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SU(N) – СИММЕТРИЧНЫЙ ДИНАМИЧЕСКИЙ ЭФИР: ОБЩИЙ ФОРМАЛИЗМ
И ГИПОТЕЗА О СПОНТАННОЙ ЦВЕТОВОЙ ПОЛЯРИЗАЦИИ

Построено SU(N)-симметричное обобщение модели электро-магнито-активного динамического эфира. Дан-
ное обобщение основано на введении калибровочного поля Янга-Миллса вместо поля Максвелла, а также
SU(N)-мультиплета векторных полей вместо векторного синглета. В рамках версии второго порядка эф-
фективной теории поля данное обобщение включает три конституционных тензора, которые являются
SU(N)-расширением тензоров, возникающих в эфирной теории Эйнштейна-Максвелла; мы построили пол-
ноформатный набор для этих тензорных объектов. С помощью вариационной процедуры получена полная
самосогласованная система основополагающих уравнений для калибровочного, векторных и гравитаци-
онного полей. Общая модель SU(N)-симметричного динамического эфира редуцирована к расширенной
эфирной модели Эйнштейна-Янга-Миллса с помощью анзаца о спонтанной цветовой поляризации вектор-
ных полей. Фактически, данный анзац требует, чтобы векторные поля, образующие SU(N)-мультиплет,
выстроились параллельно в групповом (цветовом) пространстве вследствие некоторого фазового перехо-
да, и чтобы появилось новое выделенное направление в этом групповом пространстве, превращая его в
анизотропное цветовое пространство.
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1. Introduction

The term dynamic aether is associated with the modification of the theory of gravity, which is
based on the introduction of a time-like unit dynamic vector field 𝑈 𝑖 interpreted as the velocity four-
vector of some global substratum, the aether. In this sense, the Einstein-aether theory [1–10] belongs
to the class of vector-tensor theories of gravity, which forms the corresponding branch in the modern
science entitled as Modified Theories of Gravity (see, e.g., [11, 12]). The vector field 𝑈 𝑖 is unit and
time-like, 𝑔𝑖𝑘𝑈 𝑖𝑈𝑘 = 1 > 0, since the Einstein-aether theory is considered as a realization of the
idea of a preferred frame of reference [13–15], associated with a world-line congruence, for which the
corresponding time-like velocity four-vector is the tangent vector. The vector field 𝑈 𝑖 is indicated as
the dynamic one, since the Lagrangian of the theory contains quadratic combinations of the covariant
derivative ∇𝑘𝑈𝑖, and, correspondingly, the master equations for the vector field are of the second order
in derivatives [1]. There are three extensions of the Einstein-aether theory. The first extension deals
with supplementary pseudoscalar field and is indicated as Einstein-aether-axion model [16]. The second
extension includes the electromagnetic field and is entitled as Einstein-Maxwell-aether theory [17]. The
third extension is the Einstein-Maxwell-aether-axion theory [18]. In these extended theories the dynamic
aether is considered as a quasi-medium, and the unit vector field 𝑈 𝑖 plays the role of the global velocity
of this quasi-medium. Since, generally, the velocity field is non-uniform, various effects induced in the
dynamic aether are predicted based on the analogy with electrodynamic phenomena in classical moving
media (see, e.g., the review [19], and [20–23]). The Einstein-Maxwell-aether theory uses two vector fields:
the first one is the unit dynamic vector field 𝑈 𝑖; the second is presented by the electromagnetic potential
four-(co)vector, 𝐴𝑖. Only the skew-symmetric part of the derivative of the potential, 𝐹𝑖𝑘 = ∇𝑖𝐴𝑘−∇𝑘𝐴𝑖,

1E-mail: alexander.balakin@kpfu.ru
2E-mail: andreyanov.alexey.27@gmail.com



SU(N) – симметричный динамический эфир: общий формализм и гипотеза о спонтанной цветовой поляризации 37

the Maxwell tensor, enters the Lagrangian of the Einstein-Maxwell-aether theory [17]; the four-vector
𝐴𝑖 itself does not appear in the Lagrangian thus providing the 𝑈(1)-gauge invariance of the theory.

The next step, which we do, is the SU(N) - symmetric generalization of the dynamic aether theory.
This step is motivated by the fact that the relativistic cosmology and astrophysics offer a lot of interesting
problems appropriated just for the theory of non-Abelian gauge fields (see, e.g., the review [24]). Clearly,
the non-Abelian version of the dynamic aether theory also could attract the attention of physicists. We
consider now the full-format SU(N)-symmetric dynamic aether, i.e., we introduce the Yang-Mills gauge
field instead of the U(1)-symmetric Maxwell field, and the multiplet of vector fields {𝑈 𝑖(𝑎)} instead of
the single vector field 𝑈 𝑖. Then, in order to return to the paradigm of global velocity field of the aether,
we use the idea of spontaneous color polarization mechanism, which reduces the color multiplet {𝑈 𝑖(𝑎)}
to the product 𝑈 𝑖(𝑎) = 𝑞(𝑎)𝑈 𝑖, which contains the velocity four-vector 𝑈 𝑖 and the multiplet of scalars
𝑞(𝑎) forming the vector in the group space (for the sake of simplicity, below we use the term color vector
for this vector in the group space). Clearly, this is the idea of formation of the set of vector fields parallel
in the group space. Such idea is similar to the one used for the gauge potentials (see, e.g., [25–27]).
Parallel vector fields 𝑈 𝑖(𝑎) = 𝑞(𝑎)𝑈 𝑖 could appear as a result of some phase transition. Let us emphasize,
that mentioned spontaneous color polarization involves the multiplet of vector fields; the gauge field
can remain the non-Abelian one, or can be also exposed by parallelization. In the last situation the
gauge potentials 𝐴(𝑏)

𝑚 convert into the quasi-Abelian set of parallel potentials 𝐴(𝑏)
𝑚 = 𝑄(𝑏)𝐴𝑚. The color

vectors 𝑞(𝑎) and 𝑄(𝑎) can coincide or can be different; however, in any cases the group space becomes
anisotropic. Based on the analogy with electrodynamics of continuous media [28,29], one can indicate the
model with only one color vector (𝑞(𝑎), or 𝑄(𝑎), or 𝑞(𝑎) = 𝑄(𝑎)) as the model with uni-axial color space;
respectively, the model with 𝑞(𝑎) ̸= 𝑄(𝑎) can be indicated as the bi-axial one. In the framework of the
non-minimal Einstein-Yang-Mills-Higgs theory the anisotropic color spaces were considered in [30–33];
in that models the anisotropy of the group space was assumed to be induced by the multiplet of Higgs
scalar fields Φ(𝑎), and now such anisotropy is connected with the multiplet of vector fields 𝑈 𝑖(𝑎).

The purpose of this paper is to formulate the mathematical foundations of the new theory, which
describes the SU(N)-symmetric dynamic aether. The paper is organized as follows. In Section 2 we
recall the basic formalism of the Einstein-aether and of the Einstein-Maxwell-aether theories. Section
3 contains the basic elements of the formalism of the SU(N)-symmetric model. In Section 4 we discuss
the simplest version of the SU(N)-symmetric dynamic aether theory, namely, the Einstein-Yang-Mills-
aether model, in which the vector field 𝑈 𝑖 is single, and the group space is isotropic. In Section 5 we
establish the full-format theory of the SU(N)-symmetric dynamic aether, and reconstruct three basic
color constitutive tensors, which appear in the framework of the second order version of the effective
field theory [34, 35]. In Section 6 we discuss the formalism of spontaneous color polarization and its
consequence for the structure of the reduced master equations. Conclusions are presented in Section 7.

2. Preamble

2.1. Formalism of the Einstein-aether theory

The Einstein-aether theory is based on the action functional

𝑆(EA) =

∫︁
𝑑4𝑥
√
−𝑔

{︂
1

2𝜅

[︀
𝑅+ 2Λ + 𝜆 (𝑔𝑚𝑛𝑈

𝑚𝑈𝑛 − 1) +𝐾𝑖𝑗𝑚𝑛∇𝑖𝑈𝑚∇𝑗𝑈𝑛

]︀}︂
, (1)

(see, e.g., [1]). Here three standard elements of the Einstein-Hilbert action are introduced, namely, the
determinant of the metric 𝑔=det(𝑔𝑖𝑘), the Ricci scalar 𝑅, the cosmological constant Λ. There are also
two new terms involving the vector field 𝑈 𝑖. The first term 𝜆 (𝑔𝑚𝑛𝑈

𝑚𝑈𝑛−1) guarantees that the 𝑈 𝑖 is
normalized to one. The second term 𝐾𝑖𝑗𝑚𝑛 ∇𝑖𝑈𝑚 ∇𝑗𝑈𝑛 is quadratic in the covariant derivative ∇𝑖𝑈𝑚

of the vector field; the constitutive tensor 𝐾𝑖𝑗𝑚𝑛 is constructed using the metric tensor 𝑔𝑖𝑗 and the
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velocity four-vector 𝑈𝑘 as follows:

𝐾𝑖𝑗𝑚𝑛=𝐶1𝑔
𝑖𝑗𝑔𝑚𝑛+𝐶2𝑔

𝑖𝑚𝑔𝑗𝑛+𝐶3𝑔
𝑖𝑛𝑔𝑗𝑚+𝐶4𝑈

𝑖𝑈 𝑗𝑔𝑚𝑛 . (2)

Four parameters 𝐶1, 𝐶2, 𝐶3 and 𝐶4 are the Jacobson constants [1–3].
The action functional (1) contains three quantities attributed for variation procedure: the Lagrange

multiplier 𝜆, the vector field 𝑈 𝑖 and the space-time metric 𝑔𝑖𝑗 . The variation with respect to 𝜆 yields
the normalization condition for the time-like vector field 𝑈𝑘.

𝑔𝑚𝑛𝑈
𝑚𝑈𝑛 = 1 . (3)

The result of variation of the functional (1) with respect to 𝑈 𝑖 can be written in the form

∇𝑚𝒥𝑚𝑛
(A) − 𝐼

𝑛
(A) = 𝜆 𝑈𝑛 , (4)

where
𝒥𝑚𝑛
(A) = 𝐾𝑙𝑚𝑠𝑛∇𝑙𝑈𝑠 , (5)

𝐼𝑛(A) =
1

2
∇𝑙𝑈𝑠∇𝑚𝑈𝑗

𝛿𝐾𝑙𝑠𝑚𝑗

𝛿𝑈𝑛
= 𝐶4𝑈

𝑝∇𝑝𝑈𝑚∇𝑛𝑈𝑚 . (6)

Convolution of (4) with the velocity four-vector gives the Lagrange multiplier

𝜆 = 𝑈𝑛

[︁
∇𝑚𝒥𝑚𝑛

(A) − 𝐼
𝑛
(A)

]︁
. (7)

Excluding 𝜆 from (4) we obtain
∆𝑗

𝑛

[︁
∇𝑚𝒥𝑚𝑛

(A) − 𝐼
𝑛
(A)

]︁
= 0 , (8)

where ∆𝑗
𝑛 is the projector ∆𝑗

𝑛 ≡ 𝛿𝑗𝑛−𝑈𝑛𝑈
𝑗 .

The variation of the action (1) with respect to the metric gives the gravitational field equations in
the form

𝑅𝑖𝑘 −
1

2
𝑅 𝑔𝑖𝑘 − Λ𝑔𝑖𝑘 = 𝑇

(U)
𝑖𝑘 . (9)

The term 𝑇
(U)
𝑖𝑘 presents the stress-energy tensor of the of the vector field 𝑈 𝑖:

𝑇
(U)
𝑖𝑘 = 𝐶1 (∇𝑚𝑈𝑖∇𝑚𝑈𝑘−∇𝑖𝑈𝑚∇𝑘𝑈

𝑚)+𝐶4𝑈
𝑝∇𝑝𝑈𝑖𝑈

𝑞∇𝑞𝑈𝑘+

+
1

2
𝑔𝑖𝑘𝒥 𝑎𝑚

(A)∇𝑎𝑈𝑚+∇𝑚
[︁
𝑈(𝑖𝒥

(A)
𝑘)𝑚

]︁
−∇𝑚

[︁
𝒥 (A)
𝑚(𝑖𝑈𝑘)

]︁
−∇𝑚

[︁
𝒥 (A)
(𝑖𝑘)𝑈

𝑚
]︁
+𝑈𝑖𝑈𝑘𝑈𝑛

[︁
∇𝑚𝒥𝑚𝑛

(A)−𝐼
𝑛
(A)

]︁
, (10)

where 𝑝(𝑖𝑞𝑘)≡ 1
2 (𝑝𝑖𝑞𝑘+𝑝𝑘𝑞𝑖) denotes symmetrization. The tensor 𝑇 (U)

𝑖𝑘 disappears when the motion of the
aether is uniform, i.e., ∇𝑖𝑈𝑘=0.

Remark
As usual, here we omit the terms of the type Ψ𝑘𝑈𝑛∇𝑘𝑈𝑛, which could be introduced, formally
speaking, into the action functional (1) (Ψ𝑚 is arbitrary function of 𝑈 𝑗 and ∇𝑗𝑈

𝑠). In the framework
of Einstein-aether and Einstein-Maxwell-aether theories, such terms after integration by parts can be
reduced to − 1

2 (𝑔𝑚𝑛𝑈
𝑚𝑈𝑛 − 1)∇𝑘Ψ

𝑘. Clearly, this leads to the redefinition of the Lagrange multiplier
𝜆 → 𝜆*=𝜆− 1

2∇𝑘Ψ
𝑘, only, i.e., the master equations keep the form. Below we will show that in the

theories with SU(N) symmetry the terms of the mentioned type can not be neglected.

2.2. Formalism of the Einstein-Maxwell-aether theory

2.2.1 The Lagrangian

The U(1)-symmetric extension of the Einstein-aether theory is associated with introduction of
the gauge invariant Maxwell tensor 𝐹𝑖𝑘 into the action functional. The Maxwell tensor is the skew-
symmetrized derivative of the potential four-vector

𝐹𝑖𝑘=∇𝑖𝐴𝑘−∇𝑘𝐴𝑖 . (11)
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We consider now the terms of the second order in the derivatives according to the principles of effective
field theories (see, e.g., [34, 35]); this means that we can use the second-order terms of three types:
quadratic in the covariant derivative of the vector field, quadratic in the Maxwell tensor, and cross-
terms containing the product of mentioned tensors. The corresponding new contributions into the action
functional (additional to (1)) are

𝑆(EM) =

∫︁
𝑑4𝑥
√
−𝑔

{︂
1

2
𝐴𝑚𝑛𝑖𝑘𝐹𝑖𝑘∇𝑚𝑈𝑛 +

1

4
𝐶𝑖𝑘𝑚𝑛𝐹𝑖𝑘𝐹𝑚𝑛

}︂
. (12)

Here the coefficients 𝐴𝑖𝑘𝑝𝑞 describe effects of spontaneous polarization-magnetization induced by the
dynamic aether. The representation of the tensor 𝐴𝑚𝑛𝑖𝑘 is discussed in [17]; it can be reconstructed using
the metric 𝑔𝑖𝑘, the covariant constant Kronecker tensors (𝛿𝑖𝑘, 𝛿

𝑖𝑘
𝑎𝑏 and higher order Kronecker tensors),

the Levi-Civita tensor 𝜖𝑖𝑘𝑎𝑏, the unit vector field 𝑈𝑘, and a pair of coupling constants. The coupling
constants 𝜋1 and 𝜇1 were interpreted in [17] as coefficients describing the polarization and magnetization
of the aether, which are induced by the aether non-uniform motion. Keeping in mind further SU(N)
generalization of the Einstein-Maxwell-aether theory, we consider here the following motives for the
Lagrangian decomposition.

First, there are three irreducible invariants linear in the Maxwell tensor 𝐹𝑖𝑘 and linear in the tensor
∇𝑚𝑈𝑛, which are constructed using metric 𝑔𝑗𝑠 and 𝑈 𝑙

𝑔𝑖𝑚𝑔𝑘𝑛𝐹𝑖𝑘∇𝑚𝑈𝑛 , 𝑔𝑖𝑛𝑈𝑘𝑈𝑚𝐹𝑖𝑘∇𝑚𝑈𝑛 , 𝑔𝑖𝑚𝑈𝑘𝑈𝑛𝐹𝑖𝑘∇𝑚𝑈𝑛 . (13)

The last invariant (see Remark) can be reduced to − 1
2 (𝑔𝑚𝑛𝑈

𝑚𝑈𝑛 − 1)∇𝑖(𝐹
𝑖𝑘𝑈𝑘) using the integration

by parts. In other words, we deal again with the redefinition of the Lagrange multiplier.

Second, we can introduce two coupling parameters 𝜔1 and 𝜔2 and can write

1

2
𝐴𝑚𝑛𝑖𝑘𝐹𝑖𝑘∇𝑚𝑈𝑛 =

1

2
𝐹𝑖𝑘

(︀
𝜔1𝑔

𝑖𝑚𝑔𝑘𝑛 + 𝜔2𝑔
𝑖𝑛𝑈𝑘𝑈𝑚

)︀
∇𝑚𝑈𝑛 . (14)

Similarly, there are only two irreducible terms containing the Maxwell tensor in square in composition
with metric and the velocity four-vector:

𝑔𝑖𝑚𝑔𝑘𝑛𝐹𝑖𝑘𝐹𝑚𝑛 , 𝑔𝑖𝑚𝑈𝑘𝑈𝑛𝐹𝑖𝑘𝐹𝑚𝑛 . (15)

The corresponding term in the Lagrangian is of the form

1

4
𝐶𝑖𝑘𝑚𝑛𝐹𝑖𝑘𝐹𝑚𝑛 =

1

4𝜇

[︀
𝐹𝑖𝑘𝐹

𝑖𝑘+2(𝜀𝜇−1)𝐹𝑖𝑚𝑈
𝑚𝐹 𝑖𝑛𝑈𝑛

]︀
. (16)

According to the standard interpretation, 𝜀 is the the dielectric permittivity of the aether, and 𝜇 is the
magnetic permeability. The linear response tensor 𝐶𝑖𝑘𝑚𝑛 can be written in the form

𝐶𝑖𝑘𝑚𝑛 =
1

2𝜇

[︀
𝑔𝑖𝑚𝑔𝑘𝑛−𝑔𝑖𝑛𝑔𝑘𝑚 + (𝜀𝜇−1)

(︀
𝑔𝑖𝑚𝑈𝑘𝑈𝑛−𝑔𝑖𝑛𝑈𝑘𝑈𝑚+𝑔𝑘𝑛𝑈 𝑖𝑈𝑚−𝑔𝑘𝑚𝑈 𝑖𝑈𝑛

)︀]︀
, (17)

or equivalently,

2𝐶𝑖𝑘𝑚𝑛 = 𝜀𝑔𝑖𝑘𝑚𝑛 +

(︂
1

𝜇
− 𝜀
)︂
∆𝑖𝑘𝑚𝑛 , (18)

where the auxiliary tensors are defined as follows:

𝑔𝑚𝑛𝑝𝑞 ≡ 𝑔𝑚𝑝𝑔𝑛𝑞−𝑔𝑚𝑞𝑔𝑛𝑝 , ∆𝑚𝑛𝑝𝑞 ≡ ∆𝑚𝑝∆𝑛𝑞−∆𝑚𝑞∆𝑛𝑝 . (19)

In these terms the tensor 𝐴𝑚𝑛𝑖𝑘 has the form

𝐴𝑚𝑛𝑖𝑘 =
1

2
(𝜔2 − 𝜔1)𝑔

𝑖𝑘𝑛𝑙𝑈𝑚𝑈𝑙 +
1

2
𝜔1∆

𝑖𝑘𝑚𝑛 , (20)
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i.e., the constants 𝜋1 and 𝜇1 introduced in [17] are connected with 𝜔1 and 𝜔2 as follows: 𝜋1 = 1
2 (𝜔2−𝜔1),

𝜇1 = − 1
2𝜔1.

The total action functional of the Einstein-Maxwell-aether theory in the second order of the effective
field theory is the sum 𝑆(EMA) = 𝑆(EA) + 𝑆(EM):

𝑆(EA) =

∫︁
𝑑4𝑥
√
−𝑔

{︂
1

2𝜅

[︀
𝑅+ 2Λ + 𝜆 (𝑔𝑚𝑛𝑈

𝑚𝑈𝑛 − 1) +𝐾𝑖𝑗𝑚𝑛∇𝑖𝑈𝑚∇𝑗𝑈𝑛

]︀
+

+
1

2
𝐴𝑚𝑛𝑖𝑘𝐹𝑖𝑘∇𝑚𝑈𝑛 +

1

4
𝐶𝑖𝑘𝑚𝑛𝐹𝑖𝑘𝐹𝑚𝑛

}︂
, (21)

and now we are ready to start the variation procedure.

2.2.2 Electrodynamic equations

The electrodynamic equations is the result variation of the total action functional with respect to
the electromagnetic potential four-vector 𝐴𝑖. This result can be written as follows:

∇𝑘𝐻
𝑖𝑘 = 0 , 𝐻𝑖𝑘 = ℋ𝑖𝑘 + 𝐶𝑖𝑘𝑚𝑛𝐹𝑚𝑛 , (22)

where 𝐻𝑖𝑘 is the excitation tensor linear in the Maxwell tensor, and the tensor

ℋ𝑖𝑘 = 𝐴𝑚𝑛𝑖𝑘∇𝑚𝑈𝑛 (23)

describes the spontaneous polarization-magnetization of the non-uniformly moving aether. Also, we have
to add the relationships

∇𝑘𝐹
*𝑖𝑘 = 0 , (24)

where the asterisk indicates the standard dualization procedure

𝐹 *𝑖𝑘 =
1

2
𝜖𝑖𝑘𝑚𝑛𝐹𝑚𝑛 . (25)

Here 𝜖𝑖𝑘𝑚𝑛=E𝑖𝑘𝑚𝑛
√
−𝑔

is the Levi-Civita tensor, E𝑖𝑘𝑚𝑛 is the completely skew-symmetric symbol with
E0123=1.

2.2.3 Dynamic equations of the electromagnetically active aether

The variation of the total action functional with respect to the vector field yields

∇𝑚

[︁
𝒥𝑚𝑛
(A) +𝜅𝒥

𝑚𝑛
(M)

]︁
= 𝐼𝑛(A)+𝜅𝐼

𝑛
(M)+𝜆 𝑈

𝑛 . (26)

Here 𝒥𝑚𝑛
(M) and 𝐼𝑛(M) are given, respectively, by

𝒥𝑚𝑛
(M) =

1

2

[︀
𝜔1𝐹

𝑚𝑛 + 𝜔2𝐹
𝑛𝑘𝑈𝑘𝑈

𝑚
]︀
, (27)

𝐼𝑛(M) ≡
1

2

[︂
𝛿𝐴𝑝𝑞𝑖𝑘

𝛿𝑈𝑛

]︂
𝐹𝑖𝑘∇𝑝𝑈𝑞 +

1

4

[︂
𝛿𝐶𝑖𝑘𝑝𝑞

𝛿𝑈𝑛

]︂
𝐹𝑖𝑘𝐹𝑝𝑞 =

=
1

2
𝜔2

(︀
𝐹 𝑝𝑞𝑈𝑞∇𝑛𝑈𝑝 + 𝐹 𝑝𝑛𝑈 𝑙∇𝑙𝑈𝑝

)︀
+

(︂
𝜀− 1

𝜇

)︂
𝐹 𝑘𝑛𝐹𝑘𝑚𝑈

𝑚 . (28)

The Lagrange multiplier is equal to the sum

𝜆 = 𝑈𝑛

[︁
∇𝑚𝒥𝑚𝑛

(A) − 𝐼
𝑛
(A)

]︁
+ 𝜅𝑈𝑛

[︁
∇𝑚𝒥𝑚𝑛

(M) − 𝐼
𝑛
(M)

]︁
, (29)

and we finally obtain
∆𝑠

𝑛

{︁
∇𝑚

[︁
𝒥𝑚𝑛
(A) +𝜅𝒥

𝑚𝑛
(M)

]︁
−
[︁
𝐼𝑛(A)+𝜅𝐼

𝑛
(M)

]︁}︁
= 0 . (30)
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2.2.4 Master equations for the gravitational field

The variation of the total action functional with respect to the metric 𝑔𝑖𝑘 yields

𝑅𝑖𝑘−
1

2
𝑅 𝑔𝑖𝑘−Λ𝑔𝑖𝑘 = 𝑇

(U)
𝑖𝑘 + 𝜅

[︁
𝑇

(EM)
𝑖𝑘 +𝑇

(EMA)
𝑖𝑘

]︁
. (31)

The term 𝑇
(U)
𝑖𝑘 is already presented above by the formula (10). The term indicated as 𝑇 (EM)

𝑖𝑘 is given by

𝑇
(EM)
𝑖𝑘 =

1

𝜇

{︂[︂
1

4
𝑔𝑖𝑘𝐹𝑚𝑛𝐹

𝑚𝑛−𝐹𝑖𝑚𝐹
𝑚

𝑘

]︂
+

+(𝜀𝜇−1)𝑈𝑝𝑈𝑞

[︂(︂
1

2
𝑔𝑖𝑘−𝑈𝑖𝑈𝑘

)︂
𝐹𝑚

𝑝𝐹𝑚𝑞−𝐹𝑖𝑝𝐹𝑘𝑞

]︂}︂
. (32)

In the vacuum, when 𝜀=𝜇=1, the tensor 𝑇 (EM)
𝑖𝑘 gives the usual Maxwell term. The tensor (32) is

symmetric and traceless, i.e.,
𝑇

(EM)
𝑖𝑘 = 𝑇

(EM)
𝑘𝑖 , 𝑇

(EM)
𝑖𝑘 𝑔𝑖𝑘 = 0 . (33)

The quantity 𝑇 (EMA)
𝑖𝑘 is linear in the Maxwell tensor:

𝑇
(EMA)
𝑖𝑘 =

1

2
∆𝑖𝑘 (𝜔1𝐹

𝑚𝑛 + 𝜔2𝑈
𝑚𝐹𝑛𝑞𝑈𝑞)∇𝑚𝑈𝑛+

+𝜔1𝐹𝑛(𝑖∇𝑘)𝑈
𝑛 − 1

2
𝜔2𝑈𝑖𝑈𝑘𝑈

𝑞𝐹𝑛𝑞𝑈
𝑙∇𝑙𝑈

𝑛+

+
1

2
∇𝑚

{︀
𝜔1𝑈(𝑖𝐹𝑘)𝑚 + 𝜔2𝑈

𝑛
[︀
𝑈𝑖𝑈𝑘𝐹𝑚𝑛 − 𝑈𝑚𝑈(𝑖𝐹𝑘)𝑛

]︀}︀
+

1

2
𝜔1𝑈𝑖𝑈𝑘∇𝑚 (𝐹𝑚𝑛𝑈

𝑛) . (34)

Thus, equations (22), (24) (with (23), (18), (20)), equations (26) (with (27), (28), (29)), and equations
(31) (with (10), (32), (34)) form the self-consistent set of master equations of the Einstein-Maxwell-
aether model, corresponding to the second order of the effective field theory.

3. SU(N) - generalization of the Einstein-Maxwell-aether theory: The formalism

We construct the theory of the SU(N) - symmetric dynamic aether in analogy with the Einstein-
Yang-Mills-Higgs theory. We stress, that in this paper we follow the definitions of the book [36] (see
Section 4.3.), and consider all the fields taking values in the Lie algebra of the gauge group SU(N)
(adjoint representation). Let us describe main mathematical elements of this extended theory.

3.1. Necessary elements of the SU(N) group theory

For the reconstruction of the action functional, we take, first, the quantities t(𝑎), the Hermitian
traceless generators of the SU(N) group; the group index (𝑎) runs from 1 to 𝑁2− 1. The scalar product
of the generators t(𝑎) and t(𝑏) is indicated as(︀

t(𝑎), t(𝑏)
)︀
≡ 2Tr t(𝑎)t(𝑏) ≡ 𝐺(𝑎)(𝑏) . (35)

The commutator of the generators [︀
t(𝑎), t(𝑏)

]︀
= 𝑖𝑓

(𝑐)
(𝑎)(𝑏)t(𝑐) (36)

introduces the structure constants of the gauge group SU(N), 𝑓 (𝑐)(𝑎)(𝑏). These structure constants satisfy
the Jacobi identity

𝑓
(𝑎)
(𝑏)(𝑐)𝑓

(𝑐)
(𝑒)(ℎ) + 𝑓

(𝑎)
(𝑒)(𝑐)𝑓

(𝑐)
(ℎ)(𝑏) + 𝑓

(𝑎)
(ℎ)(𝑐)𝑓

(𝑐)
(𝑏)(𝑒) = 0 . (37)

Also, one can introduce the completely symmetric coefficients 𝑑(𝑐)(𝑎)(𝑏) using the anti-commutator

{︀
t(𝑎), t(𝑏)

}︀
≡ t(𝑎)t(𝑏) + t(𝑏)t(𝑎) =

1

𝑁
𝛿(𝑎)(𝑏)I+ 𝑑

(𝑐)
(𝑎)(𝑏)t(𝑐) (38)
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(see, e.g., [37]), where I is the matrix-unity.
The symmetric tensor 𝐺(𝑎)(𝑏) plays the fundamental role in this theory, it is the metric in the group

space. The generators can be chosen so that the metric is equal to the Kronecker delta; in this sense,
the metric introduces the universal tensor, since the structure of 𝐺(𝑎)(𝑏) depends on the dimension of
the group space, but, in fact, it does not reveal features of SU(2), SU(3), SU(4),.. etc. With this metric
tensor one can introduce the auxiliary quantities

𝑓(𝑐)(𝑎)(𝑏) ≡ 𝐺(𝑐)(𝑑)𝑓
(𝑑)
(𝑎)(𝑏) = −2𝑖 Tr

[︀
t(𝑎), t(𝑏)

]︀
t(𝑐) , (39)

and stress that 𝑓(𝑎)(𝑏)(𝑐) are antisymmetric with respect to permutations of any two indices [36, 37].
When the basis t(𝑎) is chosen to provide the relation 𝐺(𝑎)(𝑏) = 𝛿(𝑎)(𝑏), we obtain

1

𝑁
𝑓
(𝑑)
(𝑎)(𝑐)𝑓

(𝑐)
(𝑑)(𝑏) = 𝛿(𝑎)(𝑏) = 𝐺(𝑎)(𝑏) . (40)

There are also possibilities to introduce the tensors ℱ(𝑏)(𝑐)(𝑒)(𝑓) and 𝒟(𝑎)(𝑏)(𝑒)(𝑓) in the group space,
which are of the following form:

ℱ(𝑏)(𝑐)(𝑒)(𝑓) ≡ 𝑓
(𝑎)
(𝑏)(𝑐)𝑓

(𝑑)
(𝑒)(𝑓)𝐺(𝑎)(𝑑) , 𝒟(𝑎)(𝑏)(𝑒)(𝑓) ≡ 𝑑(𝑎)(𝑏)(𝑐)𝑑(𝑑)(𝑒)(𝑓)𝐺(𝑐)(𝑑) . (41)

These tensors are not universal, they depend essentially on the specific features of the corresponding
SU(N) group. Nevertheless, we mention them since, in principle, they can be used for reconstruction of
constitutive tensors in some specific cases.

3.2. Gauge field and field strength tensor

We form the Yang-Mills field potential A𝑚 and the Yang-Mills field strength F𝑖𝑘 as anti-Hermitian
quantities:

A𝑚 = −𝑖𝒢t(𝑎)𝐴(𝑎)
𝑚 , F𝑚𝑛 = −𝑖𝒢t(𝑎)𝐹 (𝑎)

𝑚𝑛 . (42)

The quantities 𝐴(𝑎)
𝑖 and 𝐹 (𝑎)

𝑖𝑘 describe two multiplets of real fields, which are the SU(N) generalizations
of the U(1) symmetric potential four-vector 𝐴𝑖 and of the Maxwell tensor 𝐹𝑖𝑘, respectively. They are
connected by the well-known formulas (see, e.g., [36, 37])

F𝑚𝑛 = ∇𝑚A𝑛 −∇𝑛A𝑚 + [A𝑚,A𝑛] , (43)

𝐹 (𝑎)
𝑚𝑛 = ∇𝑚𝐴

(𝑎)
𝑛 −∇𝑛𝐴

(𝑎)
𝑚 + 𝒢𝑓 (𝑎)(𝑏)(𝑐)𝐴

(𝑏)
𝑚 𝐴(𝑐)

𝑛 . (44)

Here ∇𝑚 is a covariant space-time derivative. Clearly, (44) is the SU(N) generalization of (11). The
scalar invariant, which one uses in the Lagrangian of SU(N) symmetric theory is proportional to

𝐼1 ≡ (F𝑚𝑛, F
𝑚𝑛)⇒ −𝒢2𝐹 (𝑎)

𝑚𝑛𝐹
𝑚𝑛
(𝑎) . (45)

Each element of the multiplet 𝐹 𝑖𝑘
(𝑎) has its own dual element defined as

*𝐹 𝑖𝑘
(𝑎) =

1

2
𝜖𝑖𝑘𝑙𝑠𝐹𝑙𝑠(𝑎) , (46)

with universal Levi-Civita tensor, introduced above.

3.3. Vector field multiplet

Extending the model of the U(1)- symmetric aether, we introduce the multiplet of vector fields

U𝑚 = t(𝑎)𝑈
(𝑎)
𝑚 , (47)

in analogy with the Higgs multiplet of scalar fields in [30]

Φ = t(𝑎)Φ
(𝑎) . (48)
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Thus, U𝑚 and Φ are considered to be Hermitian, while F𝑚𝑛 and A𝑖 are anti-Hermitian. We assume
that the trace of the vector fields is unit, or to be more precise, we assume that

𝐺(𝑎)(𝑏)𝑈
(𝑎)
𝑚 𝑈 (𝑏)

𝑛 𝑔𝑚𝑛 = 1 . (49)

Clearly, this condition is a generalization of the normalization condition 𝑔𝑚𝑛𝑈𝑚𝑈𝑛 = 1 in the standard
Einstein-aether theory.

3.4. Gauge covariant derivatives

In the extended theory of dynamic aether we use the operator �̂�𝑚, the extended (gauge covariant)
derivative. For the Higgs fields it is defined as ( [36], Eqs.(4.46, 4.47))

�̂�𝑚Φ ≡ ∇𝑚Φ+ [A𝑚,Φ] ,

�̂�𝑚Φ(𝑎) ≡ ∇𝑚Φ(𝑎) + 𝒢𝑓 (𝑎)(𝑏)(𝑐)𝐴
(𝑏)
𝑚 Φ(𝑐) . (50)

For the derivative of arbitrary tensor 𝑄(𝑎)···
···(𝑑), defined in the group space, we use the following rule [37]:

�̂�𝑚𝑄
(𝑎)···
···(𝑑) ≡ ∇𝑚𝑄

(𝑎)···
···(𝑑) + 𝒢𝑓

(𝑎)
·(𝑏)(𝑐)𝐴

(𝑏)
𝑚 𝑄

(𝑐)···
···(𝑑) − 𝒢𝑓

(𝑐)
·(𝑏)(𝑑)𝐴

(𝑏)
𝑚 𝑄

(𝑎)···
···(𝑐) + ... . (51)

When we deal with the gauge covariant derivative of the vector fields, we use, respectively, the formula

�̂�𝑚𝑈
(𝑎)
𝑛 ≡ ∇𝑚𝑈

(𝑎)
𝑛 + 𝒢𝑓 (𝑎)(𝑏)(𝑐)𝐴

(𝑏)
𝑚 𝑈 (𝑐)

𝑛 . (52)

The tensor 𝐹 𝑖𝑘
(𝑎) satisfies the relation

�̂�𝑘
*𝐹 𝑖𝑘

(𝑎) = 0 , (53)

it is the generalization of (24). The metric 𝐺(𝑎)(𝑏) and the structure constants 𝑓 (𝑑)(𝑎)(𝑐) are supposed to
be constant tensors in the standard and covariant manner [37]. This means that

𝜕𝑚𝐺(𝑎)(𝑏) = 0 , �̂�𝑚𝐺(𝑎)(𝑏) = 0 , 𝜕𝑚𝑓
(𝑎)
(𝑏)(𝑐) = 0 , �̂�𝑚𝑓

(𝑎)
(𝑏)(𝑐) = 0 . (54)

Finally, due to the relationship (49), we obtain immediately

𝑔𝑝𝑞𝑈 (𝑏)
𝑝 �̂�𝑚𝑈

(𝑎)
𝑞 𝐺(𝑎)(𝑏) ≡ 𝑈 (𝑎)

𝑝 �̂�𝑚𝑈
𝑝
(𝑎) =

1

2
�̂�𝑚[𝑈 (𝑎)

𝑝 𝑈𝑝
(𝑎)] = 0 , (55)

which is the generalization of the rule 𝑈𝑘∇𝑚𝑈𝑘 = 0 in the standard theory.

4. A simple version of the Einstein-Yang-Mills-aether model

We consider, first, the version of the theory, in which the unit dynamic vector field 𝑈 𝑖 is unique and is
not associated with the adjoint representation of the SU(N) group; we indicate this version of the theory
as the Einstein-Yang-Mills-aether model. The corresponding action functional can be reconstructed as
a simple generalization of (21):

𝑆 =

∫︁
𝑑4𝑥
√
−𝑔

{︂
1

2𝜅

[︀
𝑅+2Λ+𝜆 (𝑔𝑚𝑛𝑈𝑚𝑈𝑛−1)+𝐾𝑖𝑗𝑚𝑛∇𝑖𝑈𝑚∇𝑗𝑈𝑛

]︀
+
1

4
𝒞𝑖𝑘𝑚𝑛
(𝑎)(𝑏)𝐹

(𝑎)
𝑖𝑘 𝐹 (𝑏)

𝑚𝑛

}︂
. (56)

In this model there are only two objects with single group index, namely, the multiplet of gauge
potential four-vectors 𝐴(𝑎)

𝑖 , and the gauge field strength tensor 𝐹 (𝑎)
𝑚𝑛. The group space itself possesses

the symmetric two-indices metric tensor 𝐺(𝑎)(𝑏), the antisymmetric set of three-indices group constants
𝑓(𝑎)(𝑏)(𝑐), however, one can not construct the vector using these quantities. This means that the group
space is assumed to be isotropic, and we have to postulate that the term linear in 𝐹 (𝑎)

𝑚𝑛 can not appear
in the action functional in contrast to the U(1) - symmetric theory. The linear response tensor is now
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proportional to the metric in the group space 𝐺(𝑎)(𝑏), and to the modified U(1)-symmetric constitutive
tensor 𝐶𝑖𝑘𝑚𝑛 (see (17)):

𝒞𝑖𝑘𝑚𝑛
(𝑎)(𝑏) = 𝐺(𝑎)(𝑏)𝐶

𝑖𝑘𝑚𝑛 =

=
1

2�̃�
𝐺(𝑎)(𝑏)

[︀
𝑔𝑖𝑚𝑔𝑘𝑛−𝑔𝑖𝑛𝑔𝑘𝑚+(𝜀�̃�−1)

(︀
𝑔𝑖𝑚𝑈𝑘𝑈𝑛−𝑔𝑖𝑛𝑈𝑘𝑈𝑚+𝑔𝑘𝑛𝑈 𝑖𝑈𝑚−𝑔𝑘𝑚𝑈 𝑖𝑈𝑛

)︀]︀
. (57)

(Modifications contain replacements 𝜇 with �̃�, and 𝜀 with 𝜀). The modifications of the model master
equations are predictable; let us consider them briefly.

4.1. The modified Yang-Mills equations

The variation with respect to gauge potential 𝐴𝑘
(𝑎) gives the equations

�̂�𝑘𝐻
𝑖𝑘
(𝑎) = 0 , 𝐻𝑖𝑘

(𝑎) ≡ 𝒞
𝑖𝑘𝑚𝑛
(𝑎)(𝑏)𝐹

(𝑏)
𝑚𝑛 = 𝐶𝑖𝑘𝑚𝑛𝐹(𝑎)𝑚𝑛 . (58)

As usual, this set of equations should be supplemented by

�̂�𝑘𝐹
*𝑖𝑘
(𝑎) = 0 . (59)

Keeping in mind the analogy with medium electrodynamics [38,39], we can decompose the tensor 𝐹 (𝑎)
𝑚𝑛

using the four-vectors ℰ(𝑎)𝑚 and ℬ(𝑎)𝑚 (the SU(N)-symmetric analogs of the four-vectors of the electric
field and magnetic excitation) as follows:

𝐹 (𝑎)
𝑚𝑛 = ℰ(𝑎)𝑚 𝑈𝑛 − ℰ(𝑎)𝑛 𝑈𝑚 − 𝜖 𝑝𝑞

𝑚𝑛 ℬ(𝑎)𝑝 𝑈𝑞 , (60)

ℰ(𝑎)𝑚 ≡ 𝐹 (𝑎)
𝑚𝑛𝑈

𝑛 , ℬ(𝑎)𝑚 ≡ 𝐹 *(𝑎)
𝑚𝑛 𝑈𝑛 . (61)

Similarly, we obtain the decomposition of the excitation tensor:

𝐻𝑚𝑛
(𝑎) = 𝒟𝑚

(𝑎)𝑈
𝑛 −𝒟𝑛

(𝑎)𝑈
𝑚 − 𝜖𝑚𝑛

𝑝𝑞ℋ
𝑝
(𝑎)𝑈

𝑞 , (62)

𝒟𝑚
(𝑎) ≡ 𝐻

𝑚𝑛
(𝑎) 𝑈𝑛 , ℋ𝑚

(𝑎) ≡ 𝐻
*𝑚𝑛
(𝑎) 𝑈𝑛 . (63)

The quantities ℰ(𝑎)𝑚 , ℬ(𝑎)𝑚 , 𝒟𝑚
(𝑎) and ℋ𝑚

(𝑎) are linked by the following constitutive equations:

𝒟𝑚
(𝑎) = 𝜀ℰ𝑚(𝑎) , ℬ(𝑎)𝑚 = �̃�ℋ(𝑎)

𝑚 , (64)

thus providing the interpretation of the parameters 𝜀 and �̃� as color analogs of the electromagnetic
permittivities.

4.2. Dynamic equations for the colored aether

The variation of the total action functional with respect to the vector field yields

∇𝑚𝒥𝑚𝑛
(A) = 𝐼𝑛(A)+𝜅𝐼

𝑛
(YM)+𝜆 𝑈

𝑛 , (65)

where the terms 𝒥𝑚𝑛
(A) and 𝐼𝑛(A) are already defined in (5) and (6), respectively, and the new four-vector

is

𝐼𝑛(YM) ≡
1

4

[︃
𝛿𝐶𝑖𝑘𝑝𝑞

𝛿𝑈𝑛

]︃
𝐺(𝑎)(𝑏)𝐹

(𝑎)
𝑖𝑘 𝐹 (𝑏)

𝑝𝑞 =

(︂
𝜀− 1

�̃�

)︂
𝐹 𝑘𝑛
(𝑎)𝐹

(𝑎)
𝑘𝑚𝑈

𝑚 . (66)

The Lagrange multiplier is also modified

𝜆 = 𝑈𝑛

[︁
∇𝑚𝒥𝑚𝑛

(A) − 𝐼
𝑛
(A)

]︁
− 𝜅𝑈𝑛𝐼

𝑛
(YM) . (67)
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4.3. Gravity field equations

The result of variation of the total action functional with respect to the metric 𝑔𝑖𝑘 is

𝑅𝑖𝑘−
1

2
𝑅 𝑔𝑖𝑘−Λ𝑔𝑖𝑘 = 𝑇

(U)
𝑖𝑘 + 𝜅𝑇

(YM)
𝑖𝑘 . (68)

The term 𝑇
(U)
𝑖𝑘 is already presented above by the formula (10). The term 𝑇

(YM)
𝑖𝑘 is given by

𝑇
(YM)
𝑖𝑘 =

1

�̃�

{︂[︂
1

4
𝑔𝑖𝑘𝐹

(𝑎)
𝑚𝑛𝐹

𝑚𝑛
(𝑎) − 𝐹

(𝑎)
𝑖𝑚 𝐹 𝑚

𝑘(𝑎)

]︂
+

+(𝜀�̃�− 1)𝑈𝑝𝑈𝑞

[︂(︂
1

2
𝑔𝑖𝑘 − 𝑈𝑖𝑈𝑘

)︂
𝐹𝑚

𝑝(𝑎)𝐹
(𝑎)
𝑚𝑞 − 𝐹

(𝑎)
𝑖𝑝 𝐹𝑘𝑞(𝑎)

]︂}︂
. (69)

This stress-energy tensor is symmetric, 𝑇 (YM)
𝑖𝑘 = 𝑇

(YM)
𝑘𝑖 , and traceless, 𝑔𝑖𝑘𝑇 (YM)

𝑖𝑘 = 0. It can be
decomposed using three irreducible elements: the energy density scalar 𝑊 (YM), energy flux four-vector
𝒬(YM)

𝑘 , and the pressure tensor 𝒫(YM)
𝑖𝑘 :

𝑇
(YM)
𝑖𝑘 =𝑊 (YM)𝑈𝑖𝑈𝑘 + 𝑈𝑖𝒬(YM)

𝑘 + 𝑈𝑘𝒬(YM)
𝑖 + 𝒫(YM)

𝑖𝑘 , (70)

𝑊 (YM) ≡ 𝑈 𝑖𝑇
(YM)
𝑖𝑘 𝑈𝑘 = −1

2

[︂
𝜀ℰ(𝑎)𝑚 ℰ𝑚(𝑎) +

1

�̃�
ℬ(𝑎)𝑚 ℬ(𝑎)𝑚

]︂
, (71)

𝒬(YM)
𝑘 ≡ ∆𝑚

𝑘 𝑇
(YM)
𝑚𝑛 𝑈𝑛 = − 1

�̃�
𝜖𝑘𝑚𝑝𝑞ℰ𝑚(𝑎)ℬ

𝑝(𝑎)𝑈𝑞 = −𝜖𝑘𝑚𝑝𝑞ℰ𝑚(𝑎)ℋ
𝑝(𝑎)𝑈𝑞 , (72)

𝒫(YM)
𝑖𝑘 ≡ ∆𝑚

𝑖 𝑇
(YM)
𝑚𝑛 ∆𝑛

𝑘 =
1

2
∆𝑖𝑘

[︂
𝜀ℰ𝑚(𝑎)ℰ

(𝑎)
𝑚 +

1

�̃�
ℬ𝑚(𝑎)ℬ

(𝑎)
𝑚

]︂
− 𝜀ℰ𝑖(𝑎)ℰ

(𝑎)
𝑘 − 1

�̃�
ℬ𝑖(𝑎)ℬ

(𝑎)
𝑘 . (73)

The four-vector 𝒬(YM)
𝑘 is an analog of the Poynting vector in electrodynamics of continua [38]. The

equations (68), (58), (59) and (65) form the self-consistent system of equations for the Einstein-Yang-
Mills-aether model.

5. The full-format theory of the SU(N)-symmetric aether

5.1. Action functional

The action functional of the SU(N) extension of the Einstein-Maxwell-aether theory can be
constructed using the following scheme: we take the functional (21) and replace 𝑈𝑚 with 𝑈

(𝑎)
𝑚 , ∇𝑚𝑈𝑛

with �̂�𝑚𝑈
(𝑎)
𝑛 , 𝐹𝑚𝑛 with 𝐹

(𝑎)
𝑚𝑛, 𝐾𝑖𝑗𝑚𝑛 with 𝒦𝑖𝑗𝑚𝑛

(𝑎)(𝑏), 𝐴
𝑖𝑘𝑝𝑞 with 𝒜[𝑖𝑘]𝑝𝑞

(𝑎)(𝑏), 𝐶
𝑖𝑘𝑚𝑛 with 𝒞𝑖𝑘𝑚𝑛

(𝑎)(𝑏). We obtain
now

𝑆 =

∫︁
𝑑4𝑥
√
−𝑔

{︂
1

2𝜅

[︁
𝑅+ 2Λ + 𝜆

(︁
𝑔𝑚𝑛𝑈 (𝑎)

𝑚 𝑈 (𝑏)
𝑛 𝐺(𝑎)(𝑏) − 1

)︁
+𝒦𝑖𝑗𝑚𝑛

(𝑎)(𝑏)�̂�𝑖𝑈
(𝑎)
𝑚 �̂�𝑗𝑈

(𝑏)
𝑛

]︁
+

+
1

2
𝒜[𝑖𝑘]𝑚𝑛

(𝑎)(𝑏) 𝐹
(𝑎)
𝑖𝑘 �̂�𝑚𝑈

(𝑏)
𝑛 +

1

4
𝒞𝑖𝑘𝑚𝑛
(𝑎)(𝑏)𝐹

(𝑎)
𝑖𝑘 𝐹 (𝑏)

𝑚𝑛

}︂
. (74)

The constitutive tensors 𝒦𝑖𝑗𝑚𝑛
(𝑎)(𝑏), 𝒜

[𝑖𝑘]𝑝𝑞
(𝑎)(𝑏) and 𝒞𝑖𝑘𝑚𝑛

(𝑎)(𝑏) have now two color indices, (𝑎) and (𝑏), and the
structure of these constitutive tensors has to be discussed especially. Master equations appear as a
result of variation of the action functional (74) with respect to four quantities: the Lagrange multiplier
𝜆, the vector fields 𝑈𝑘

(𝑎), the gauge potential four-vector 𝐴(𝑏)
𝑖 , and space-time metric 𝑔𝑖𝑗 . The variation

with respect to 𝜆 gives the normalization condition (49). Other variation details are described in the
next three subsections.
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5.2. Master equations for the gauge fields

The variation procedure with respect to 𝐴(𝑎)
𝑖 gives the equations, which we can standardly represent

in the following form:
�̂�𝑘𝐻

𝑖𝑘
(𝑎) = Γ𝑖

(𝑎) , 𝐻𝑖𝑘
(𝑎) = ℋ

𝑖𝑘
(𝑎) + 𝒞

𝑖𝑘𝑚𝑛
(𝑎)(𝑏)𝐹

(𝑏)
𝑚𝑛 . (75)

Here
ℋ𝑖𝑘

(𝑎) ≡ 𝒜
[𝑖𝑘]𝑚𝑛
(𝑎)(𝑏) �̂�𝑚𝑈

(𝑏)
𝑛 (76)

is the tensor of spontaneous induction, which does not depend on 𝐹
(𝑏)
𝑚𝑛 but is predetermined by the

gauge covariant derivative of the vector fields 𝑈 (𝑏)
𝑛 ; 𝐻𝑖𝑘

(𝑎) is the total color excitation tensor linear in the

Yang-Mills field strength 𝐹 (𝑏)
𝑚𝑛. The so-called color current Γ𝑖

(𝑎) is of the form:

Γ𝑖
(𝑎) = 𝒢𝑓

(𝑑)
(𝑐)(𝑎)𝑈

(𝑐)
𝑘

[︂
1

𝜅
𝒦𝑖𝑚𝑘𝑛

(𝑑)(𝑏)�̂�𝑚𝑈
(𝑏)
𝑛 +

1

2
𝒜[𝑚𝑛]𝑖𝑘

(𝑏)(𝑑) 𝐹
(𝑏)
𝑚𝑛

]︂
. (77)

These equations have to be supplemented by the equation (53).

5.3. Master equations for the vector fields 𝑈𝑘
(𝑎)

The variation procedure with respect to 𝑈 𝑗
(𝑎) yields the set of equations in the standard form

�̂�𝑖𝒥 𝑖𝑗
(𝑎) = 𝜆 𝑈 𝑗

(𝑎) + ℐ
𝑗
(𝑎) , (78)

where we introduced the following definitions:

𝒥 𝑖𝑗
(𝑎) = 𝒥

𝑖𝑗
(1)(𝑎) + 𝒥

𝑖𝑗
(2)(𝑎) , ℐ𝑗(𝑎) = ℐ

𝑗
(1)(𝑎) + ℐ

𝑗
(2)(𝑎) + ℐ

𝑗
(3)(𝑎) , (79)

𝒥 𝑖𝑗
(1)(𝑎) = 𝒦

𝑖𝑚𝑗𝑛
(𝑎)(𝑏)�̂�𝑚𝑈

(𝑏)
𝑛 , 𝒥 𝑖𝑗

(2)(𝑎) =
1

2
𝒜[𝑚𝑛]𝑖𝑗

(𝑎)(𝑏) 𝐹
(𝑏)
𝑚𝑛 , (80)

ℐ𝑗(1)(𝑎) =
1

2

[︃
𝛿𝒦𝑖𝑘𝑚𝑛

(𝑐)(𝑏)

𝛿𝑈
(𝑎)
𝑗

]︃
�̂�𝑖𝑈

(𝑐)
𝑚 �̂�𝑘𝑈

(𝑏)
𝑛 ≡ 1

2
𝒦𝑖𝑘𝑚𝑛𝑗

(𝑐)(𝑏)(𝑎)�̂�𝑖𝑈
(𝑐)
𝑚 �̂�𝑘𝑈

(𝑏)
𝑛 , (81)

ℐ𝑗(2)(𝑎) =
𝜅

2

⎡⎣𝛿𝒜[𝑖𝑘]𝑚𝑛
(𝑐)(𝑏)

𝛿𝑈
(𝑎)
𝑗

⎤⎦𝐹 (𝑐)
𝑖𝑘 �̂�𝑚𝑈

(𝑏)
𝑛 ≡ 𝜅

2
𝒜[𝑖𝑘]𝑚𝑛𝑗

(𝑐)(𝑏)(𝑎)𝐹
(𝑐)
𝑖𝑘 �̂�𝑚𝑈

(𝑏)
𝑛 , (82)

ℐ𝑗(3)(𝑎) =
𝜅

4

[︃
𝛿𝒞𝑖𝑘𝑚𝑛

(𝑐)(𝑏)

𝛿𝑈
(𝑎)
𝑗

]︃
𝐹

(𝑐)
𝑖𝑘 𝐹

(𝑏)
𝑚𝑛 ≡

𝜅

4
𝒞𝑖𝑘𝑚𝑛𝑗
(𝑐)(𝑏)(𝑎)𝐹

(𝑐)
𝑖𝑘 𝐹

(𝑏)
𝑚𝑛 . (83)

In these terms the Lagrange multiplier has the standard form also:

𝜆 = 𝑈
(𝑎)
𝑗

[︁
�̂�𝑖𝒥 𝑖𝑗

(𝑎) − ℐ
𝑗
(𝑎)

]︁
. (84)

When the constitutive tensors 𝒦𝑖𝑘𝑚𝑛
(𝑐)(𝑏),𝒜

[𝑖𝑘]𝑚𝑛
(𝑐)(𝑏) and 𝒞𝑖𝑘𝑚𝑛

(𝑐)(𝑏) are reconstructed, the corresponding variational
derivatives in (81), (82), (83), can be calculated explicitly.

5.4. Master equations for the gravitational field

The gravitational field is described by the set of equations

𝑅𝑝𝑞−
1

2
𝑅𝑔𝑝𝑞 = Λ𝑔𝑝𝑞 − 𝜆𝑈 (𝑎)

𝑝 𝑈 (𝑏)
𝑞 𝐺(𝑎)(𝑏) + 𝑇 (1)

𝑝𝑞 + 𝜅
[︁
𝑇 (2)
𝑝𝑞 +𝑇 (3)

𝑝𝑞

]︁
. (85)

The stress-energy tensor of the colored vector fields 𝑇 (1)
𝑝𝑞 is now of the form

𝑇 (1)
𝑝𝑞 =

1

2
𝑔𝑝𝑞𝒦𝑖𝑗𝑚𝑛

(𝑎)(𝑏)�̂�𝑖𝑈
(𝑎)
𝑚 �̂�𝑗𝑈

(𝑏)
𝑚 −

[︃
𝛿𝒦𝑖𝑗

(𝑎)(𝑏)𝑚𝑛

𝛿𝑔𝑝𝑞

]︃
�̂�𝑖𝑈

𝑚(𝑎)�̂�𝑗𝑈
𝑛(𝑏)+
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+𝐺(𝑎)(𝑏)�̂�
𝑚
[︁
𝑈

(𝑏)
(𝑝 𝒥

(1)(𝑎)
𝑞)𝑚 − 𝒥 (1)(𝑎)

𝑚(𝑝 𝑈
(𝑏)
𝑞) − 𝒥

(1)(𝑎)
(𝑝𝑞) 𝑈 (𝑏)

𝑚

]︁
. (86)

The tensor 𝑇 (2)
𝑖𝑘 describing the interaction between the gauge and vector fields contains the terms:

𝑇 (2)
𝑝𝑞 =

1

2
𝑔𝑝𝑞𝒜[𝑖𝑘]𝑚𝑛

(𝑎)(𝑏) 𝐹
(𝑎)
𝑖𝑘 �̂�𝑚𝑈

(𝑏)
𝑛 −

⎡⎣𝛿𝒜[𝑖𝑘]𝑚
(𝑎)(𝑏)𝑛

𝛿𝑔𝑝𝑞

⎤⎦𝐹 (𝑎)
𝑖𝑘 �̂�𝑚𝑈

(𝑏)𝑛+

+𝐺(𝑎)(𝑏)�̂�
𝑚
[︁
𝑈

(𝑏)
(𝑝 𝒥

(2)(𝑎)
𝑞)𝑚 − 𝒥 (2)(𝑎)

𝑚(𝑝 𝑈
(𝑏)
𝑞) − 𝒥

(2)(𝑎)
(𝑝𝑞) 𝑈 (𝑏)

𝑚

]︁
. (87)

The stress-energy tensor of the Yang-Mills field 𝑇 (3)
𝑖𝑘 can be presented as follows:

𝑇 (3)
𝑝𝑞 =

1

4
𝑔𝑝𝑞𝒞𝑖𝑘𝑚𝑛

(𝑎)(𝑏)𝐹
(𝑎)
𝑖𝑘 𝐹 (𝑏)

𝑚𝑛 −
1

2

[︃
𝛿𝒞𝑖𝑘𝑚𝑛

(𝑎)(𝑏)

𝛿𝑔𝑝𝑞

]︃
𝐹

(𝑎)
𝑖𝑘 𝐹 (𝑏)

𝑚𝑛 . (88)

Variational derivatives in (86), (87) and (88) can be calculated, when the constitutive tensors 𝒦𝑖𝑗𝑚𝑛
(𝑎)(𝑏),

𝒜[𝑖𝑘]𝑚𝑛
(𝑎)(𝑏) and 𝒞𝑖𝑘𝑚𝑛

(𝑎)(𝑏) are presented explicitly; we reconstruct these quantities in the next section.

5.5. Reconstruction of the constitutive tensors

5.5.1 The structure of the constitutive tensor 𝒦𝑖𝑗𝑚𝑛
(𝑎)(𝑏)

We assume that the tensor 𝒦𝑖𝑗𝑚𝑛
(𝑎)(𝑏) can be reconstructed using the space-time metric 𝑔𝑖𝑘, the metric

in the group space 𝐺(𝑎)(𝑏), the vector fields 𝑈 (𝑎)
𝑚 , and an appropriate number of coupling constants 𝐶𝑛.

Since the tensor 𝒦𝑖𝑗𝑚𝑛
(𝑎)(𝑏) appears in the Lagrangian in front of the quadratic combination of the gauge

covariant derivative of the vector field, we have to keep in mind that this object possesses the following
symmetry of indices:

𝒦𝑖𝑗𝑚𝑛
(𝑎)(𝑏) = 𝒦

𝑗𝑖𝑛𝑚
(𝑏)(𝑎) . (89)

We extend the decomposition, proposed by Jacobson and colleagues, as follows: first, we list all the
terms, in which the space-time indices are provided by the product of the metric coefficients (𝑔𝑖𝑗𝑔𝑚𝑛,
etc...); second, we list all the possible terms, which contain the product of the metric coefficients and
two vector fields (𝑔𝑖𝑗𝑈𝑚

(𝑎)𝑈
𝑛
(𝑏), etc...); third, we list all the terms, in which the space-time indices are

provided by the product of four vector fields (𝑈 𝑖
(𝑎)𝑈

𝑗
(𝑏)𝑈

𝑚
(𝑐)𝑈

𝑛
(𝑑), etc...). Clearly, in the U(1)-symmetric

theory the product 𝑈 𝑖𝑈 𝑗𝑈𝑚𝑈𝑛 could not appear, however, the presence of the group indices changes
the situation essentially.

In order to visualize the ways, along with the pairs of group indices (𝑎)(𝑏) appear in the constitutive
tensors, we introduce (in addition to the metric tensor 𝐺(𝑎)(𝑏)) the auxiliary tensor in the group space,
𝐻(𝑎)(𝑏):

𝐻(𝑎)(𝑏) ≡ 𝑔𝑝𝑞𝑈 (𝑎)
𝑝 𝑈 (𝑏)

𝑞 . (90)

The tensor 𝐻(𝑎)(𝑏) is associated with the multiplet of the vector fields, and it can be indicated as an
analog of the polarization tensor in the optics (see, e.g., [40]). In fact, it is the tensor of color polarization,
it is real and symmetric. The matrix 𝐻(𝑎)

(𝑏) associated with this symmetric tensor has 𝑁2−1 eigenvalues,

𝜎{𝛼}, and the corresponding 𝑁2−1 eigenvectors 𝑞(𝑎){𝛼}:

𝐻
(𝑎)
(𝑏) 𝑞

(𝑏)
{𝛼} = 𝜎{𝛼}𝑞

(𝑎)
{𝛼} . (91)

The sum of eigenvalues is equal to one, since the trace is equal to one due to the relationship

𝐻
(𝑎)
(𝑎) = 𝐺(𝑎)(𝑏)𝑔

𝑚𝑛𝑈 (𝑎)
𝑚 𝑈 (𝑏)

𝑛 = 1 . (92)

One can decompose the tensor 𝐻(𝑎)(𝑏) in the series of products of eigenvectors:

𝐻(𝑎)(𝑏) =
∑︁
{𝛼}

𝜎{𝛼}𝑞
(𝑎)
{𝛼}𝑞

(𝑏)
{𝛼} . (93)
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In the first limiting case, when all the eigenvalues are equal to one another, and thus 𝜎{𝛼} = 𝜎 =

1/(𝑁2− 1), we deal with the color analog of the so-called natural light [40]. In the second limiting case,
when all the eigenvalues, except one, are equal to zero, we deal with the color analog of the linearly
polarized light. In the last case only one eigenvalue is non-vanishing, and it is equal to one; we obtain
now 𝐻(𝑎)(𝑏) = 𝑞(𝑎)𝑞(𝑏), where 𝑞(𝑎) is the corresponding eigenvector. Keeping in mind the theory of Stokes
parameters in the optics, based on the analysis of the two-dimensional polarization tensor [40], one can
develop the theory of "color Stokes parameters"based on the analysis of the color polarization tensor
𝐻(𝑎)(𝑏) (it is a good idea for the future work).

All the contributions to the tensor 𝒦𝑖𝑗𝑚𝑛
(𝑎)(𝑏), which are constructed based on the product of space-time

metric tensors, can be presented using six coupling constants

(1)𝒦𝑖𝑗𝑚𝑛
(𝑎)(𝑏)=𝐺(𝑎)(𝑏)

[︀
𝐶1𝑔

𝑖𝑗𝑔𝑚𝑛+𝐶2𝑔
𝑖𝑚𝑔𝑗𝑛+𝐶3𝑔

𝑖𝑛𝑔𝑗𝑚
]︀
+𝐻(𝑎)(𝑏)

[︀
𝐶5𝑔

𝑖𝑗𝑔𝑚𝑛+𝐶6𝑔
𝑖𝑚𝑔𝑗𝑛+𝐶7𝑔

𝑖𝑛𝑔𝑗𝑚
]︀
. (94)

The parameters 𝐶1, 𝐶2 and 𝐶3 are, in fact, extracted from the Jacobson’s decomposition in the standard
Einstein-aether theory; 𝐶5, 𝐶6 and 𝐶7 appear in the SU(N) - extended theory only.

Contributions of the second type, based on the products of the space-time metric and two vector
fields, can be listed as follows:

(2)𝒦𝑖𝑗𝑚𝑛
(𝑎)(𝑏) = 𝐶4𝑈

𝑖
(𝑎)𝑈

𝑗
(𝑏)𝑔

𝑚𝑛 + 𝐶8𝑈
𝑛
(𝑎)𝑈

𝑚
(𝑏)𝑔

𝑖𝑗 + 𝐶9

[︁
𝑈𝑛
(𝑎)𝑈

𝑗
(𝑏)𝑔

𝑖𝑚 + 𝑈𝑚
(𝑏)𝑈

𝑖
(𝑎)𝑔

𝑗𝑛
]︁
+

+𝐺(𝑎)(𝑏)𝐺
(𝑐)(𝑑)

{︁
𝐶10𝑈

𝑖
(𝑐)𝑈

𝑗
(𝑑)𝑔

𝑚𝑛 + 𝐶11𝑈
𝑛
(𝑐)𝑈

𝑚
(𝑑)𝑔

𝑖𝑗+

+𝐶12

[︁
𝑈𝑛
(𝑐)𝑈

𝑗
(𝑑)𝑔

𝑖𝑚 + 𝑈 𝑖
(𝑐)𝑈

𝑚
(𝑑)𝑔

𝑗𝑛
]︁
+ 𝐶13

[︁
𝑈𝑚
(𝑐)𝑈

𝑗
(𝑑)𝑔

𝑖𝑛 + 𝑈 𝑖
(𝑐)𝑈

𝑛
(𝑑)𝑔

𝑗𝑚
]︁}︁

+

+𝐺(𝑎)(𝑏)𝐻
(𝑐)(𝑑)

{︁
𝐶14𝑈

𝑖
(𝑐)𝑈

𝑗
(𝑑)𝑔

𝑚𝑛 + 𝐶15𝑈
𝑛
(𝑐)𝑈

𝑚
(𝑑)𝑔

𝑖𝑗+

+𝐶16

[︁
𝑈𝑛
(𝑐)𝑈

𝑗
(𝑑)𝑔

𝑖𝑚 + 𝑈 𝑖
(𝑐)𝑈

𝑚
(𝑑)𝑔

𝑗𝑛
]︁
+ 𝐶17

[︁
𝑈𝑚
(𝑐)𝑈

𝑗
(𝑑)𝑔

𝑖𝑛 + 𝑈 𝑖
(𝑐)𝑈

𝑛
(𝑑)𝑔

𝑗𝑚
]︁}︁

+

+𝐻(𝑎)(𝑏)𝐺
(𝑐)(𝑑)

{︁
𝐶18𝑈

𝑖
(𝑐)𝑈

𝑗
(𝑑)𝑔

𝑚𝑛 + 𝐶19𝑈
𝑛
(𝑐)𝑈

𝑚
(𝑑)𝑔

𝑖𝑗+

+𝐶20

[︁
𝑈𝑛
(𝑐)𝑈

𝑗
(𝑑)𝑔

𝑖𝑚 + 𝑈 𝑖
(𝑐)𝑈

𝑚
(𝑑)𝑔

𝑗𝑛
]︁
+ 𝐶21

[︁
𝑈𝑚
(𝑐)𝑈

𝑗
(𝑑)𝑔

𝑖𝑛 + 𝑈 𝑖
(𝑐)𝑈

𝑛
(𝑑)𝑔

𝑗𝑚
]︁}︁

+

+𝐻(𝑎)(𝑏)𝐻
(𝑐)(𝑑)

{︁
𝐶22𝑈

𝑖
(𝑐)𝑈

𝑗
(𝑑)𝑔

𝑚𝑛 + 𝐶23𝑈
𝑛
(𝑐)𝑈

𝑚
(𝑑)𝑔

𝑖𝑗+

+𝐶24

[︁
𝑈𝑛
(𝑐)𝑈

𝑗
(𝑑)𝑔

𝑖𝑚 + 𝑈 𝑖
(𝑐)𝑈

𝑚
(𝑑)𝑔

𝑗𝑛
]︁
+ 𝐶25

[︁
𝑈𝑚
(𝑐)𝑈

𝑗
(𝑑)𝑔

𝑖𝑛 + 𝑈 𝑖
(𝑐)𝑈

𝑛
(𝑑)𝑔

𝑗𝑚
]︁}︁

. (95)

Thus, in addition to the Jacobson’s constant 𝐶4, eighteen new parameters appear in the SU(N) -
extended theory. By the way, in the U(1) - symmetric theory, the terms with the coefficients 𝑈𝑛𝑈𝑚𝑔𝑖𝑗

disappear automatically because of the normalization condition (see Remark), nevertheless, in the SU(N)
- extended theory the corresponding terms with 𝑈𝑛

(𝑎)𝑈
𝑚
(𝑏)𝑔

𝑖𝑗 give non-vanishing expressions in general
case.

Contributions of the third type, in which the product of four vector fields provides the presence of
free indices 𝑖𝑗𝑚𝑛, is absolutely new: these terms can not appear in the U(1) - symmetric theory because
of the normalization condition. Sixteen coupling constants are included into the decomposition:

(3)𝒦𝑖𝑗𝑚𝑛
(𝑎)(𝑏) = 𝐺(𝑐)(𝑑)

{︁
𝐶26𝑈

𝑖
(𝑐)𝑈

𝑗
(𝑑)𝑈

𝑛
(𝑎)𝑈

𝑚
(𝑏) + 𝐶27

[︁
𝑈 𝑖
(𝑐)𝑈

𝑚
(𝑑)𝑈

𝑛
(𝑎)𝑈

𝑗
(𝑏) + 𝑈 𝑗

(𝑐)𝑈
𝑛
(𝑑)𝑈

𝑖
(𝑎)𝑈

𝑚
(𝑏)

]︁
+

+𝐶28

[︁
𝑈 𝑖
(𝑐)𝑈

𝑛
(𝑑)𝑈

𝑗
(𝑎)𝑈

𝑚
(𝑏) + 𝑈 𝑗

(𝑐)𝑈
𝑚
(𝑑)𝑈

𝑖
(𝑏)𝑈

𝑛
(𝑎)

]︁
+ 𝑈𝑚

(𝑐)𝑈
𝑛
(𝑑)

[︁
𝐶29𝑈

𝑖
(𝑎)𝑈

𝑗
(𝑏) + 𝐶30𝑈

𝑗
(𝑎)𝑈

𝑖
(𝑏)

]︁}︁
+

+𝐻(𝑐)(𝑑)
{︁
𝐶31𝑈

𝑖
(𝑐)𝑈

𝑗
(𝑑)𝑈

𝑛
(𝑎)𝑈

𝑚
(𝑏) + 𝐶32

[︁
𝑈 𝑖
(𝑐)𝑈

𝑚
(𝑑)𝑈

𝑛
(𝑎)𝑈

𝑗
(𝑏) + 𝑈 𝑗

(𝑐)𝑈
𝑛
(𝑑)𝑈

𝑖
(𝑎)𝑈

𝑚
(𝑏)

]︁
+

+𝐶33

[︁
𝑈 𝑖
(𝑐)𝑈

𝑛
(𝑑)𝑈

𝑗
(𝑎)𝑈

𝑚
(𝑏) + 𝑈 𝑗

(𝑐)𝑈
𝑚
(𝑑)𝑈

𝑖
(𝑏)𝑈

𝑛
(𝑎)

]︁
+ 𝑈𝑚

(𝑐)𝑈
𝑛
(𝑑)

[︁
𝐶34𝑈

𝑖
(𝑎)𝑈

𝑗
(𝑏) + 𝐶35𝑈

𝑗
(𝑎)𝑈

𝑖
(𝑏)

]︁}︁
+

+
{︁[︀
𝐶36𝐺(𝑎)(𝑏) + 𝐶37𝐻(𝑎)(𝑏)

]︀ [︁
𝐺(𝑒)(𝑓)𝐺(𝑐)(𝑑) +𝐺(𝑒)(𝑐)𝐺(𝑓)(𝑑) +𝐺(𝑒)(𝑑)𝐺(𝑐)(𝑓)

]︁
+
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+
[︀
𝐶38𝐺(𝑎)(𝑏) + 𝐶39𝐻(𝑎)(𝑏)

]︀ [︁
𝐻(𝑒)(𝑓)𝐺(𝑐)(𝑑) +𝐻(𝑒)(𝑐)𝐺(𝑓)(𝑑) +𝐻(𝑒)(𝑑)𝐺(𝑐)(𝑓)+

+𝐻(𝑐)(𝑑)𝐺(𝑒)(𝑓) +𝐻(𝑐)(𝑓)𝐺(𝑒)(𝑑) +𝐻(𝑓)(𝑑)𝐺(𝑒)(𝑐)
]︁
+

+
[︀
𝐶40𝐺(𝑎)(𝑏) + 𝐶41𝐻(𝑎)(𝑏)

]︀ [︁
𝐻(𝑒)(𝑓)𝐻(𝑐)(𝑑) +𝐻(𝑒)(𝑐)𝐻(𝑓)(𝑑) +𝐻(𝑒)(𝑑)𝐻(𝑐)(𝑓)

]︁}︁
×

× 𝒫
[︁
𝑈 𝑖
(𝑒)𝑈

𝑚
(𝑓)𝑈

𝑗
(𝑐)𝑈

𝑛
(𝑑)

]︁
. (96)

The term 𝒫
[︁
𝑈 𝑖
(𝑒)𝑈

𝑚
(𝑓)𝑈

𝑗
(𝑐)𝑈

𝑛
(𝑑)

]︁
in the last line of this decomposition denotes the whole set of combinatoric

permutations of the elements 𝑈 𝑖
(𝑒)𝑈

𝑚
(𝑓)𝑈

𝑗
(𝑐)𝑈

𝑛
(𝑑) with respect to space-time indices; it contains the sum

of 24 items 𝑈 𝑖
(𝑒)𝑈

𝑚
(𝑓)𝑈

𝑗
(𝑐)𝑈

𝑛
(𝑑) + 𝑈 𝑖

(𝑒)𝑈
𝑚
(𝑓)𝑈

𝑛
(𝑐)𝑈

𝑗
(𝑑) + .... Let us emphasize that in front of the term

𝒫
[︁
𝑈 𝑖
(𝑒)𝑈

𝑚
(𝑓)𝑈

𝑗
(𝑐)𝑈

𝑛
(𝑑)

]︁
we use the tensor in the group space, which is absolutely symmetric with respect

to group indices (𝑒)(𝑓)(𝑐)(𝑑); if the Reader prefers to break this symmetry, one can enlarge this
decomposition thus increasing the number of coupling constants.

5.5.2 The structure of the constitutive tensor 𝒜[𝑖𝑘]𝑝𝑞
(𝑎)(𝑏)

The constitutive tensor 𝒜[𝑖𝑘]𝑚𝑛
(𝑎)(𝑏) can be reconstructed using the procedure similar to the one applied

for the tensor 𝒦𝑖𝑗𝑚𝑛
(𝑎)(𝑏). Again, we consider, first, the terms in which the product of two metric tensors

provide the presence of four space-time indices; second, we list all the terms based on the products of
one metric tensor and two vector fields; third, we introduce the terms proportional to the product of
four vector fields (such terms are absolutely new in comparison with U(1) symmetric theory). Following
this procedure we obtain

𝒜[𝑖𝑘]𝑚𝑛
(𝑎)(𝑏) =

[︀
𝜔1𝐺(𝑎)(𝑏) + 𝜔2𝐻(𝑎)(𝑏)

]︀
𝑔𝑚[𝑖𝑔𝑘]𝑛+

+𝜔3𝑈
[𝑖
(𝑎)𝑈

𝑘]
(𝑏)𝑔

𝑚𝑛 + 𝜔4𝑔
𝑛[𝑖𝑈

𝑘]
(𝑎)𝑈

𝑚
(𝑏) + 𝜔5𝑔

𝑛[𝑖𝑈
𝑘]
(𝑏)𝑈

𝑚
(𝑎) + 𝜔6𝑔

𝑚[𝑖𝑈
𝑘]
(𝑏)𝑈

𝑛
(𝑎)+

+𝐺(𝑎)(𝑏)𝐺
(𝑐)(𝑑)

[︁
𝜔7𝑔

𝑛[𝑖𝑈
𝑘]
(𝑐)𝑈

𝑚
(𝑑) + 𝜔8𝑔

𝑚[𝑖𝑈
𝑘]
(𝑐)𝑈

𝑛
(𝑑)

]︁
+

+𝐻(𝑎)(𝑏)𝐺
(𝑐)(𝑑)

[︁
𝜔9𝑔

𝑛[𝑖𝑈
𝑘]
(𝑐)𝑈

𝑚
(𝑑) + 𝜔10𝑔

𝑚[𝑖𝑈
𝑘]
(𝑐)𝑈

𝑛
(𝑑)

]︁
+

+𝐺(𝑎)(𝑏)𝐻
(𝑐)(𝑑)

[︁
𝜔11𝑔

𝑛[𝑖𝑈
𝑘]
(𝑐)𝑈

𝑚
(𝑑) + 𝜔12𝑔

𝑚[𝑖𝑈
𝑘]
(𝑐)𝑈

𝑛
(𝑑)

]︁
+

+𝐻(𝑎)(𝑏)𝐻
(𝑐)(𝑑)

[︁
𝜔13𝑔

𝑛[𝑖𝑈
𝑘]
(𝑐)𝑈

𝑚
(𝑑) + 𝜔14𝑔

𝑚[𝑖𝑈
𝑘]
(𝑐)𝑈

𝑛
(𝑑)

]︁
+

+𝐺(𝑐)(𝑑)
{︁
𝜔15𝑈

[𝑖
(𝑎)𝑈

𝑘]
(𝑏)𝑈

𝑚
(𝑐)𝑈

𝑛
(𝑑) + 𝜔16𝑈

[𝑖
(𝑎)𝑈

𝑘]
(𝑐)𝑈

𝑚
(𝑏)𝑈

𝑛
(𝑑) + 𝑈

[𝑖
(𝑏)𝑈

𝑘]
(𝑐)

[︁
𝜔17𝑈

𝑚
(𝑎)𝑈

𝑛
(𝑑) + 𝜔18𝑈

𝑚
(𝑑)𝑈

𝑛
(𝑎)

]︁}︁
+

+𝐻(𝑐)(𝑑)
{︁
𝜔19𝑈

[𝑖
(𝑎)𝑈

𝑘]
(𝑏)𝑈

𝑚
(𝑐)𝑈

𝑛
(𝑑)+𝜔20𝑈

[𝑖
(𝑎)𝑈

𝑘]
(𝑐)𝑈

𝑚
(𝑏)𝑈

𝑛
(𝑑)+𝑈

[𝑖
(𝑏)𝑈

𝑘]
(𝑐)

[︁
𝜔21𝑈

𝑚
(𝑎)𝑈

𝑛
(𝑑)+𝜔22𝑈

𝑚
(𝑑)𝑈

𝑛
(𝑎)

]︁}︁
. (97)

Let us mention that the terms of the type 𝒫
[︁
𝑈

[𝑖
(𝑒)𝑈

𝑘]
(𝑓)𝑈

𝑚
(𝑐)𝑈

𝑛
(𝑑)

]︁
with skew-symmetric set of indices 𝑖𝑘

disappear, since we assume that the dumb indices (𝑒)(𝑓)(𝑐)(𝑑) form absolutely symmetric set, similarly
to the case considered above for the tensor (3)𝒦𝑖𝑗𝑚𝑛

(𝑎)(𝑏).

5.5.3 The structure of the constitutive tensor 𝒞𝑖𝑘𝑚𝑛
(𝑎)(𝑏)

In order to reconstruct the quantity 𝒞𝑖𝑘𝑚𝑛
(𝑎)(𝑏), the SU(N) analog of the linear response tensor, we take

the U(1)-symmetric constitutive tensor (17) and list all the irreducible terms quadratic in the space-time
metric, quadratic and quartic in the vector field, respectively. We take into account the symmetry of
this tensor

𝒞𝑖𝑘𝑚𝑛
(𝑎)(𝑏) = −𝒞

𝑘𝑖𝑚𝑛
(𝑎)(𝑏) = −𝒞

𝑖𝑘𝑛𝑚
(𝑎)(𝑏) = 𝒞

𝑚𝑛𝑖𝑘
(𝑏)(𝑎) (98)

The result of decomposition is the following:

𝒞𝑖𝑘𝑚𝑛
(𝑎)(𝑏) =

[︀
Ω1𝐺(𝑎)(𝑏) +Ω2𝐻(𝑎)(𝑏)

]︀ [︀
𝑔𝑖𝑚𝑔𝑘𝑛 − 𝑔𝑖𝑛𝑔𝑘𝑚

]︀
+
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+Ω3

[︁
𝑔𝑖𝑚𝑈𝑘

(𝑎)𝑈
𝑛
(𝑏) − 𝑔

𝑖𝑛𝑈𝑘
(𝑎)𝑈

𝑚
(𝑏) + 𝑔𝑘𝑛𝑈 𝑖

(𝑎)𝑈
𝑚
(𝑏) − 𝑔

𝑘𝑚𝑈 𝑖
(𝑎)𝑈

𝑛
(𝑏)

]︁
+

+
{︁[︀

Ω4𝐺(𝑎)(𝑏) +Ω5𝐻(𝑎)(𝑏)

]︀
𝐺(𝑐)(𝑑) +

[︀
Ω6𝐺(𝑎)(𝑏) +Ω7𝐻(𝑎)(𝑏)

]︀
𝐻(𝑐)(𝑑)+

+Ω8

[︁
𝐻

(𝑐)
(𝑎) 𝐺

(𝑑)
(𝑏) +𝐻

(𝑑)
(𝑎) 𝐺

(𝑐)
(𝑏) +𝐻

(𝑑)
(𝑏) 𝐺

(𝑐)
(𝑎) +𝐻

(𝑐)
(𝑏) 𝐺

(𝑑)
(𝑎)

]︁}︁
×

×
[︁
𝑔𝑖𝑚𝑈𝑘

(𝑐)𝑈
𝑛
(𝑑) − 𝑔

𝑖𝑛𝑈𝑘
(𝑐)𝑈

𝑚
(𝑑) + 𝑔𝑘𝑛𝑈 𝑖

(𝑐)𝑈
𝑚
(𝑑) − 𝑔

𝑘𝑚𝑈 𝑖
(𝑐)𝑈

𝑛
(𝑑)

]︁
+

+
[︁
Ω9𝐺

(𝑐)(𝑑) +Ω10𝐻
(𝑐)(𝑑)

]︁
𝑈

[𝑖
(𝑎)𝑈

𝑘]
(𝑐)𝑈

[𝑚
(𝑏)𝑈

𝑛]
(𝑑) +

[︁
Ω11𝐺

(𝑐)(𝑑) +Ω12𝐻
(𝑐)(𝑑)

]︁
𝑈

[𝑖
(𝑏)𝑈

𝑘]
(𝑐)𝑈

[𝑚
(𝑎)𝑈

𝑛]
(𝑑) . (99)

In (17) there are only two coupling parameters, 𝜀 and 𝜇, while in (99) we see twelve coupling constants,
Ω1, ...Ω12.

6. Models with spontaneous color polarization

6.1. The ansatz

In order to reduce the number of coupling constants (the number 75 = 41 + 22 + 12 for guiding
parameters of the model seems to be too large) we have to formulate some simplifying assumptions. One
of the ideas is to consider the multiplet of the vector fields to be "parallel"in the group space

𝑈 𝑖
(𝑎) = 𝑞(𝑎)𝑈

𝑖 , (100)

where the fundamental vector field 𝑈 𝑖 is unit and time-like

𝑔𝑖𝑘𝑈
𝑖𝑈𝑘 = 1 , (101)

and the vector in the group space 𝑞(𝑎) is also unit

𝐺(𝑎)(𝑏)𝑞
(𝑎)𝑞(𝑏) = 1 . (102)

This normalization condition means that the gauge-covariant derivative �̂�𝑚𝑞
(𝑎) is orthogonal to the

color vector 𝑞(𝑎), i.e.,

𝑞(𝑎)�̂�𝑚𝑞
(𝑎) = 0 ⇒ 𝑞(𝑎)

[︁
𝜕𝑚𝑞

(𝑎) + 𝒢𝑓 (𝑎)(𝑏)(𝑐)𝐴
𝑏
𝑚𝑞

(𝑐)
]︁
= 0⇒ 𝑞(𝑎)𝜕𝑚𝑞

(𝑎) = 0 . (103)

Also, one can see that

�̂�𝑚𝑈
(𝑎)
𝑛 = 𝑞(𝑎)∇𝑚𝑈𝑛 + 𝑈𝑛�̂�𝑚𝑞

(𝑎) . (104)

The auxiliary tensor 𝐻(𝑎)(𝑏) converts now into

𝐻(𝑎)(𝑏) = 𝑞(𝑎)𝑞(𝑏) , (105)

and the color vector 𝑞(𝑎) is an eigen-vector of 𝐻(𝑎)(𝑏) with unit eigen-value

𝐻(𝑎)(𝑏)𝑞
(𝑎) = 𝑞(𝑏) . (106)

This ansatz introduces a special direction in the group space, which is pointed by the color vector 𝑞(𝑎),
and return us to the global unit vector field 𝑈 𝑖. When the so-called "color poling"is implemented, and
all the vector fields 𝑈 𝑖

(𝑎) are oriented along the vector 𝑞(𝑎) in the group space (it could be indicated as

a phase transition), the tensors 𝒦𝑖𝑗𝑚𝑛
(𝑎)(𝑏), 𝒜

[𝑖𝑘]𝑝𝑞
(𝑎)(𝑏) and 𝒞𝑖𝑘𝑚𝑛

(𝑎)(𝑏) are simplified essentially.
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6.2. Reduced tensor 𝒦𝑖𝑗𝑚𝑛
(𝑎)(𝑏)

With the ansatz (100) the elements of the first constitutive tensor 𝒦𝑖𝑗𝑚𝑛
(𝑎)(𝑏) take the form:

(1)𝒦𝑖𝑗𝑚𝑛
(𝑎)(𝑏) = 𝐺(𝑎)(𝑏)

[︀
𝐶1𝑔

𝑖𝑗𝑔𝑚𝑛+𝐶2𝑔
𝑖𝑚𝑔𝑗𝑛+𝐶3𝑔

𝑖𝑛𝑔𝑗𝑚
]︀
+

+𝑞(𝑎)𝑞(𝑏)
[︀
𝐶5𝑔

𝑖𝑗𝑔𝑚𝑛+𝐶6𝑔
𝑖𝑚𝑔𝑗𝑛+𝐶7𝑔

𝑖𝑛𝑔𝑗𝑚
]︀
,

(2)𝒦𝑖𝑗𝑚𝑛
(𝑎)(𝑏) = 𝑈 𝑖𝑈 𝑗𝑔𝑚𝑛

[︀
(𝐶4 + 𝐶18 + 𝐶22) 𝑞(𝑎)𝑞(𝑏) +𝐺(𝑎)(𝑏) (𝐶10 + 𝐶14)

]︀
,

(3)𝒦𝑖𝑗𝑚𝑛
(𝑎)(𝑏) = 0 . (107)

Let us introduce the color projector, the auxiliary tensor in the group space, as follows:

Π(𝑎)(𝑏) ≡ 𝐺(𝑎)(𝑏) − 𝑞(𝑎)𝑞(𝑏) . (108)

This color projector possesses the properties:

Π(𝑎)(𝑏)𝑞
(𝑏) = 0 , Π(𝑎)(𝑏) = Π(𝑏)(𝑎) , 𝐺(𝑎)(𝑏)Π(𝑎)(𝑏) = 𝑁2 − 2 . (109)

Then the tensor 𝒦𝑖𝑗𝑚𝑛
(𝑎)(𝑏) splits into the longitudinal and transversal parts:

𝒦𝑖𝑗𝑚𝑛
(𝑎)(𝑏) = 𝑞(𝑎)𝑞(𝑏)𝒦𝑖𝑗𝑚𝑛

(long) +Π(𝑎)(𝑏)𝒦𝑖𝑗𝑚𝑛
(trans) , (110)

where
𝒦𝑖𝑗𝑚𝑛

(long) = (𝐶1+𝐶5)𝑔
𝑖𝑗𝑔𝑚𝑛+(𝐶2+𝐶6)𝑔

𝑖𝑚𝑔𝑗𝑛+(𝐶3+𝐶7)𝑔
𝑖𝑛𝑔𝑗𝑚+

+(𝐶4+𝐶10+𝐶14+𝐶18+𝐶22)𝑈
𝑖𝑈 𝑗𝑔𝑚𝑛 , (111)

𝒦𝑖𝑗𝑚𝑛
(trans) = 𝐶1𝑔

𝑖𝑗𝑔𝑚𝑛+𝐶2𝑔
𝑖𝑚𝑔𝑗𝑛+𝐶3𝑔

𝑖𝑛𝑔𝑗𝑚+(𝐶10+𝐶14)𝑈
𝑖𝑈 𝑗𝑔𝑚𝑛 . (112)

Clearly, both longitudinal and transversal constitutive tensors have the same structure as the Jacobson
ones (2), the difference is in the coupling constants only. In other words, we can rewrite longitudinal
and transversal constitutive tensors as

𝒦𝑖𝑗𝑚𝑛
(long) = 𝐶

(||)
1 𝑔𝑖𝑗𝑔𝑚𝑛+𝐶

(||)
2 𝑔𝑖𝑚𝑔𝑗𝑛+𝐶

(||)
3 𝑔𝑖𝑛𝑔𝑗𝑚+𝐶

(||)
4 𝑈 𝑖𝑈 𝑗𝑔𝑚𝑛 , (113)

𝒦𝑖𝑗𝑚𝑛
(trans) = 𝐶1𝑔

𝑖𝑗𝑔𝑚𝑛+𝐶2𝑔
𝑖𝑚𝑔𝑗𝑛+𝐶3𝑔

𝑖𝑛𝑔𝑗𝑚+𝐶
(⊥)
4 𝑈 𝑖𝑈 𝑗𝑔𝑚𝑛 , (114)

where
𝐶

(||)
1 ≡ 𝐶1+𝐶5 , 𝐶

(||)
2 ≡ 𝐶2+𝐶6 , 𝐶

(||)
3 ≡ 𝐶3+𝐶7 ,

𝐶
(||)
4 ≡ 𝐶4+𝐶10+𝐶14+𝐶18+𝐶22 , 𝐶

(⊥)
4 ≡ 𝐶10+𝐶14 (115)

present five effective coupling constants, additional to the standard set 𝐶1, 𝐶2 and 𝐶3.

6.3. Reduced tensor 𝒜[𝑖𝑘]𝑚𝑛
(𝑎)(𝑏)

Similarly to the first case, one can obtain the reduced version of the second constitutive tensor
𝒜[𝑖𝑘]𝑚𝑛

(𝑎)(𝑏) ; it has the form

𝒜[𝑖𝑘]𝑚𝑛
(𝑎)(𝑏) =

[︀
𝜔1𝐺(𝑎)(𝑏) + 𝜔2𝑞(𝑎)𝑞(𝑏)

]︀
𝑔𝑚[𝑖𝑔𝑘]𝑛+

+
[︀
𝐺(𝑎)(𝑏)(𝜔7 + 𝜔11) + 𝑞(𝑎)𝑞(𝑏)(𝜔4 + 𝜔5 + 𝜔9 + 𝜔13)

]︀
𝑔𝑛[𝑖𝑈𝑘]𝑈𝑚 , (116)

and can be rewritten as follows:

𝒜[𝑖𝑘]𝑚𝑛
(𝑎)(𝑏) = 𝑞(𝑎)𝑞(𝑏)𝒜

[𝑖𝑘]𝑚𝑛
(long) +Π(𝑎)(𝑏)𝒜

[𝑖𝑘]𝑚𝑛
(trans) , (117)

𝒜[𝑖𝑘]𝑚𝑛
(long) ≡ (𝜔1+𝜔2) 𝑔

𝑚[𝑖𝑔𝑘]𝑛+(𝜔4+𝜔5+𝜔7+𝜔9+𝜔11+𝜔13) 𝑔
𝑛[𝑖𝑈𝑘]𝑈𝑚 , (118)

𝒜[𝑖𝑘]𝑚𝑛
(trans) ≡ 𝜔1𝑔

𝑚[𝑖𝑔𝑘]𝑛 + (𝜔7 + 𝜔11)𝑔
𝑛[𝑖𝑈𝑘]𝑈𝑚 . (119)
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6.4. Reduced tensor 𝒞𝑖𝑘𝑚𝑛
(𝑎)(𝑏)

Using the ansatz about color polarization, one can reduce the linear response tensor as follows:

𝒞𝑖𝑘𝑚𝑛
(𝑎)(𝑏) =

[︀
Ω1Π(𝑎)(𝑏) + (Ω1 +Ω2)𝑞(𝑎)𝑞(𝑏)

]︀ [︀
𝑔𝑖𝑚𝑔𝑘𝑛 − 𝑔𝑖𝑛𝑔𝑘𝑚

]︀
+

+
[︀
(Ω4 +Ω6)Π(𝑎)(𝑏) + (Ω3 +Ω4 +Ω5 +Ω6 +Ω7 + 4Ω8)𝑞(𝑎)𝑞(𝑏)

]︀
×

×
[︀
𝑔𝑖𝑚𝑈𝑘𝑈𝑛 − 𝑔𝑖𝑛𝑈𝑘𝑈𝑚 + 𝑔𝑘𝑛𝑈 𝑖𝑈𝑚 − 𝑔𝑘𝑚𝑈 𝑖𝑈𝑛

]︀
. (120)

Again, this tensor splits into the longitudinal and transversal parts

𝒞𝑖𝑘𝑚𝑛
(𝑎)(𝑏) = 𝑞(𝑎)𝑞(𝑏)𝒞𝑖𝑘𝑚𝑛

(long) +Π(𝑎)(𝑏)𝒞𝑖𝑘𝑚𝑛
(trans) , (121)

𝒞𝑖𝑘𝑚𝑛
(long) =

1

2𝜇(||)

{︀
𝑔𝑖𝑘𝑚𝑛 +

[︀
𝜀(||)𝜇(||)−1

]︀ [︀
𝑔𝑖𝑚𝑈𝑘𝑈𝑛−𝑔𝑖𝑛𝑈𝑘𝑈𝑚+𝑔𝑘𝑛𝑈 𝑖𝑈𝑚−𝑔𝑘𝑚𝑈 𝑖𝑈𝑛

]︀}︀
, (122)

𝒞𝑖𝑘𝑚𝑛
(trans) =

1

2𝜇(⊥)

{︀
𝑔𝑖𝑘𝑚𝑛 +

[︀
𝜀(⊥)𝜇(⊥)−1

]︀ [︀
𝑔𝑖𝑚𝑈𝑘𝑈𝑛−𝑔𝑖𝑛𝑈𝑘𝑈𝑚+𝑔𝑘𝑛𝑈 𝑖𝑈𝑚−𝑔𝑘𝑚𝑈 𝑖𝑈𝑛

]︀}︀
. (123)

In fact, there are now only four effective coupling constants 𝜇(||), 𝜇(⊥), 𝜀(||), 𝜀(⊥), defined as

1

2𝜇(||)
≡ Ω1 +Ω2 ,

1

2
𝜀(||) ≡ Ω1 +Ω2 +Ω3 +Ω4 +Ω5 +Ω6 +Ω7 + 4Ω8 ,

1

2𝜇(⊥)
≡ Ω1 ,

1

2
𝜀(⊥) ≡ Ω1 +Ω4 +Ω6 , (124)

which play the roles of color permittivities, longitudinal and transversal, respectively.

6.5. How does the model of unit dynamic vector field
appear from the model of color aether?

When the multiplet of vector fields 𝑈 𝑖
(𝑎) converts into the set of parallel fields 𝑈 𝑖

(𝑎) = 𝑞(𝑎)𝑈
𝑖, so

that 𝑈 𝑖 becomes the unit dynamic vector field associated with the velocity four-vector of the aether,
one can say, that the model of the SU(N)-symmetric aether transforms into the extended version of
the Einstein-Yang-Mills-aether model (not into the simple version described above). In this case we
deal with reduced master equations, and our first purpose is to write the master equation for the unit
dynamic vector field 𝑈 𝑖. In order to obtain this equation we calculate the convolution of (78) with 𝑞(𝑎),
and use the decompositions (110)-(112), (117)-(119) and (121)- (123). The corresponding equation can
be written in the form

∇𝑖

[︁
𝒦𝑖𝑚𝑗𝑛

(long)∇𝑚𝑈𝑛

]︁
= 𝜆𝑈 𝑗 − 1

2
�̂�𝑖

[︁
𝒜[𝑚𝑛]𝑖𝑗

(long) 𝐹
(𝑏)
𝑚𝑛𝑞(𝑏)

]︁
+𝒦𝑖𝑚𝑗𝑛

(trans)𝑈𝑛(�̂�𝑚𝑞(𝑎))(�̂�𝑖𝑞
(𝑎))+

+
1

2
𝑞(𝑎)𝒦𝑖𝑘𝑚𝑛𝑗

(𝑐)(𝑏)(𝑎)

[︁
𝑞(𝑐)∇𝑖𝑈𝑚 + 𝑈𝑚�̂�𝑖𝑞

(𝑐)
]︁ [︁
𝑞(𝑏)∇𝑘𝑈𝑛 + 𝑈𝑛�̂�𝑘𝑞

(𝑏)
]︁
+

+
𝜅

2
𝑞(𝑎)𝒜[𝑖𝑘]𝑚𝑛𝑗

(𝑐)(𝑏)(𝑎)𝐹
(𝑐)
𝑖𝑘

[︁
𝑞(𝑏)∇𝑚𝑈𝑛 + 𝑈𝑛�̂�𝑚𝑞

(𝑏)
]︁
+
𝜅

4
𝑞(𝑎)𝒞𝑖𝑘𝑚𝑛𝑗

(𝑐)(𝑏)(𝑎)𝐹
(𝑐)
𝑖𝑘 𝐹

(𝑏)
𝑚𝑛 . (125)

Left-hand side of this equation contains the second order covariant derivative of the aether velocity
four-vector 𝑈𝑚; in the right-hand side there are color vector 𝑞(𝑎) and its gauge covariant derivative of
the first order, �̂�𝑚𝑞

(𝑏); the tensors 𝒦𝑖𝑘𝑚𝑛𝑗
(𝑐)(𝑏)(𝑎), 𝒜

[𝑖𝑘]𝑚𝑛𝑗
(𝑐)(𝑏)(𝑎) and 𝒞𝑖𝑘𝑚𝑛𝑗

(𝑐)(𝑏)(𝑎) are defined in (81), (82) and (83),
respectively.

The master equations for the color vectors 𝑞(𝑎) can be obtained by convolution of (78) with the
projector Π(𝑎)(ℎ); they have the form

�̂�𝑖

[︁
𝒦𝑖𝑚𝑗𝑛

(trans)𝑈𝑛�̂�𝑚𝑞
(ℎ)
]︁
= −1

2
�̂�𝑖

[︁
𝒜[𝑚𝑛]𝑖𝑗

(trans)Π
(ℎ)
(𝑏)𝐹

(𝑏)
𝑚𝑛

]︁
−
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−𝑞(ℎ)
[︂
𝒦𝑖𝑚𝑗𝑛

(trans)𝑈𝑛�̂�𝑚𝑞(𝑎)�̂�𝑖𝑞
(𝑎)+

1

2
𝒜[𝑚𝑛]𝑖𝑗

(trans)𝐹
(𝑏)
𝑚𝑛�̂�𝑖𝑞(𝑏)

]︂
−�̂�𝑖𝑞

(ℎ)

[︂
𝒦𝑖𝑚𝑗𝑛

(long)∇𝑚𝑈𝑛+
1

2
𝒜[𝑚𝑛]𝑖𝑗

(long) 𝐹
(𝑏)
𝑚𝑛𝑞(𝑏)

]︂
+Π(𝑎)(ℎ)

{︂
1

2
𝒦𝑖𝑘𝑚𝑛𝑗

(𝑐)(𝑏)(𝑎)

[︁
𝑞(𝑐)∇𝑖𝑈𝑚+𝑈𝑚�̂�𝑖𝑞

(𝑐)
]︁ [︁
𝑞(𝑏)∇𝑘𝑈𝑛+𝑈𝑛�̂�𝑘𝑞

(𝑏)
]︁
+

+
𝜅

2
𝒜[𝑖𝑘]𝑚𝑛𝑗

(𝑐)(𝑏)(𝑎)𝐹
(𝑐)
𝑖𝑘

[︁
𝑞(𝑏)∇𝑚𝑈𝑛+𝑈𝑛�̂�𝑚𝑞

(𝑏)
]︁
+
𝜅

4
𝒞𝑖𝑘𝑚𝑛𝑗
(𝑐)(𝑏)(𝑎)𝐹

(𝑐)
𝑖𝑘 𝐹

(𝑏)
𝑚𝑛

}︁
. (126)

The left-hand side of this equation contains the second order gauge covariant derivative of the color
vector 𝑞(𝑎). Thus, (125) and (126) give the set of coupled equations of the second order in derivatives
for the evolution of the unit vector 𝑈 𝑖 and color vector 𝑞(𝑎).

The equations for the gauge field have the form (75), but now we obtain the reduced quantities:

𝐻𝑖𝑘
(𝑎) = 𝑞(𝑎)𝒜

[𝑖𝑘]𝑚𝑛
(long) ∇𝑚𝑈𝑛 +𝒜[𝑖𝑘]𝑚𝑛

(trans)𝑈𝑛�̂�𝑚𝑞(𝑎)+

+ 𝒞𝑖𝑘𝑚𝑛
(trans)𝐹(𝑎)𝑚𝑛 + 𝑞(𝑎)𝐹

(𝑏)
𝑚𝑛 𝑞(𝑏)

[︁
𝒞𝑖𝑘𝑚𝑛
(long) − 𝒞

𝑖𝑘𝑚𝑛
(trans)

]︁
, (127)

Γ𝑖
(𝑎) = 𝒢𝑓(𝑎)(𝑏)(𝑐)𝑞

(𝑐)𝑈𝑘

[︂
1

𝜅
𝒦𝑖𝑚𝑘𝑛

(trans)𝑈𝑛�̂�𝑚𝑞
(𝑏) +

1

2
𝒜[𝑚𝑛]𝑖𝑘

(trans)𝐹
(𝑏)
𝑚𝑛

]︂
. (128)

Similarly, one can obtain reduced equations for the gravity field.

6.6. The model with gauge covariant constant color vectors 𝑞(𝑎)

The equations (125) can be simplified significantly, when 𝐷𝑚𝑞
(𝑎) = 0, i.e., when the color vector

𝑞(𝑎) is gauge-covariant constant normalized by unity, 𝑞(𝑎)𝑞(𝑎) = 1. Clearly, it is possible, when the
corresponding reduced equation (126) is satisfied:

�̂�𝑖

[︁
𝒜[𝑚𝑛]𝑖𝑗

(trans)Π
(ℎ)
(𝑏)𝐹

(𝑏)
𝑚𝑛

]︁
=

= Π(𝑎)(ℎ)
{︁
𝒦𝑖𝑘𝑚𝑛𝑗

(𝑐)(𝑏)(𝑎)𝑞
(𝑐)𝑞(𝑏)∇𝑖𝑈𝑚∇𝑘𝑈𝑛 + 𝜅𝒜[𝑖𝑘]𝑚𝑛𝑗

(𝑐)(𝑏)(𝑎)𝑞
(𝑏)𝐹

(𝑐)
𝑖𝑘 ∇𝑚𝑈𝑛 +

𝜅

2
𝒞𝑖𝑘𝑚𝑛𝑗
(𝑐)(𝑏)(𝑎)𝐹

(𝑐)
𝑖𝑘 𝐹

(𝑏)
𝑚𝑛

}︁
. (129)

In particular, this equation can be satisfied for arbitrary 𝑈 𝑖 and 𝐹 (𝑎)
𝑚𝑛, when the following equalities take

place:
𝒜[𝑚𝑛]𝑖𝑗

(trans) = 0 , Π(𝑎)(ℎ)𝒦𝑖𝑘𝑚𝑛𝑗
(𝑐)(𝑏)(𝑎)𝑞

(𝑐)𝑞(𝑏) = 0 ,

Π(𝑎)(ℎ)𝒜[𝑖𝑘]𝑚𝑛𝑗
(𝑐)(𝑏)(𝑎)𝑞

(𝑏) = 0 , Π(𝑎)(ℎ)𝒞𝑖𝑘𝑚𝑛𝑗
(𝑐)(𝑏)(𝑎) = 0 . (130)

In fact, these requirements restrict the phenomenological parameters only; for instance, 𝒜[𝑚𝑛]𝑖𝑗
(trans) = 0,

when 𝜔1 = 0 and 𝜔8 + 𝜔14 = 0 (see (119)). Then the equation for the aether velocity four-vector takes
the form

∇𝑖

[︁
𝒦𝑖𝑚𝑗𝑛

(long)∇𝑚𝑈𝑛

]︁
= 𝜆𝑈 𝑗 − 1

2
�̂�𝑖

[︁
𝒜[𝑚𝑛]𝑖𝑗

(long) 𝐹
(𝑏)
𝑚𝑛𝑞(𝑏)

]︁
+

1

2
𝑞(𝑎)𝑞(𝑐)𝑞(𝑏)𝒦𝑖𝑘𝑚𝑛𝑗

(𝑐)(𝑏)(𝑎)∇𝑖𝑈𝑚∇𝑘𝑈𝑛+

+
𝜅

2
𝑞(𝑎)𝑞(𝑏)𝒜[𝑖𝑘]𝑚𝑛𝑗

(𝑐)(𝑏)(𝑎)𝐹
(𝑐)
𝑖𝑘 ∇𝑚𝑈𝑛 +

𝜅

4
𝑞(𝑎)𝒞𝑖𝑘𝑚𝑛𝑗

(𝑐)(𝑏)(𝑎)𝐹
(𝑐)
𝑖𝑘 𝐹

(𝑏)
𝑚𝑛 . (131)

However, the most serious information can be obtained from the integrability conditions for the equation
𝐷𝑚𝑞

(𝑎) = 0. Indeed, if we start with the equation

𝜕𝑚𝑞
(𝑎) = −𝒢𝑓 (𝑎)(𝑏)(𝑐)𝐴

(𝑏)
𝑚 𝑞(𝑐) , (132)

use the identity
𝜕[𝑛𝜕𝑚]𝑞

(𝑎) = 0 , (133)

and the Jacobi identity (37), we obtain directly the first integrability condition

𝑓
(𝑎)
(𝑏)(𝑐)𝑞

(𝑐)𝐹 (𝑏)
𝑚𝑛 = 0 . (134)
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As a consequence, we have to require that only the longitudinal component of 𝐹 (ℎ)
𝑚𝑛 is non-vanishing:

Π
(𝑏)
(ℎ)𝐹

(ℎ)
𝑚𝑛 = 0 ←→ 𝐹 (𝑏)

𝑚𝑛 = 𝑞(𝑏)𝑞(ℎ)𝐹
(ℎ)
𝑚𝑛 . (135)

There is a trivial example of this symmetry: this condition is satisfied, when 𝐹 (𝑏)
𝑚𝑛 = 𝑞(𝑏)𝐹𝑚𝑛; then using

(132) we see that
𝐴(𝑏)

𝑚 = 𝑞(𝑏)𝐴𝑚 , 𝜕𝑚𝑞
(𝑎) = 0 . (136)

In other words, in that case we are faced with the quasi-Abelian model with parallel potentials of the
gauge field, and with the gauge-covariant constant vector 𝑞(𝑎). For sure, this example is not unique,
and in the nearest future we hope to consider in detail some cosmological applications of non-Abelian
models of the spontaneously polarized color aether.

7. Conclusions

1. We established the theory of SU(N)-symmetric dynamic aether, i.e., based on the variation formalism
we obtained the coupled system of master equations for the gauge, gravitational fields, and for the
multiplet of vector fields, as well as, we presented the full-format catalog of constitutive tensors, appeared
in the theory in the framework of the second order version of effective field theory.

2. We have shown that the standard dynamic aether, which is characterized by the single unit vector field,
can appear from the established theory in the assumption that there exist a mechanism of spontaneous
color polarization. This mechanism provides the color vector fields from the SU(N)-symmetric multiplet
to become parallel in the group space, thus organizing a specific global direction in the four-dimensional
space-time, described by the unit time-like four-vector, the aether velocity. We expect that the group
(color) space, attributed to the SU(N)-symmetric aether model, is anisotropic (uni-axial or bi-axial),
and the hypothetical phase transition in the color dynamic aether is accompanied by spontaneous color
poling analogous to phenomena in electric and magnetic materials.

3. In this paper we formulated the formalism, master equations of the new theoretical model and the
ansatz about spontaneous color polarization; in the nearest future we hope to consider cosmological
applications of this model, and to clarify the physical sense of the mechanism of a spontaneous color
polarization in the SU(N)-symmetric dynamic aether.
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The SU(N)-symmetric generalization of the model of the electromagnetically active dynamic aether is formulated.
This generalization is based on the introduction of a Yang-Mills gauge field instead of the Maxwell field, and of a
SU(N)-multiplet of vector fields instead of the standard single vector field. In the framework of the second order
version of the effective field theory this generalization includes three constitutive tensors, which are the SU(N)
extensions of the tensors appeared in the Einstein-Maxwell-aether theory; we reconstructed the full-format set
of these constitutive tensors. The total self-consistent system of master equations for the gauge, vector and
gravitational fields is obtained by the variation procedure. The general model of the SU(N)-symmetric dynamic
aether is reduced to the extended Einstein-Yang-Mills-aether model by the ansatz about spontaneous color
polarization of the vector fields. In fact, this ansatz requires the vector fields, which form the SU(N) multiplet,
to become parallel in the group (color) space due to a phase transition, and a new selected direction in the group
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