 = −𝑒1(𝑌4𝜙)
𝑓2 − 𝑓1

𝜃1 ∧ 𝜃5.

We introduce the notation

𝐴1 ≡ 𝑌4𝜙, 𝐴2 ≡ 𝑌5𝜙,

𝐶1 ≡ 𝑒1𝑌4(𝑌4𝜙), 𝐶2 ≡ 𝑒2𝑌5(𝑌5𝜙). (11)

𝑑𝜔12 = 0, 𝑑𝜔13 = 0, 𝑑𝜔14 = −𝐶1𝜃1 ∧ 𝜃2 +𝐴2
1𝜃1 ∧ 𝜃3 +

𝑒2𝐴1𝐴2

(𝑓2 − 𝑓1)2
𝜃1 ∧ 𝜃5,
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𝑑𝜔15 = − 3𝑒1𝐴1𝐴2

2(𝑓2 − 𝑓1)
𝜃1 ∧ 𝜃2 −

(︂
𝐶2

𝑓2 − 𝑓1
− 𝑒2𝐴

2
2

(𝑓2 − 𝑓1)2

)︂
𝜃1 ∧ 𝜃5, 𝑑𝜔23 = 0,

𝑑𝜔24 = −𝐶1𝜃1 ∧ 𝜃3 +
𝑒1𝐴

2
1

2
𝜃1 ∧ 𝜃4 +

𝑒2𝐴1𝐴2

(𝑓2 − 𝑓1)3
𝜃1 ∧ 𝜃5 +

3𝑒1𝐴
2
1

2
𝜃2 ∧ 𝜃3 +

𝑒2𝐴1𝐴2

(𝑓2 − 𝑓1)2
𝜃2 ∧ 𝜃5,

𝑑𝜔25 = −𝑒1𝐴1𝐴2

𝑓2 − 𝑓1
𝜃1 ∧ 𝜃3 −

(︂
𝐶2

(𝑓2 − 𝑓1)2
− 2𝑒2𝐴

2
2

(𝑓2 − 𝑓1)3

)︂
𝜃1 ∧ 𝜃5−(︂

𝐶2

𝑓2 − 𝑓1
− 𝑒2𝐴

2
2

(𝑓2 − 𝑓1)2

)︂
𝜃2 ∧ 𝜃5,

𝑑𝜔34 = −𝐶1𝜃1 ∧ 𝜃4 +
𝑒2𝐴1𝐴2

(𝑓2 − 𝑓1)4
𝜃1 ∧ 𝜃5 +

3𝑒1𝐴
2
1

2
𝜃2 ∧ 𝜃4 +

𝑒2𝐴1𝐴2

(𝑓2 − 𝑓1)3
𝜃2 ∧ 𝜃5 +

𝑒2𝐴1𝐴2

(𝑓2 − 𝑓1)2
𝜃3 ∧ 𝜃5,

𝑑𝜔35 =
𝑒1𝐴1𝐴2

2(𝑓2 − 𝑓1)3
𝜃1 ∧ 𝜃2 +

𝑒1𝐴1𝐴2

2(𝑓2 − 𝑓1)2
𝜃1 ∧ 𝜃3 −

𝑒1𝐴1𝐴2

2(𝑓2 − 𝑓1)
𝜃1 ∧ 𝜃4−(︂

𝐶2

(𝑓2 − 𝑓1)3
− 3𝑒2𝐴

2
2

(𝑓2 − 𝑓1)4

)︂
𝜃1 ∧ 𝜃5 −

(︂
𝐶2

(𝑓2 − 𝑓1)2
− 2𝑒2𝐴

2
2

(𝑓2 − 𝑓1)3

)︂
𝜃2 ∧ 𝜃5−(︂

𝐶2

𝑓2 − 𝑓1
− 𝑒2𝐴

2
2

(𝑓2 − 𝑓1)2

)︂
𝜃3 ∧ 𝜃5,

𝑑𝜔45 =
𝑒1𝐴2𝐴1

(𝑓2 − 𝑓1)4
𝜃1 ∧ 𝜃2 +

𝑒1𝐴2𝐴1

(𝑓2 − 𝑓1)3
𝜃1 ∧ 𝜃3 +

𝑒1𝐴2𝐴1

(𝑓2 − 𝑓1)2
𝜃1 ∧ 𝜃4+(︂

𝐶1

(𝑓2 − 𝑓1)
− 𝐶2

(𝑓2 − 𝑓1)4
+

4𝑒2𝐴
2
2

(𝑓2 − 𝑓1)5
− 𝑒1𝐴

2
1

2(𝑓2 − 𝑓1)2

)︂
𝜃1 ∧ 𝜃5−(︂

𝐶2

(𝑓2 − 𝑓1)3
+

3𝑒1𝐴
2
1

2(𝑓2 − 𝑓1)
− 3𝑒2𝐴

2
2

(𝑓2 − 𝑓1)4

)︂
𝜃2 ∧ 𝜃5−

(︂
𝐶2

(𝑓2 − 𝑓1)2
− 2𝑒2𝐴

2
2

(𝑓2 − 𝑓1)3

)︂
𝜃3 ∧ 𝜃5 −

(︂
𝐶2

𝑓2 − 𝑓1
− 𝑒2𝐴

2
2

(𝑓2 − 𝑓1)2

)︂
𝜃4 ∧ 𝜃5

By taking the external differential from both sides of the equation 𝑑𝑓1 = 𝑒1(𝑌4𝜙)𝜃1 ≡ 𝑒1𝐴1𝜃1 (8)

and comparing this to 𝑑𝐴1 = 𝜃𝑙𝑌𝑙𝑌4𝜙 = 𝜃𝑙[𝑌𝑙, 𝑌4] + 𝜃𝑙𝑌4𝑌𝑙𝜙, we get by using (7)

𝑑𝐴1 = 𝐶1𝜃1 −
3

2
𝑒1𝐴

2
1𝜃2 −

𝑒2𝐴1𝐴2

𝑓2 − 𝑓1
𝜃5;

𝑑𝐴2 is similarly calculated.

Using the obtained relations and the second Cartan structure equation Ω𝑖𝑗 = 𝑑𝜔𝑖𝑗+
∑︀5
𝑙=1 𝑒𝑙𝜔𝑖𝑙∧𝜔𝑙̃𝑗 ,

we calculate the curvature 2-form Ω𝑖𝑗 of ℎ-space of type {41}:

Ω12 = − 𝑒2𝐴
2
2

(𝑓2 − 𝑓1)2
𝜃1 ∧ 𝜃2, Ω13 =

(︂
𝑒1𝐴

2
1

2
− 𝑒2𝐴

2
2

(𝑓2 − 𝑓1)3

)︂
𝜃1 ∧ 𝜃2 −

𝑒2𝐴
2
2

(𝑓2 − 𝑓1)2
𝜃1 ∧ 𝜃3,

Ω14 = −
(︂
𝐶1 +

𝑒2𝐴
2
2

(𝑓2 − 𝑓1)4

)︂
𝜃1 ∧ 𝜃2 +

(︂
𝑒1𝐴

2
1

2
− 𝑒2𝐴

2
2

(𝑓2 − 𝑓1)3

)︂
𝜃1 ∧ 𝜃3 −

𝑒2𝐴
2
2

(𝑓2 − 𝑓1)2
𝜃1 ∧ 𝜃4,

Ω15 = −
(︂

𝐶2

𝑓2 − 𝑓1
− 𝑒2𝐴

2
2

(𝑓2 − 𝑓1)2

)︂
𝜃1 ∧ 𝜃5, Ω23 =

(︂
𝑒1𝐴

2
1

2
− 𝑒2𝐴

2
2

(𝑓2 − 𝑓1)3

)︂
𝜃1 ∧ 𝜃3−

𝑒2𝐴
2
2

(𝑓2 − 𝑓1)2
𝜃2 ∧ 𝜃3, Ω24 = −

(︂
𝐶1 +

𝑒2𝐴
2
2

(𝑓2 − 𝑓1)4

)︂
𝜃1 ∧ 𝜃3 +

(︂
𝑒1𝐴

2
1

2
− 𝑒2𝐴

2
2

(𝑓2 − 𝑓1)3

)︂
𝜃1 ∧ 𝜃4+
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(︂
𝑒1𝐴

2
1

2
− 𝑒2𝐴

2
2

(𝑓2 − 𝑓1)3

)︂
𝜃2 ∧ 𝜃3 −

𝑒2𝐴
2
2

(𝑓2 − 𝑓1)2
𝜃2 ∧ 𝜃4, (12)

Ω25 = −
(︂

𝐶2

(𝑓2 − 𝑓1)2
− 2𝑒2𝐴

2
2

(𝑓2 − 𝑓1)3

)︂
𝜃1 ∧ 𝜃5 −

(︂
𝐶2

𝑓2 − 𝑓1
− 𝑒2𝐴

2
2

(𝑓2 − 𝑓1)2

)︂
𝜃2 ∧ 𝜃5,

Ω34 = −
(︂
𝐶1 +

𝑒2𝐴
2
2

(𝑓2 − 𝑓1)4

)︂
𝜃1 ∧ 𝜃4 +

(︂
𝑒1𝐴

2
1

2
− 𝑒2𝐴

2
2

(𝑓2 − 𝑓1)3

)︂
𝜃2 ∧ 𝜃4 −

𝑒2𝐴
2
2

(𝑓2 − 𝑓1)2
𝜃3 ∧ 𝜃4,

Ω35 = −
(︂

𝐶2

(𝑓2 − 𝑓1)3
+

𝑒1𝐴
2
1

2(𝑓2 − 𝑓1)
− 3𝑒2𝐴

2
2

(𝑓2 − 𝑓1)4

)︂
𝜃1 ∧ 𝜃5−(︂

𝐶2

(𝑓2 − 𝑓1)2
− 2𝑒2𝐴

2
2

(𝑓2 − 𝑓1)3

)︂
𝜃2 ∧ 𝜃5 −

(︂
𝐶2

𝑓2 − 𝑓1
− 𝑒2𝐴

2
2

(𝑓2 − 𝑓1)2

)︂
𝜃3 ∧ 𝜃5,

Ω45 =

(︂
𝐶1

(𝑓2 − 𝑓1)
− 𝐶2

(𝑓2 − 𝑓1)4
+

4𝑒2𝐴
2
2

(𝑓2 − 𝑓1)5
− 𝑒1𝐴

2
1

2(𝑓2 − 𝑓1)2

)︂
𝜃1 ∧ 𝜃5−(︂

𝐶2

(𝑓2 − 𝑓1)3
+

𝑒1𝐴
2
1

2(𝑓2 − 𝑓1)
− 3𝑒2𝐴

2
2

(𝑓2 − 𝑓1)4

)︂
𝜃2 ∧ 𝜃5−

(︂
𝐶2

(𝑓2 − 𝑓1)2
− 2𝑒2𝐴

2
2

(𝑓2 − 𝑓1)3

)︂
𝜃3 ∧ 𝜃5 −

(︂
𝐶2

𝑓2 − 𝑓1
− 𝑒2𝐴

2
2

(𝑓2 − 𝑓1)2

)︂
𝜃4 ∧ 𝜃5.

2. 𝐻-spaces (𝐻41, 𝑔) of constant curvature.

Theorem 1. The necessary and sufficient condition for an ℎ-space (𝐻41, 𝑔) of type {41} to be a space

of constant curvature 𝐾: Ω𝑖𝑗 = 𝐾𝜃𝑖 ∧ 𝜃𝑗, is 𝐾1312 = 0, which is equivalent to

𝐷 ≡ 𝑒1𝐴
2
1

2
− 𝑒2𝐴

2
2

(𝑓2 − 𝑓1)3
= 0, (13)

moreover, 𝐾𝑖𝑗𝑘𝑙 = 0, 𝜌𝑖𝑗 = 0 for all (𝑖𝑗) and (𝑘𝑙) ̸= (𝑖𝑗), that is Ω𝑖𝑗 = 0, and any ℎ-space 𝐻41 of type

{41} of constant curvature is flat.

P r o o f. We write the curvature 2-form as

Ω𝑖𝑗 ≡
∑︁
(𝑘𝑙)

𝐾𝑖𝑗𝑘𝑙𝜃𝑘 ∧ 𝜃𝑙 (𝑘, 𝑙 = 1, ..., 5, 𝑘 < 𝑙) (14)

and put 𝐾𝑖𝑗𝑖𝑗 ≡ 𝜌𝑖𝑗 , then the formula (14) takes the form

Ω𝑖𝑗 = 𝜌𝑖𝑗𝜃𝑖 ∧ 𝜃𝑗 +
∑︁

(𝑘𝑙)̸=(𝑖𝑗)

𝐾𝑖𝑗𝑘𝑙𝜃𝑘 ∧ 𝜃𝑙 (𝑖, 𝑗, 𝑘, 𝑙 = 1, ..., 5, 𝑖 < 𝑗, 𝑘 < 𝑙),

where, by virtue of (12),

𝜌12 = − 𝑒2𝐴
2
2

(𝑓2 − 𝑓1)2
= 𝜌13 = 𝜌14 = 𝜌23 = 𝜌24 = 𝜌34, (15)

𝜌15 = − 𝐶2

𝑓2 − 𝑓1
+

𝑒2𝐴
2
2

(𝑓2 − 𝑓1)2
= 𝜌25 = 𝜌35 = 𝜌45,

and among the coefficients 𝐾𝑖𝑗𝑘𝑙 for (𝑘𝑙) ̸= (𝑖𝑗) are nonzero only

𝐾1312 =
𝑒1𝐴

2
1

2
− 𝑒2𝐴

2
2

(𝑓2 − 𝑓1)3
, 𝐾1412 = −𝐶1 −

𝑒2𝐴
2
2

(𝑓2 − 𝑓1)4
,
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𝐾1413 = 𝐾1312 = 𝐾2313, 𝐾2413 = 𝐾1412, 𝐾2414 = 𝐾1312 = 𝐾2423,

𝐾2515 = − 𝐶2

(𝑓2 − 𝑓1)2
+

2𝑒2𝐴
2
2

(𝑓2 − 𝑓1)3
, 𝐾3414 = 𝐾1412,

𝐾3515 = − 𝐶2

(𝑓2 − 𝑓1)3
− 𝑒1𝐴

2
1

2(𝑓2 − 𝑓1)
+

3𝑒2𝐴
2
2

(𝑓2 − 𝑓1)4
, (16)

𝐾3525 = 𝐾2515, 𝐾4525 = 𝐾3515, 𝐾4535 = 𝐾2515,

𝐾4515 =
𝐶1

𝑓2 − 𝑓1
− 𝐶2

(𝑓2 − 𝑓1)4
− 𝑒1𝐴

2
1

2(𝑓2 − 𝑓1)2
+

4𝑒2𝐴
2
2

(𝑓2 − 𝑓1)5
,

Equating 𝐾𝑖𝑗𝑘𝑙 with (𝑘, 𝑙) ̸= (𝑖, 𝑗), 𝑖, 𝑗, 𝑘, 𝑙 = 1, ..., 5, to zero, we get the following five conditions:

𝑒1𝐴
2
1

2
− 𝑒2𝐴

2
2

(𝑓2 − 𝑓1)3
≡ 𝐷 = 0, (17)

− 𝐶1 −
𝑒2𝐴

2
2

(𝑓2 − 𝑓1)4
= 0, (18)

− 𝐶2

(𝑓2 − 𝑓1)2
+

2𝑒2𝐴
2
2

(𝑓2 − 𝑓1)3
= 0, (19)

− 𝐶2

(𝑓2 − 𝑓1)3
− 𝑒1𝐴

2
1

2(𝑓2 − 𝑓1)
+

3𝑒2𝐴
2
2

(𝑓2 − 𝑓1)4
= 0, (20)

𝐶1

𝑓2 − 𝑓1
− 𝐶2

(𝑓2 − 𝑓1)4
− 𝑒1𝐴

2
1

2(𝑓2 − 𝑓1)2
+

4𝑒2𝐴
2
2

(𝑓2 − 𝑓1)5
= 0. (21)

Given the formulas (10), (11) and (5), the equation (17) becomes

4𝑒1𝜀
2

(𝑓2 − 𝑓1)𝐴2
− 𝑒2(𝑓

′
2)

2

2(𝑓2 − 𝑓1)7
= 0

where 𝑓 ′2 = 𝑑𝑓2/𝑑𝑥
5. Differentiating it with respect to 𝑥3, we find 𝜀 = 0, after that from (13) we get

𝑓 ′2 = 0, it follows 𝐴1 = 𝐴2 = 0, 𝐶1 ≡ 𝑒1𝑌4(𝐴1) = 0, 𝐶2 ≡ 𝑒2𝑌5(𝐴2) = 0. In this case, the conditions (17)-

(21) are carried out identically, moreover, 𝜌𝑖𝑗 ≡ 0 for all 𝑖, 𝑗 = 1, ...5. Hence, Ω𝑖𝑗 = 0 for all 𝑖, 𝑗 = 1, ...5,

therefore 𝐾 = 0, and ℎ-space (𝐻41, 𝑔) is flat. Q.E.D.

3. Integrability conditions of the Eisenhart equation.

Theorem 2. Any solution (𝑘, 𝑔, 𝜓) of the Eisenhart equation

∇𝑘(𝑌,𝑍,𝑊 ) = 2𝑔(𝑌,𝑍)𝑊𝜓 + 𝑔(𝑊,𝑍)𝑌 𝜓 + 𝑔(𝑌,𝑊 )𝑍𝜓,

which is equivalent after change 𝑘 = 𝑏+ 2𝜓𝑔 to the equation

∇𝑏(𝑌,𝑍,𝑊 ) = 𝑔(𝑊,𝑍)𝑌 𝜓 + 𝑔(𝑌,𝑊 )𝑍𝜓, (22)

in ℎ-space (𝐻41, 𝑔) of type {41} of non-constant curvature satisfies the condition

𝜓 = 𝑐1

(︂
2𝑓1 +

1

2
𝑓2

)︂
+ const = 𝑐1𝜙+ const, (23)

where the function 𝜙 is defined by the relation (10), and 𝑐1 is an arbitrary constant.

P r o o f. In view of the invariance of the quantities 𝑓𝑖 and the tensor nature of the equality (23),

it suffices to prove it in the canonical skew-frame (5), where the equation (22) takes the form

𝑑𝑏̄𝑝𝑞 +

5∑︁
ℎ=1

𝑒ℎ

(︁
𝑏̄ℎ𝑞𝜔𝑝ℎ̃ + 𝑏̄𝑝ℎ𝜔𝑞ℎ̃

)︁
= (𝑌𝑞𝜓)𝜃𝑝 + (𝑌𝑝𝜓)𝜃𝑞, (24)
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here 𝜔𝑝ℎ̃ is defined by the formulas (9), and 𝑏̄𝑝𝑞 are the components of the tensor 𝑏 in the skew-frame

(5).

By differentiating the Eisenhart equation (24), we obtain its integrability conditions:

𝑏̄𝑝ℎΩ
ℎ
𝑞 + 𝑏̄ℎ𝑞Ω

ℎ
𝑝 = 𝜓𝑝ℎ𝜃

ℎ ∧ 𝜃𝑞 + 𝜓ℎ𝑞𝜃
ℎ ∧ 𝜃𝑝, (25)

where Ωℎ𝑝 = 𝑒ℎΩℎ̃𝑝, 𝜓𝑝ℎ ≡ −𝑌ℎ𝑌𝑝𝜓 − 𝛾𝑙𝑝ℎ𝑌𝑙𝜓 = 𝜓ℎ𝑝. By equating the coefficients for identical basic

2-forms 𝜃𝛼 ∧ 𝜃𝛽 left and right in (25), for (𝑝𝑞) = (13) and (𝛼𝛽) = (24) we find(︂
𝑒1𝐴

2
1

2
− 𝑒2𝐴

2
2

(𝑓2 − 𝑓1)3

)︂
𝑏̄11 = 0.

If 𝑏̄11 ̸= 0, then it follows (13), and, by Theorem 1, (𝐻41, 𝑔) is a space of constant curvature. As this

contradicts the assumption, we have 𝑏̄11 = 0. We similarly get

𝑏̄12 = 𝑏̄13 = 𝑏̄15 = 𝑏̄22 = 𝑏̄25 = 𝑏̄34 = 𝑏̄35 = 𝑏̄44 = 𝑏̄45 = 0. (26)

From the equation (24), where 𝜔ℎ𝑠 are defined by the formulas (9), (10) and (5), for (𝑝𝑞) =

(11), (12), (33), (34) and (35), using the equalities (26) and considering that 𝜉
4

4 ̸= 0, 𝜉
5

5 ̸= 0, we find

𝜉
1

1𝜕1𝜓 = 0, 𝜉
2

1𝜕1𝜓 + 𝜉
2

2𝜕2𝜓 = 0, 𝜉
3

1𝜕1𝜓 + 𝜉
3

2𝜕2𝜓 + 𝜉
3

3𝜕3𝜓 = 0, (27)

𝑌𝑖𝑏̄33 = 0 (𝑖 = 1, ..., 5), (28)

𝜕4𝜓 = 2𝑒1𝑏̄33𝑓
′
1, (29)

𝜕5𝜓 =
1

2
𝑒1𝑏̄33𝑓

′
2. (30)

From the equation (27) we derive 𝜓 = 𝜓(𝑥4, 𝑥5) by using the formulas (5). Then from the equation

(28) it follows 𝑏̄33 = 𝑒1𝑐1 = 𝑐𝑜𝑛𝑠𝑡. By integrating the equations (29) and (30), we obtain

𝜓 = 𝑐1

(︂
2𝑓1 +

𝑓2
2

)︂
+ const = 𝑐1𝜙+ 𝑐𝑜𝑛𝑠𝑡.

Q.E.D.

4. Main theorems.

Theorem 3. Any covariantly constant symmetric tensor 𝑏𝑖𝑗 in ℎ-space (𝐻41, 𝑔) of type {41} of non-
constant curvature is proportional to the metric tensor:

𝑏𝑖𝑗 = 𝑐2𝑔𝑖𝑗 (𝑐2 = 𝑐𝑜𝑛𝑠𝑡).

P r o o f. In the skew-normal frame (5) the equation 𝑏𝑖𝑗,𝑘 = 0 takes the form

𝑑𝑏̄𝑝𝑞 +

5∑︁
ℎ=1

𝑒ℎ

(︁
𝑏̄ℎ𝑞𝜔𝑝ℎ̃ + 𝑏̄𝑝ℎ𝜔𝑞ℎ̃

)︁
= 0. (31)

The integrability conditions for the equations (31) are obtained from (25) for 𝜓 = 𝑐𝑜𝑛𝑠𝑡 and have

the form

𝑏̄𝑝ℎΩ
ℎ
𝑞 + 𝑏̄ℎ𝑞Ω

ℎ
𝑝 = 0. (32)

Hence, as in the previous case, we obtain the equalities (26) in ℎ-space (𝐻41, 𝑔) of non-constant

curvature. From (32) for (𝑝𝑞) = (14), (33) it follows 𝐷𝑏̄24 = 𝐷𝑏̄33 = 0, and since in ℎ-space (𝐻41, 𝑔)

of non-constant curvature 𝐷 ̸= 0, then 𝑏̄24 = 𝑏̄33 = 0. From (31) for (𝑝𝑞) = (14), (23), (55) we find

𝑑𝑏̄14 = 0, 𝑑𝑏̄23 = 0 and 𝑑𝑏̄55 = 0, whence it follows that 𝑏̄14, 𝑏̄23 and 𝑏̄55 are constant.
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From (32) for (𝑝𝑞) = (13) we find

𝐷(𝑏̄14 − 𝑏̄23) = 0,

from here for 𝐷 ̸= 0 we have 𝑏̄14 = 𝑏̄23, after that from (31) for (𝑝𝑞) = (45) we derive

(𝑒2𝑏̄55 − 𝑒1𝑏̄14)𝐴2 = 0,

(𝑒2𝑏̄55 − 𝑒1𝑏̄14)𝐴1 = 0.

If (𝑒2𝑏̄55 − 𝑒1𝑏̄14) ̸= 0 then 𝐴1 = 𝐴2 = 0; this implies (13) and by Theorem 1 (𝐻41, 𝑔) has constant

curvature, which contradicts the assumption. Therefore, 𝑒1𝑏̄14 = 𝑒1𝑏̄23 = 𝑒2𝑏̄55. Putting 𝑏̄14 = 𝑒1𝑐2 we

find finally 𝑏̄𝑝𝑞 = 𝑐2𝑔𝑝𝑞, where (𝑔𝑝𝑞) is defined by (6). Q.E.D.

Since the vector field 𝑋 is an affine motion in (𝐻41, 𝑔), if and only if (𝐿𝑋𝑔),𝑘 = 0, then the theorem

(3) implies

Theorem 4. Every affine motion 𝑋 in an ℎ-space (𝐻41, 𝑔) of type {41} of non-constant curvature is
an infinitesimal homothety: 𝐿𝑋𝑔 = 𝑐𝑔, 𝑐 = const.

Since any two solutions ℎ1 and ℎ2 of the Eisenhart equation (3) with the same right-hand side can

differ only by the covariantly constant tensor 𝑏, from the theorem 2 and the linearity of the equation

(3) it follows that the general solution of the Eisenhart equation in an ℎ-space (𝐻41, 𝑔) of non-constant

curvature can be written in the form 𝑐1ℎ+ 𝑏 or, by virtue of the theorem 3, in the form 𝑐1ℎ+ 𝑐2𝑔, where

ℎ = 𝑎 + 2𝜙𝑔, 𝑔 and 𝑎 are defined in the skew-normal frame (5) by canonical forms (6) [4], 𝑐1, 𝑐2 are

constant. From here it follows

Theorem 5. A vector field 𝑋 is a projective motion in an ℎ-space (𝐻41, 𝑔) of non-constant curvature

if and only if

𝐿𝑋𝑔 = 𝑐1ℎ+ 𝑐2𝑔 ≡ 𝑐1(𝑎+ 2𝜙𝑔) + 𝑐2𝑔,

where 𝜙 is the defining function of the projective motion 𝑋, 𝑔 and 𝑎 are defined in the skew-normal

frame (5) by canonical forms (6), 𝑐1, 𝑐2 are arbitrary constants.

Theorem 5 implies

Theorem 6. If an ℎ-space (𝐻41, 𝑔) of type {41} of non-constant curvature admits a 𝑟-dimensional

non-homothetic projective Lie algebra 𝑃𝑟, then this algebra contains a (𝑟 − 1)-dimensional homothetic

subalgebra.

P r o o f. If (𝑋1, . . . , 𝑋𝑟) is the basis of the Lie algebra 𝑃𝑟, then 𝐿𝑋𝑠𝑔 = 𝑐
𝑠
1ℎ+ 𝑐

𝑠
2𝑔, 𝑠 = 1, . . . , 𝑟,

where one of the constants 𝑐
𝑠
1, for example, 𝑐

1
1 is nonzero (otherwise 𝑃𝑟 consists of homotheties). In the

new basis 𝑍1 = 𝑋1, 𝑍𝜏 = 𝑐
1
1𝑋𝜏 − 𝑐

𝜏
1𝑋1 we have 𝐿𝑍𝜏 𝑔 = (𝑐

1
1 𝑐
𝜏
2 − 𝑐

1
2 𝑐
𝜏
1)𝑔, 𝜏 = 2, . . . , 𝑟. Q.E.D.
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