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IMPUHIINII OBIIEN KOBAPUAHTHOCTU U SK30TUYECKUE R*
B OBIIIE TEOPUU OTHOCUTEJILHOCTHN

Obcyx)paaercss poJsib npuHIUIIE, 001Iel KOBapuaHTHOCTH B 06meidl Teopuu orHOCUTENhHOCTH. [loKa3aHO, KaK OH
IpUBeEJI K PACCMOTPEHUIO TVIAJKUX CTPYKTYD HPU HOCTPOEHWM TEOPHUU MPOCTPAHCTBA-Bpemenu. llpeacrasiienst
9K30THYECKHe IIajkue cTpyKTypsl ast RY; crocoBel ux moctpoenus u coiicTsa. Jan 0630p dusmdaeckux ag-
dexToB, KOTOPHIE MOTYT HAO/II0IATHCA B TOM CJy9ae, KOrJa B PEAJIbHOM IPOCTPAHCTBE-BPEMEHU JIOKAJIM3YETCS
9K30TUYHOCTD TVIQJAKON CTPYKTYDHI.
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BBeaenue

O6mas Teopus ornocurenbaoctu (OTO), cozpannas Ditnmreitnom u unsbeprom 100 jer Tomy Ha-
3a]1, CTPOMIACh H3HAYATLHO HA OCHOBE IPHHIATIA 00IIeH KOBAPHAHTHOCTH?, 03HAYAIONIETO HEM3MEHHOCTD
GopmMyMpoBOK (PU3MUIECKUX 3aKOHOB OTHOCHUTEIHHO NPOU3BOJIBHBIX 3aMEH CUCTEM KOOPAMHAT (JI0KaIb-
HBIX Kapr).

[Ipunnun ob1Iei KOBAPUAHTHOCTH OBLT BBEACH DUHIITEHHOM /71 TOrO, 9TOOBI 0DOOIIUTE CIEeIHATh-
uyio Teoputo ornocurenpnocru (CTO), nomyckas K pacCMOTPEHHIO B TEOPHM HE TOJBKO 3JEKTPOMAr-
autaoe mose, Koropoe B CTO sopen-unBapuanTHO, HO U rpaBuTanuontoe mose. CoracHo MPUHIIAILY
3KBUBaAJIEHTHOCTH, KOTOPKIA npu nocrpoernn OTO cumranca DiHmTeiHOM BarkHEHRIIIUM NPUHIUIIOM,
MTO3BOJISIIONIAM YYUTHIBATH TPABUTAINIO, TPEObIBAHNE B CUCTEME OTCYETa, B KOTOPOH JIEHCTBYET rPDABH-
Tanudd, JIOKAJIbHO 9KBUBAJIEHTHO HAXOXKJ/IEHUIO B CUCTEeMe OTCYeTa, /IBI/I}KyHlef/'Icﬂ YCKOPEHHO. yCKOpeHHbIe
CUCTEMBI OTCYETA OMUCHIBAIUCH MOCPEJICTBOM UCIOIb30BAHUS HEJIMHEHHBIX TPEOOPA30BAHMI KOODIMHAT.
Orcroa JTOTUYecKu CIeI0BAIO YTBEpXKIAeHUe, 9T0 Teopus, obobmmaomas CTO u Briogaromas rpaBu-
TAINIO, JIOJIPKHA OBITH MHBAPUMAHTHON OTHOCHTEIHLHO HEJMHEHHBIX TPEOOPA30BAHNIT KOOPIUHAT.

1 xorst 661710 cpa3dy 3aMedeHo, 9TO TPABUTAINS — ITO MPOSIBJCHNE NCKPUBJIEHHOCTH MPOCTPAHCTBA-
Bpemenn, a He 3 dekT, BO3HUKAIOMN 6,1ar01apst JTOMYIEHAI0 MTPON3BOIBHBIX 3aMEH KOOPANHAT, TTPAK-
tuaecku ;10 1980-x romos yuebrukn 1o OTO u3maranm 3Ty TE€OpPUI0, KAK OCHOBBIBAIOILYIOCS HA TTPUHITA-
[aX SKBUBAJIEHTHOCTH, OOIIEl KOBAPUAHTHOCTH U YPABHEHUAX JUWHIITEHHA. DUHIITEHH MUCAT, UYTO «HE
OCTaEeTCS HUYEro APYTOro KaK MPU3HATH BCE MBICTUMBbIE KOODIUHATHBIE CHCTEMbI IPUHIANAATILHO PABHO-
HPABHBIMU JIJIst OIIMCAHUS IIPUPO/IbL», IPAB/A, IPU YCJIOBUU OJIHO3HAYHOCTH U Henpepbisuoctu [1, ¢. 459].
W B 310# CBsA3M BUIIEIOCH, 9TO «TIOCTPOEHUE ODIIEH TEOPUM OTHOCHTEIHHOCTH JIOJI’KHO OJHOBPEMEHHO
MPUBECTH W K TEOPHUH TATOTEHHUs, NOO IPABUTAIMOHHOE MOJIE MOYKHO «CO3/1aTh» MPOCTHIM M3MEHEHUEM
KOODJMHATHO! cucTeMbly» |1, ¢.457].

Jlonyckas pa3indHble CHCTEMbBI KOODIUHAT, OJHOBPEMEHHO JIOMYCKAIOT BO3MOYKHOCTH 3aMEHBI O/THOM
CucreMbl KOOpAWHAT Ha JAPYyTyIo. STI/I 3aMeEHbI JJOJIZKHBI 6bITb TJIaJIKUMU OTO6pa)KeHI/IHMI/I, TTOCKOJIBKY
dusuka onuceiBaercs guddepennnanbabiMu ypasHeHusiMu. TpeboBanne ria KoCTH 3aMeHbl KOOPANHAT
HA si3bIKE MATEMATUKOB O3HAYAET BBEIEHUE 24a0K0T CMPYKMYyps, B IPOCTPAHCTBE-BPEMEHH.

1 E-mail: guts@omsu.ru

2B craree 1913 roga «ITpoexT 060BIIEHHOH TEOPHHE OTHOCUTENLHOCTH W TEOPUW TATOTeHUs» Ditmmreiin u ['poccman He
BU/IE/IM OCHOBAHUHM jijist 001edl KOBAPUAHTHOCTU 10J€eBbiX ypaBHeHuil. [lozxke, B konue 1915 roga DiHmreiin nucas, 9410
oT TpeboBaHus 001l KOBAPMAHTHOCTH OH TOTJA «OTKA3AJICs C TsKeJbIM cepaneM» |1, c. 425].
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IIpu 3ToM Ha 3aMeHbl KOOPAMHAT CMOTPEIN KAaK HA WHCTPYMEHT, C OJHOW CTOPOHBI, CIOCODCTBY-
OLUI PeleHnIo ypaBHeHuii Ditainreiina, a ¢ Apyroil CTOpOHbI, JAIOMI BO3MOXKHOCTH MAKCUMAJIbLHO
pPaCITUPUTH TPOCTPAHCTBO-BPEMSI, BKJIIOYAst B HETO HOBBIE O0JIACTH.

Opnako mocrenenno nosiBuinch yuebnuku, rae OTO dopmvynmupoBanach Kak Teopus JOPEHIEBA
MHroroobpazus M?, MeTpuka KOTOPOTo YAOBIETBOpAeT ypasHeHuaMm Diinmreiina. Koopaumarel u mx
MPU3BOJILHBIE 3AMEHBI OTOIILIN HA 33/ THUI [IJIAH U MPEJCTABILIN OO0 CrI0cO0 OMUCAHNS TIAIKON CTPYK-
TypsI sopentesa Maoroodbpazust M*. Tlox riaikoit CTpyKTypoii HOHMMAETCss MAKCHMAJILHBIH HAOOD BCe-
BO3MOYKHBIX KOOPJMHAT W COOTBETCTBYIOMNX 00/1aCTe MHOTO0OPa3nsi, B KOTOPHIX 3T KOOPANHATHI JIeH-
CTBYIOT, TIPW YCJIOBHH, YTO MEPEXObI OT OJHUX KOOPAWHAT K JIPYTUM

v v
-/
ot =2t (20,2 2% 23), i =0,1,2,3,
7 00paTHO, ABMAIOTCA WHHEKTUBHBIMIA OTOOPAYKEHNEMH B OOJACTAX WX ONpEIeTeHus, U AKOOHMAH

oz
ozt

det #0.

IIpu 9TOM HESIBHO MPEJIIOJIArAETCs, 9TO TVIAJIKas CTPYKTypa npocrpancrea-spemenn M* ocraercs roit
JKe caMoil mocite mo00il 3aMeHbl cucTeMbl Koopausat. Muage rosops, ecim f @ M* — M*  mexoropoe
busnIecKoe ABMFKeHNe B IpocTpaHcTBe-BpeMenn M*, KoTopoe u3 061acTH TeHCTBHA OHOM CHCTeMbI KO-
opauHaT {;vz} MEPEBOIAT ONMMcanne 0ObHEKTA, ABUKEHNS B 00/1aCTh AEHCTBUS APYTO# CHCTEMbI KOODIMHAT
{;vi/}, TO 3AIMCAHHOE B KOOPJAMHATAX UHTYUTUBHO IJ1aJIKOe (DU3MUECKOE JIBuXKeHue [ 1aer 0rodparKeHue

i i 0 .12 3 g
= (2% 2, 2% 7)), i'=0,1,2,3,

0bsI3aTeNIbHO SIBJIAOIIEECs ryagkuM (Kak u ero obparnoe). Kak pesynbrar, Hanpumep, riajkue onuca-
HUST OO'bEKTOB B KOOPIMHATAX {;vl} OCTAOTCs NIAJKUMHE JIJIsl IEPEMELIEHHbBIX IOCPEJACTBOM JBUXKeHUst f
06BEKTOB B KoOpauHaTax {z! }.

Ho nockonbky B 1980-€ TOIBI /I TONOIOHYECKOro MHOroobpasus R 6bL10 OTKPHITO CymecTBoBa-
HUME HECYETHOIO 4YMC/a IK30THYeCKuX, 1. €. Hepuddeomopdubix ragkux crpykryp [3,5,7], reomerpust
KOTOPbIX HEOAHOPOHA [9], TO MbI MOXKEM € yJMBJIEHUEM KOHCTATUPOBATH, 4TO HA OJHOM MHOYKECTBE, T. €.
Ha OJIHOM M TOM 2Ke HabOpe 3JIEMEHTOB, HAKOHEI[, HA OJIHOM M TOM JKe HaDope geuweti 6 cebe, 0Opa3yro-
[IIUX MATEMATHYIECKOE TOIOJOTHIeCKOe MHOr00Opa3ue, BO3MOKHBI ONMCAHUS Gewjeti 044 HAC C PASHBIMA
dbu3nIecKkn HECOBMECTUMBIMY CBOHCTBAMU.

WNuage roBopsi, mporieaypa paciiupenns MPOCTPAHCTBA-BPEMEHN 3a CIeT BCEBO3MOXKHBIX 3aMEH KOOP-
JIMHAT MOYKET MMPUBECTH K COBEPIIEHHO HempeacKa3dyemMbiM (busndecknm 3 derram. Pu3ndeckn HEIKBU-
BaJIEHTHBIE TJIaJIKME CTPYKTYPBI Ha IMTPOCTPAaHCTBE-BPEMEHW, B TAKOM Cjiy4ae, JOJIZKHbI CTaTh O6’beKTaMI/I
HCCITeIOBAHNSA (DUBUKH.

C coBpeMeHHOI TOYKH 3PeHus MPOCTPAHCTBO-BPEMs  3TO 4-MepHOe XaycaI0pdOBO TOMOJIOTHIECKOE
MHOTOOOpa3ue, OCHAIMIEHHOE TIAJIKONH CTPYKTYpO#l u JIOpeHreBoit merpukoii. CBOOOIHOMY [IBUKEHUIO
BELY B IPABUTALMOHHOM I10JI€ OTBEYAET MUPOBAs JIMHUS YACTULbL, SIBJIAIOLIANACS 2400K0T N€0I3UIEeCKOi,
HECBODO/IHOMY — TIPOM3BOJIbHAS, HO, ONAThL-TaKMW, Iajgkas KpuBas. Ho, Kk mpumepy, riaajkasi KpuBast B
R* moxer nversh n3aoMbl B HeandOeoMOpGHOM IKZOTHIECKOM RgKS , W, CJIEJIOBATEJILHO, JIETATEIhHBIN
anmapar ¢ TaKO# MUPOBOI JIMHWEH B OJHOM MHUPE [IBUKETCS B COOTBETCTBUU C 3AKOHAMW MEXAHWKH, & B
JIDYTOM ~ BUJATCS KAK COBEPINAIONMII MTHOBEHHOE M3MEHEHUEe HAMPABJICHUS IBUMKEHUS, HEBO3MOXKHOE
€ TOYKM 3peHusi 3aKoHA unepuuu [53].

Ba)KHO pru 3TOM OTMETUTH, YTO BCE IK30TUYECKUE IJIaJIKMEe CTPYKTYPbI, B TOM 4HUCJ/I€ U CTaHJIapT-
Hoe R*, 10KaAbHO 9K6USAAEHMHYL, U, B CHITY ITOTO B A0KAALHULEL KOOPIUHATAX BBIPAZKEHIE (PU3MUECKIX
3aKOHOB, & 9TO KaK npaBuiio, nuddepeHimanbible ypaBHeHNs, U, CJIeJI0BATENbHO (DOPMA ITUX ypPABHE-
HUll ¥ TOBEJEHNE WX PEIIeHU, OJNHAKOBBI. JHAYUT, IKIOTUIECKAS [JIAJIKOCTh MPOABISLETCHA TOJIBKO MIPU
uzyuenun quddepeHnupyeMoil CTpyKTypbl IPOCTPAHCTBA-BPEMEHU 6 UeAoM, T. €. 2aobaavro [19, p.13].
D10 03HAUYAeT, YTO [PU MCCIEJOBAHUAX, 3aTPArMBAKIIMX 1J100a/bHBIE, KOCMOJIOIMYECKUKE MaCIITadbl,
remnddeomMopdHbIE TIIAIKOCTH MO PA3HOMY CKA3bIBAIOTCS HA TPOSBICHNN (DUBUIECKAX MO, U MbI
MOZKEM CTOJKHYTbCH C HeokumanubiMu usundeckumu 3 dexramu [10,27].

IMockombky MbI TpakTyem Beenermryro Kak riagkoe MEOroobpasme, T. €. MHOrOoOpas3ue ¢ KOHKPEeTHON
IJAJKOH CTPYKTYpOi, TO TOXKe CaMOe TOMOJOTHIecKoe MHOTooOpasme ¢ Apyroi, HemnddeomopdHOi
IJIaJIKOH CTPYKTYPOIT CJIe/lyeT pacCMarpuBarh KaK MHYIO, CKAsKeM, NapaAleAbHyI0 BCEICHHYIOS .

3Ha CeroaHs He CYIIeCTBYET sICHOTO MOHUMAHUSA, 9YTO CJIeAyeT UMETh B BUAY IO TEDMUHOM <«ITapaJijieIbHasl BCEJICHHAS».
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Takum 00pa3oM, OKa3bIBAETCsl, YTO HAIIM BEIIM OJHOBPEMEHHO siBJISIOTCS BELIAMU [1apaJLIe/IbHON
BceJieHHOM u Haobopor. [lapaJsuienbubie Mupbl Jjexxkar BayTpu Hamero! Mbl u ectb Bce napasijiesbHble
Mupbt! Ho Mbl ux He omy1aem, ocKo/bKY OHU COOTBETCTBYIOT I1aJAKO cTpyKType HeauddeomopdHOit
Hameid. A BOT mepexobl MexKJy HapasielbHbIMUA BCEIEHHLIMU MOMKHO OCYIIECTBJIATH C MOMOIIBIO 4-
MepHBIX KPOTOBbIX HOp [11 13].

1. Timagkue crpykrypbl u guddeomopdu3mMbl

Cnajgkas crpykrypa B IPOCTPAHCTBE-BPEMEHU HEOOXOAMMA IJjisi TOTO, YTOObI BBECTU JIOPEHLEBY MET-
PUKY ik TAKUM 00Pa30M, 4TOOBI OTOXKIECTBUB €€ C OTEHIUAJIAMU I'PABUTALIMOHHOIO 10JIs1, JIOIyCUThH UX
nudepeHIupoBaHre, U B CUIY 9TOr0 HAXOJUTH UX B KOHKDPETHBIX (DPUBMUECKUX 3aJa9aX KAK PereHus
mosieBbIxX aud hepeHnnaabHbIX YPABHEHUN, HANIeHHBIX JitHmiTeitHoM u ['nipbeprom.

1.1. I'nadxas cmpyxmypa no Bopucosy

[IpuBemeM ompeneNeHns TAaJKOH CTPYKTYpHI, HpuHamTexKamee mpod. FO. @. Bopucosy?*, koTopoit
JIaBaJI €ro B CBOEM CIEIKypce 0 PUMAHOBOI reomerpun B HoBocubupckom yuusepcurere B 1968 romy.

ITycts M HemycToe MHOXKECTBO, jonyckaiomee nokpbitue (My)aca, T. €. UoyMy = M, npuuem
st kaxkaoro M, cymecrsyer OuektusHOoe orobparkenune ¢, @ M, — Ug,, tne U, C R™ — orkpsiroe
IIOJMHOZKECTBO.

IIpeanonaraem, 970 BBIIONHSAIOTCH YCIOBHSL:

1) mns moboro x € My N Mg cymecrsytor V, C Mo NMgu ¢ :Vy, - U CR"  Oueknus, a U
OTKDPBITOE MHOKECTBO; IPH 3TOM 0Tobpazkenus (g 0 on ') @ 0a(Ve) = ¢p(Va), (pa © gagl) cpg(Ve) —
0o (Vz), raspBaemble gynryuamu nepexoda, npuraanexar kaaccy raaakocrn C™ (m > 0) (ycmosmne
rnaakocTu (pyHKIMIE epexosa).

2) xakoBbl OBl HM Obm x,y € M, cymecrByer oroGpaxenne f : [0,1] — V rakoe, uro f(0) =
x, f(1) = y, m ecm f(tg) = xo € My, to € [0,1], To mns Beex t € [0,1], gocTaTodHO OIN3KKUX K to,
f(t) € My u (o0 f)(t) nempepbiBHOE oTOOpazkenue (ycaoBue CBA3ZHOCTH)®.

IMapa < My, @ > HA3BIBAETCS A0KAALHOU KAPMOT, WIN A0KGALHULMY KoOpIunamamu na M. CoBo-
KynHOCTh A BCeX JIOKaIbHbIX KapT Ha M, yaoBAeTBOPAIONINX yCaoBusAM 1), 2), HA3bIBAETCS GMAGCOM
kJacca C™.

Jsa pasubix atinaca A A knacca C™ sxeueasenmint, €Can 00beuHEeHIe UX JIOKAJIBHBIX KapT 00pa-
3yer arjac Kjiacca C™.

Taxum obpaszom, Ha MHOXKeCTBE Beex arnacos kjaacca C™ wa M BBEIEHO OTHOIIEHNE SKBUBAJIECHTHO-
CTH, KOTOPOE Pa3buBaeT COBOKYIIHOCTh BCEX ATJIACOB HA KAGCCHL FKEUBAAEHMHOCTIU.

IIpumep 1. Ha M! = R! cymecrByor HeskBuBaIeHTHBIE aTaack. [yCTh mepBoIi atiac A COTepk UT KapTy @: M - RY,
o(z) = x, a Bropoit knacc Az kapry ¢ : Mt — R, ¢(z) = z1/3. Torpa dynxuus nepexona

(pop™H(w) =a'/® ¢ C™.

Cnenosatensuo, A; u Ag He ABISIOTCA SKBUBAJEHTHBIMUA.

Onpegenenne 1 Kaace sxsusarenmuvix amaacos kaacca C™  amo zaadkas cmpykmypa wa M xaac-
ca C™.
Kak Buganm, rioagkasi CTpyKTypa — 3T0O MaKCUMAJIbHbBIH aT/iac.

MuoxkectBo M ¢ BbIOpAHHOI /151 HEIrO KOHKPETHOM IJIaJAKo# cTrpyKTypoil kjacca C™ Ha3biBaercs
n-MePHBLLM 2A00KUM MmHo2000pasuem Kaacca C™ nam C™-mnoz2006paszuem n obosnaqvaercs M™.
B caygae, korma m = 0, TOBOPSAT O TOMOJOTHIECKOM N-MEPHOM MHOTOOOPA3HH.

4Bopucos FOpuit ®ejoposuu (1925-2007)  samevarenbubiii coperckuit u poccuiickuii reomerp, j.c.-m.H. podeccop
Hosocubupckoro rocygapcrsennoro yauBepcurera, yaenuk A. J[. Anexcamgposa. Yuran B 1960-e ronsr 8 HI'Y cmenkypc
«PumanoBa reomerpusis.

5VcsioBHEe CBAZHOCTH He SABIAETCS 00s3aTeILHBIM MU OMpeJeeHNH IJIa KuX MHOr006pasuit. OHO rapaHTHpYeT TOTO-
JIOTMYECKOE CBOUCTBO €8#A3H0CMY (MMHEHHON CBA3HOCTH) IJIAJKONO0 MHOrO00pasus, T.€. TO, YTO OHO HE COCTOHT U3 «JBYX
KYCKOB».
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IIpeanoxxeune 1 Ha mHoz000pasuu M™ = R" umeemcs 2406a4bHaA Kapma

p: M" = R",
o:x— (zt ..., z"),
o(x) = (z*....2"), x=(z'...,2") € M",
Koopdunamul KOMopot

't =@ (x) = o (7 (@t 2") = [pop (@t 2" = 2

asaaomces, owesudno, C®-zaadkumu pynrkyusmu na R™.

Onpegenenue 2 Omobpasicenue f: M™ — NF, 2de M™, N¥  C™-zra0kue m102006pasua, nasvea-
emcs, C™-2nadkum, ecau das 410604 mouku x € M™ u amobwr kapm < My, pq > muozo06pasus M"™ u
< Ng, g > mmoz006pasus N*, x € M,, f(x) € Ng dynxyus go foprl € C™.

Onpegenenune 3 Omobpasicenue f: M™ — N* zde M™, N¥  C™-zaadkue mmozoobpasua, nasvea-
emcea C™-dugdeomoppusmom, ecau f zomeomopdusm u omobpasicenus f, f~1 € C™.

fcno, aro auddeomopdubie MHOrOOOpPa3Us UMEIOT OAMHAKOBYIO pa3dMepHocTh. dnddeomopdnzm
M™ N™ oboznadaem kak M™ ~ N™.

C roukm 3penns busukn auddeomopdnusm — 310 ra0bATHLHOE NPEodpa3oBaHUe, IBUKEHUE B
npocrpancree-gpemerun. B OTO orHocuTe/ibHO Takux npeodbpaszoBanuii (pusnyeckue 3aKOHbI UHBAPUAHT-
ubl. CreoBarenbHo, eciu orcyTcTByeT auddeomopdusM Mek Iy MHOrO0Opas3usaMu C PA3HBIMHA TJ1ATKO-
CTSIMU, TO CKOPEE BCEr0 3TO TOBOPHUT O (PU3NIECKHU HEIOMYCTUMOM JIBUKEHUN, KOTOPOE 03HAYAET HATHIHE
dusnuecknx pazanunii B onucanuu signennii (06bekToB) B HeandGHEOMOP@HBIX 1IaIKMX MHOrooOpasu-
sax [13], [19, c. 37].

1.2. KacameavHuvie 6EKMOPHL U KACATEADBHOE PACCAOEHUE

ITycrs M™ — rnankoe muoroobpasme m x € M™ — touka na mem. Paccmorpum muONKecTBO {f}s
BCEBO3MOKHBIX riaaknx orobparxennit f : [0,1] — M™, takunx, uro f(0) = .

IBa Takue orobpaxkenus f,g 2K6u6aseHmubl, €Cau g (KOOPAMHATHBIX) [PEICTABICHUl JaHHBIX
oToOpaxkenuii B j1000i m0KanbHOM Kapre < My, o >

(‘pa © f)(t) = (fl(t)a ) fn(t)) u ((Pa o g)(t) = (gl(t)7 ""=gn(t))7 te [07 1]7
nMeeM dft dg’
—(0) =—(0 ,=1,...,mn).
dt ( ) dt ( ) (Z ? 7n)
Mbl MMeEM OTHOIIEHUE SKBUBAJIEHTHOCTH HA yKazaHHOM MHoxkecrse { f}, orobpaxenuii, Koropoe pas-
GuBaeT ero Ha KJacChl SKBUBAJIEHTHBIX 0TOOpaykennit [f]q, [g]x, - - -

Omnpenenenne 4 Kacameavuwvili sekmop € 6 mouke x & 2aadkomy mmnozoobpasuro M™ — smo waacc

IKBUBAAEHMHBLL 0omobpascenul [f|,. Mrnookcecmeo 6cex KAacco6 IKEUBAAEHMHLLEL 0TOOPAdCEHUT HA3bi-

BALINCA KACAMEADHOLM NPOCTMPAHCMBOM 6 Moyuke T K MHoz000pasuto M" u obosnawaemces waw M.
s sexmopa € 6 kapme < My, @q > onpedessem ezo K0opounamol:

6_(517-'-75 )7 5 - dt (0)

1.3. Jlopenuesa mempura

IIycts M™ — riagkoe muOroobpasue. Jlopenuyesa mempura g va M™ — 310 110/1€ HEBBIPOK IEHHO
kBagpatnaaoit bopmer ¢, (—,—) : M? — R, & € M", curnarypsr (+ — ...—). B nokanproit kapre
) — (1
v :U =R o(x) = (2, ..., a"), ) .
9z (57 77) = Gij (I PREEY) zn)glnjv
1 1
Mbl BuguM, 4T0 METpUKA Olpeje/eHa B Touke £ € M™ ecjin B 310 TOUYKE CYLIECTBYIOT KaCaTe/bHbIE
BekTopbl. CJle10BaTEIbHO, DU PEIIEHUM 3314491 [POJIOJIKEHUs METPUKU B HOBYIO 00JIACTH, METPUKY
g MOXKHO TIPOAOJI?KUTH B TOqu X JIMIIb B TOM C.Hyt{ae, €CJIn KOOPpZWHATHbBIE TTPEJACTABJICHUA KpI/IBOﬁ
fa:[0,1] = M™, 3anaromeit Bexkrop & = [f,], nuddepennupyemsr B 0.
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1.4. Iloepyostcenus, 8.a02HCEHUS, TLOOMHO2000pA3US

Oupenenenne 5 C™-zaadkoe omobpancenue f : NF — M™ zde N¥. M™  C™-znadsue mmozo-
obpasus, nasvisaemcs ummepcuenvim 6 mouke © € NP ecau dufdepenyuan df, : NF — J’}(m),

(df:)" (&) = g—gf;(x){k, & € M}, unsekmusen, U CYOMEPCUSHHLIM 6 MOUKe T, ecau dfy — Clopvexmu-
sen. Ecau f ummepcusno 6 xasicdoti mouke mmozoobpasus N¥, mo f nasweaemes ummepcueti, uiu
noepyoicenuem; ecau [ cybmepcusno 8 kasicdol mouke, mo — cybmepcued.

C™ -2na0x0e omobpascenue f : N¥ — M™ nazweaemca (2nadkum) erodcenuem (embedding), ecau
[ ecmv mnoepyoicenue, 2omeomopdro omobpasicarowee N¥ na f(N*). Baoosicenue cobemeennoe, ecau
nPoolpas KaxHc0020 KOMNAKIMHOZ0 MHONCECTNEA KOMNAKINEH.

Omnpenenenne 6 ITodmmnoocecmeo N¥ C M™, cnaborcenmoe cmpysmypoti 2aadk020 mH02006pasus, Ha-
aweaemea nodmmozoobpasuem 6 M™, ecau omobpascenue i : N¥ — M"™ i = idym|y, i(z) = z,
ABNACTNCA BNOHCEHUEM.

JlokanbHo B KOOpAMHATAX MoaMHOroo6pasne N¥ sanaercs ypasnennem

ot =Fiul,. . W) (k<n), i=1,...,n,
npugeMm:
ou’

2) i sBasiercs romeoMopdu3MoM Ha cBoit 06pas i(NF).

1) panr skobuesoii marpunpt J = pasen k na noamuoroo6paszun N* (peryasprocts 4);

Atnac mommuOroo6pasus N SKBHBATEHTEH HHAYIMPOBAHHOMY AaTiacy, OOPA30BAHHOMY KapTAMH
< MaﬂNk,cpaoz'>.

4
2. Dk3ormueckue R, .,

I'naaxoe muoroobpazue M*, romeomopduoe R, Moxker 6b1mh muddeomopduo C>-riaakoMmy MHO-
roo6pazuio R*, Ho moxer 66116 He juddeomopdro’. B nociaesneM ciaydae roBopaT 06 9K30MUMECKOM
C>-rnaakom muoroobpasnn R*, koropoe oboznauaercs uepes Ri., .

Sx3zoruueckue Ry, Gouin orkpeiTol B 1980-€ roapt. Ilepseiii npumep 61 Haiigen Maiikiom @pu-
MaHoM [6].

4

Ok3ornyeckoe R, .

IIOJIMHOZKECTBO B cTapgapTHoe R

4

Ok3oTnveckoe Ry, .
IIOJIMHOZKECTBO B cTapgapTHoe R

M. ®@punman u JI. Taitnop [5] nokaszauu, 9T CyIIECTBYET €MHCTBEHHOE MAKCUMATBHOE IK30TUIECKOE

RZ,. , B koTopoe Bce gpyrue RY MoryT GbITh Ia/IKO BIOKEHBI KAK OTKPBITHIE NOJMHOKecTBa [19, p. 244].

CyecTBoBaHue MaJiblX 1 DOJIBIITUX RgKS MOZKET 110 PA3HOMY CKa3bIBAThCA HA IPOBOAUMBIX HAMU UC-

cnepoBanusx Beenennoit. Eciiu Mbl peanoiozKuim, 9T0 HAIIE TPOCTPAHCTBO-BPEMsT  9TO CTAHIAPTHOE

R4, a OHO B ,Z[eﬁCTBHTeI[bHOCTH SABJISIETCS OOJIBIIAM 9K30THYE€CKUM, TO Hallld TEOPETUYCCKHE IIpeICKa-

Ha3bIBaCTCA MaAbLM, €CJTTH OHO MOXKET OBITH ITaJKO BJIOZKEHO KaK OTKPBITOE

Ha3bIBAETCA 60,/wau¢vz, €CJIH OHO He MOYKeT OBbITh TJIaJJKO BJIO2KEHO KaK OTKPBITOE

3aHud OTHOCUTEJIBHO BceﬂeHHOﬁ MOryT 6])ITI) HEBEPHbBIMU. OﬂHaKO B CHMJIy TOT'O, 9TO KOCMOJIOTUYECKHNE
HaOJIIOAEHUST BOCTIPOU3BOINMbBI, TO PAHO WJIU TTO3/IHO, HO MbI TIOWMEM CBOIO OMMUOKY W TTPUMEM 3a OCHOBY
CBOMX npeickazanuii (60JIbIIyI0) 9K30THUYECKYIO riaikocTh [35, p. 10].

B ciyuae, korma cnpaBeinBo, 9TO MBI XKUBEM B CTAHIAPTHOM R4, B HEM MOXKET HaXOAUThCH IJ1aJIKO
BJIOJKEHHOE Majloe 9K30Tuueckoe Ri . . B Takom ciydae nepecedenue TpaHul] SK30THUECKUX 0bacTed
CIIOCOOHO MPOSABUTHCA B KAUECTBE HEOXKUIAHHOTO (PU3UTIECKOT0 3 (heKTa, IPUINHY KOTOPOTO HE CIEIyeT
HCKATh KaK MPOSBICHUE KAaKUX-THO0 pusndeckux BlauMojeiictsuii. [Ipumepom MoxkeT ObITH H3MEHEHWEe
nyTu (GoroHoB. [Ipu HAGTIOZEHUN HEOKUTAHHOTO OTKIOHEHUS CBETOBBIX JIyYeii, Mbl HE CMOYKEM OTHECTH
9TO K BO3/EHCTBHUIO KAKOI-im00 BUIMMOIT Marepun, Mbl BbIHYK/IEHBI Oy/JIEM CBA3aTh 3TO C «OTCYTCTBY-
foweit Maccoit» — TeMHOl Marepueit [26].

4
2.1. IHocmpoerue maavir R,

Maubie RE, ., cTposTest ¢ mCnosib30BaHMeM TEOPeMbI O I KOM 5-MepHoM h-koBopansme, pydex Kac-
cona, npobok AxOyJjara u TeXHUKHU pasyioxkenus Ha pyuku [19, § 8.6].

6Tounee, moboe 6uextnrHoe orobpaskerne M4 ma R* Gymer meanddepenupyemsiv xoTst 661 B OIHON TOUKE.
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IMyrs M* n N* — roranxue 3aMKHYTHIE OJHOCBA3HLIE MHOr00Opasus Pacemorpum h-kobopamam?’ W2
mexxay M* u N4, Torgza cymecrsyior crsrusaembie noamuoroodpazus A* ¢ M* ¢ kpaem 0A* n B* ¢ N*
¢ kpaem 0B* u noaxoGopmusm V2 C W5 ¢ 9V5 = A* LU B* (necsssnas cymma) raxoit, uro M*\ A*
muddeomopdro N4\ B* u int(V?) (kax oTKpbIToe mompmMHOroobpasme) romeomopdno R* x [0, 1].

Kak nokaszan ®puaman [4], h-kobopamsm WP Breder romeomopduocts M* u N4, Kpome toro, A*
nuddeomopduo B, nmeer kpait A%, u cymecrsyer nnsomonus 7 @ 0A* — 9A*, 1.e. orobpakenue
71 OA* — OA* rakoe, urto T o T = idyaa, T # idgss. Kpait A* ects romosiornueckas chepa S [19,
p.192-193).

Ecmn M* u N* romeomopdnnr, no ne auddeomopdunr, To int(V?) N M* ects mamoe sxzotute-
ckoe R2, ., .

[Moamuoroobpasue A* nasvisaercs npobroti (cork) Ax6yaama 8. Muoroobpasue N, neaudeomopd-
noe M*, nosmyuaercst uz M* nepeskiensannem npobkn Axbyaara A?, cosepmaembiv no xpaio 0A* ¢
HOMOIIIBIO MHBOTIONMN Kpad T : 0A* — 0A%.

Ecmm B3are npobky AkOynaTa m OIPHKIEATH K ee Kpao pyduky KaccoHa, ToO BHyTpEeHHOCTD IOJTyYeH-
Horo MHOro6pasus ects (masnoe) R . . O6parno, masnoe R,
u pyuxy Kaccona [28].

«packJabiBaercs» B npobky AkOysiara

Mautoe sx3otmaeckoe R* cumpHO 3aBucHT 0T pyukn Kaccoma B Tom cMbicae, uto memuddeomopdube
pyuxu Kaccona naror nenudgdeomopdusie R,

Onucanue pyuku Kaccona paercs nuxe. Kak naxogurs npobku AxOynara? OkasbiBaercs npobku
Akbynara — 310 muoroodbpasus [lreiina. Ouuinem curyanuio 6osiee oApPOOHO, OTTAIKUBASCH OT [HOHSI-
st MHOTOOOpasust [lreitna.

IIycts C kommnakTHOe craruBaemoe 4-muoroodpasue Illreiina ¢ kpaem u 7 : 0C — JC uHBOIIO-
mus kpag. Mol Hazsisaem (C,7) npobkoti Axbyaama, eciu T OPOJOIKAETCs JI0 aBTOroMeoMopdusma
muOroobpasust C', HO He MOXKeT ObITh TPOAOJIKEH 10 aBroanddeomopdusma.

ITpobku Axbysiara, BAOKEHHBIE B TJiaJKue 4-MHOrO00pa3usi, IP3BOJILAIOT PEBPALIATH U3 B 9K30THU-
yeckue MHOroobpasus, romeomopdubie ucxoguomy [17]. dua npobku (C, 7) u raagkoro 4-mMHOroodbpas3us
X, koropoe cozuepxkur C, onepayus nosopoma npobru (cork twist) B maoroobpasuu X sokpyr (C,7)
ompejienisieTcd Kak riaakoe 4-muoroobpaswme, momrydenunoe n3 X yaameHueMm mnoaMuoroobpasusa C u me-
PEBKJIEMBAHKUEM €ro ¢ nmoMouipio naposionun. Obparnre BHMMaHue, 94To, onepamnus nmoBopoTa NpodOKKu He
u3MeHsier Tonosorudeckuil run muoroobpasust X. Ipobka (C,T) nasbiBaercs npobkot mH02000pasus
X, ecam nosopor nipobkn B X Bokpyr (C, 1) ne muddeomopden nexoaromy muoroobpazno X [16].

Pyuku Kaccona. Hazosem n-meprvim 0uckom MHOKECTBO

Huck D™ n-mepHOe KOMIakToe MHOroobpasue ¢ kpaem 0D™, apngiomumca (n — 1)-mephoit cdepoit
Sl ={(zy,.mn) ER  tx? + .+ 22, =1}

IMycrs gano ruajkoe n-mepaoe Mmuoroobpasue ¢ kpaem < M™ OM™ >. Hazosem n-meproti k-pyurot
h xormio muoxkectsa DF x D" F npukneennyio k OM™ wuoas 0DF x D"™F ¢ nomompio Bioxkenns
¢ : ODF x D"F — OM™. Pesynbrupyiomee MEOTOOGpasme oboszaadaercsa kak M™ Uy h.

Yribl, nojiydaeMble MpU NPUKIEHBAHUH, CTIAKUBAIOTCS MOCPEICTBOM CIEIUATBLHON MPONEIypbl, U
nosromy M™Ug h MOXKHO CcUnTATH IIQJIKUM MHOTOOOpa3UeM.

Bawns Kaccona. Pacemorpum raagkoe orobpaskenue f : D2 — M?* tne M* — opuenruposamnoe
riagkoe MEoroobpasme n D?  2-mepmbriit auck, npuaem 1 (OM?) = 9D?. Copepiuras Mamble TeBese-
HUE MOXKHO ITOOHUTHCS, 9TOOBI 9TO OTOOPaXKEeHHe MPEeBpaTUIOCh B morpyxkenne. OqHAKO, KaK MPABUIIO,
HONBITKU CIEJATh ero BJOKeHueM Tepudar Heyiady. Pyuku Kaccona [43] npuaymanbl g TOro, 4ro0bl
pemnmmTh 3Ty npodiemy.

[osyuenue norpyxennoro mucka f(D?) — 310 1-a craaus nocrpoenus Gamnu Kaccona.

[Torpyxkenne 00aaTa€T KOHEYHBIM YHCIOM H30JHUPOBAHHBIX TOYEK CAMOTEDECEYEHUS T, ..., Tk, HA-
3pIBaeMBIX Kunkamu’. JIobasd 3aMKHyTasd KpHBasg Ha BIOKEHHOM JHUCKE CTATHBACTCA B TOUKY, HO I
MOTPYZKEHHOT'O JUCKa CyHIECTBYIOT HECTATMBAEMBIE B TOYKY 3aMKHYTbhIE KPDHUBbBIE. B YaCTHOCTH, Yepe3
Ky IbIll KHHK 2; NPOXOJMT Takas Kpueas ¢;, T; € ¢;. Oynmamenrtansuas rpynna w1 (f(D?)) csoboano
nopokaaercst arumn kpusbivu. omaraem L := {cyq, ..., ¢i }.

7910 KOGOPAM3M, [T KOTOPOTo BKouenuss M4 — W2 N% < W5 romoTonmueckn SKBUBAIEHTHE.
8Selman Akbulut (pox. 1949)  rypeuxuit maremarux, npocdeccop Muunranckoro yausepcurera (CIITA).
9Kink (amrs.) — meperu6.
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Puc. 1. Tpiok Yurau

Ecnm ynacres maiitu CHHTYISIDHBINR IHCK DSJ-7 C rpaHuLEeil ¢;, KOTOPBIH JIEXKHUT BHE f(D2) u 6.40-
srcen B M*, 10 ¢ momomipio Tak HazbiBaemoro mproka Yummu (Whitney trick) moxmo medopMuposaTh
(mpeo6pazosath) morpyxenne f(D?) Tax, 9T0 HOCTe TIpeobpa3oBaHns MCIe3HET KUHK x; (puc. 1).

2

Huckn D3 ;, Oyap onn BiozkennbiMu, pemman Obr npoGiemy yOusanust kunka x;. Ho tpyano nane-

AThes Ha Takylo yaady. Ckopee Bcero muck D3, caM UMeeT KUHKH.

Puc. 2. /Inarpamma Kup6u [8] pyuxu Kaccona [8, p. 205]

Puc. 3. Dxsornueckoe (Manoe) R* (0HO siBisiercsi BHY TPEHHOCTHIO M306PAKEHHON DUIYDBI, TPEACTABIIOMEH
coboit cnerka mogubunuposannyio pyuxy Kaccona) (cm. [8, p.207])

Ho B HaITeM pacHOpsS:KeHHH OKA3LIBACTCSA CEeMEHCTBO NOzpystcenmvLy CHHTYISPHBIX THCKOB D2 . B
p p Py ydp 2,4
M*\ f(D) raxkux, 94T0 Kaxjas ¢; OrPAHUYMBACT CUHTYIAPHbI IUCK D%i B M* u
2 2 0 (5L )
1) D2,i n D2,j =0 (i #j);
2 — o
2) D3, NL=c.
O6venuuenne LU J, D2 . 310 2-9 cragms nocrpoenns 6amuu Kaccona.
772, 1%

Crenem pyurxu Kaccona. Ilorpyennbie nucku D%)i camu uMeioT Kuaku. [loBTopuM mporeaypy mo-
CTPOEHUS TIOTPYIKEHHBIX JINCKOB ng, OTrPAHMYMBAIONINX 3aMKHYTBhIE KPUBBIE, TPOXOISAIINE Yepe3 KNH-
ku auckos D3 ;. A 3aTeM mpuiiercs caenath HOBYIO MOJ0GHYIO uTepaiuio. Byaem umers k-0 cramio
CUHT'YJISPHBIX JIMCKOB D,% 19 ...,D% sp» MOCTPOEHHBIX HA (k — 1)-it cramum. B wrore nomyunm obbenn-
Heane X = U;o U, D%ys, KOoTOpoe ompejensder ckeaem pyuku Kaccona. IIpoctpancTso X 0IHOCBA3HO
(m1(X) = 0), nockobKy Ha Kaxaoi craauu nopoxkgaomue B 7 (f(D?)) ybusaiorcs na ciaemyiomeii
CTAJUM TIOCTPOEHUsI CUHTYISAPHBIX IUCKOB. KC/IM OCTAHOBUTH WTEPAINMIO HA CTAIUU K W PACCMOTPETH
PEryasipHy(0 OKPECTHOCTH MOJIyYeHHOW KOHCTPYKIMK, TO nmeem bauitio Kaccona (puc. 6).

BaMeHsist CUHTYJISIPHBIE JUCKH D,% s PErYJIAPHBIMU OKPECTHOCTSAMMI N(D,2C ) T OTIpeiesisist DeCKOHETHOE
obvemmmenme CH = J,  N(Dj ) € M*, nonysaem pywsy Kaccona (CH,0CH) ¢ xpaem OCH =

2
N(f(0D7)).

Pyuka Kaccona C'H siBjisiercst OJIHOCBSI3HBIM MHOTOOOPA3ueM, KOTOPOE NOMOTOIHO OTKPBITON 2-pydKe
(D? x R%,0D? x R?). Buyrpennocth jmo6oit pyuku Kaccona muddeomopdna R, no ciabas moaudu-
Kallus npespamaer ee B R, , MOKa3aHHOE KaK BHYTPEHHOCTH puc. 3 |8, p. 206.

Teopema 1 (®puavan, 1981) Kasrcdas pyura Kaccona (CH,0CH) 2omeomopdna cmandapmmoi om-
xprmoti pyuxe (D? x R?,0D? x R?).

Teopema 2 (Gompf, 1989) Cywecmeyem necuemmnoe wucao pywer Kaccona.
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Puc. 6. Bamns Kaccona [44, p. 6]

4
2.2. Ilocmpoenue boavwuz R, ,

Popma nepecedeHuii

Ilycts Y™, Y™  rTpaHCBepcambHO TepeceKarommecs MoaMHoroobpasns MHOroobpasna X", Aa-
2ebpaueckoe wucao nepecedenut Y™ u Y™ MO ONpemenennio eCTh CyMMa 3HAKOB TOYUEK TepPeCevueHnii.
Onpegenenune 7 Ilycms M*  Komnakmmuoe opuenmuposanmoe monosozuseckoe 4-muozo06pasue u
a,b € Ho(M*; Z) npedcmasaaromes opuenmuposanmnvimu noseprrocmamu A, B 6 M*. Onpedeaum dop-
MYy nepecewenuti mHoz000pasus M*

Qe - Hy(M*,Z) x Hy(M*Z) - Z

wax Qpra(a,b) = A- B, 2de A- B ecmwv wucao mouex nepecenenuti 6 AN B, esamuix co snarxom'®.

IToBepxHocTh Kymmepa. Paccmorpum MHOXKECTBO
K3 = {[21, 20,23, 24) € CP?: 2} + 23 + 25 + 2§ = 0},

KOTOPOEe eCTh KOMILIEKCHOe 2-MHOrooOpaswue, u BemecTBernHoe 4-MmHOrooopasue. Ero HazpBamoT moBepx-
nocthio Kymmepa nimm K 3-1moBepXHOCTHIO.

®opwma nepecevernusi K 3-10BePXHOCTH UMEET BUIL

0 1
QK3—E8®E8@(®3(1 O)):2E8@3H,

0] Ipepmnonaraem, uro A u B BeiGpaHbl B 0GIIEM HOJIOXKEHUH, T.€. [HE€PECEKAITCs TpaHcBepcanbuo. Opuentanuu A u B
BMecTe ¢ (DUKCHPOBAHHOM opuenTanmeir M? maror 3Hak Touke mepecedenust p € AN B, KOTOPHIH HAXOIUTCS CJIELYHOIIM
o6pazom. Eciu nonoxurensusie penepsl B Ap u Bp Aai0T HOJI0KHUTENbHBIA perep B M;l, TO TOYKE P NPUIUCHIBAETCS 3HAK
+1, n -1 - B nporuBHOM ciyuae (8, p.9].
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rJIe TOC/IEIHEE BBIPAYKEHUE COJIEPKUT TPU KoUK MaTpullbl H, uzsectHoil Kak runepboanueckas Gpopma
[29], u

Eg

|
OO OO OO N
OO OO O N
OO OO R NFRO
OO O R NFEOO
_H O FRNFEOOO
O NHOOOO
O OO0 OO
NOOH—ROOOO

Ounpenenenne 8 Jaai=1,2 nyems DI C M  enoorcennnie ducku'', u nycms ¢ : DY — DY co-
zpanaouguts opuenmayuto dubdeomopdusm. I'nadkoe mnozoobpasue (M7 \int DY) Uy pr (M3 \int D))
NOAYUAEM OMOAHCIECNBACHUEM 2PAHUYHHLE movuek ducka DY ¢ epanuunoimu moukamu ducka DY, cea-
3AHHVMU OMOOPAAHCEHUEM P, HAZVIBAEMCA CEA3HOU CYMMOT MHo2000pasut M u M3 u obosnawaemcs
wax M{EMJ' .

Bynem ncnionp3oBaTh 0603HAUEHTE
tnY =Y. Y.
~—
m—pa3

IIycrs
X =435(5% x §%)\ D*.

[MoamuoxkecTBO MoBepxuOCcTH K 3, mpeacrtasisiomee romonoruio mia 3H B dopme mepecedenns K 3-
MMOBEPXHOCTHU, MOYKHO OIKCATH KAK TOMOJIOrmdeckoe Biuoxkenue j : X — K3 Takoe, 970 OKPECTHOCTH
muozkecrsa 1(0X) umeer sun C; = 95(X) x R. Moxkno Bbibpars j Tak, 1ro j(X) Gyzer romeomopdubim
obpaszom X [19, p.240-241].

4

Cienylomas TeopeMa ONHCBIBaeT crnocod mocrpoenud Oombmux RS, .

Teopema 3 Paccmompum 2aadkoe 4-mroz000pasue
W =t5(8% x §%) \ j(X),

2de j(X)  zomeomopdruiii obpaz X . Tozda W zomeomopdno R, no ne duggeomopdno R*, u, caedosa-
meavno, asasemea npumepom R, [19, p.241-242].

2.3. Heznadxoe nosedenue 2406046101 MONOA0ZUNECKOT KAPMYL 6 IK3OMUUECKUT R,

K coxkasiennto, B HaCTOsIIIEE BPEMsi Mbl HE PACIOJIAraeM siIBHO TTOCTPOEHHBIM TJIAJAKUM ATJIACOM J1JIst

R, . Omnako HekoTOpbie GaKThI, KACAIONINECS STONO0 MHOrOGPA3Hst, MOTYT ObITh YCTAHOBJICHBI.
Ipesk e Beero, 09eBUIHO, 9TO raobambHas KapTa ¢ @ Ri ., — R* xmacca C° na R, me moxer 6biTh

rIaJKo# B KaskJoil Toduke, mHade Ri .. 6b110 661 muddeomopdno RY. Ho oma Moker GBITH TiagKoi

JIOKAJIbHO, KaK 1TOKA3bIBAET CJIEYIONIAs

Teopema 4 Cywecmeyem RE,. | daa womopozo zaobasvrve CO-koopdunamor asaaromes 2aadkumu 6
nexomopoti oxpecmmuocmu. Jpyeumu croeamu, cywecmeyem R, = {z = (20,21, 2%, 2)}, das xomo-
pozo ' € C* npu ||z]| < e |19, p. 270).

MbI BUMM B yTBEDIK ICHUH 9TOI TEopebl BHYIO aK30mumHocmy Muoroobpasus R . | koropas nposis-
JISIeTCH B TOM, 9TO TIOBeeHne riobaibubx CO-KoOpAuHAT 9K30THYHON MIAIKONH CTPYKTYPhI OTJINYIAETCS

OT TIOBEIEHNST TTI00ATBHBIX KOOPAWHAT B CTAHIAPTHON riagkoctn Ha RY

4

Ho sx30rruHOCTE OOHApYIKUBaeTCA U B HernagkocTu cdep Ha GeckonednocTu MHoroobpasusd R, |

KaK IOKAa3aHO B CJEAYIONNX TeopeMax o u 6:

Teopema 5 B nexomopuiz R3,.,
nukaxoti 2aadko eaodcennoti mpexmepnoti cgepoti S° [6, p. 33].

cywecmaeyem KOMNaKmHOE MHONMCECTIIE0, KOMMOPOE HEAL3A OKPYHCUTID

""Hazesaem n-meprvam duckom muoxectso D" = {(z1,...,zn) € R" 12?2 + ...+ 22 <1}



K cronernio o6mieil Teopun OTHOCUTENBHOCTH. DK30THYecKas raaakocts B OTO 45

Teopema 6 Jlas nexomopwz R, cywecmeyiom 2aobanvhvie 2a06arvHbie monosozureckue K0opouna-
mw (t, 2,7y, 2) u wucaa R < Ry maxue, wmo cepu S3, = {t* + 22 +y? + 22 = R*} ssanomea eaadkumu
das R < Ry, no ne asantomes maxoswmu npu awbom R > Ro [6, p. 34].

Haxomer, 3K30THIHOCTE TOBegeHns r106aababix CO-KOOpANHAT MOKET GBITH HPOCTPAHCTBEHHO JIO-
KaJIM30BAHO B OTPAHUYEHHOW 00/1acTH 3-TTPOCTPAHCTBA:

Teopema 7 Cywecmeyem R daa womopozo zaobarvruvie mononozuueckue xoopduname (t,x,y, 2)
aeasomes eaadkumu oas x> + y> + 22 > €2 > 0, no ne aaobarvro. Cywecmeyem aoperyesa mem-
PUKG Ha Rgm , 05 KOMOPoU 2paruya 3mot obaacmu epemenunodobra. Hnave 2060ps, 9K30MUUHOCTL
npocmpancmeenno ozpanuvena [19, p. 271].

2.4. Heodnopodnocms sxsomuueckur R,

M3BecTHO, UTO CBA3HAA OJHOCBA3HAA paspemmMas 4-mepuas rpymma Jlu Gy auddeomopdna R
Ipynna JIu G4, AeficTByOmas rJIajko ¥ IPOCTO TPAHIUTUBHO HA TVIAAKOM 4-MHOroobpaszmu M*, nud-
dbeomopdua emy, T.e. M* ~ Gy ~ R*. Orcrona caemyer, uro R .. He Moker 10MycKaTh POCTO TPaH-
suruBHOro aeitcrust rpynust Gy [9,10]. Ipyrumu ciaosamu, RgKS HEOHOPO/THO.

ToBopuM, 9TO riiagkoe MHOTOOOpasne M?* nmeer wemmo20 cummempud, ecn s JIOOOr0 BHIGOPA
IJ1JIKOTO MEeTPHYECKOro Tensopa g na M? rpynmna uzomerpuit Is(M*?, g) xoneuna.

P. Teitiop nocrpoust npumepst sx3otnaecknx R* ¢ wemuorumu cummerpusvu [30]. Torga rpymnma
u3omerpuii Ha Takux < R ., § > KoneuHa, u, C/1€10BATEILHO, OTCYTCTBYIOT HETPUBUATBHBIE BEKTOPHBIE
nosist Kunnuara. 910 03Ha9aer, 9To rpaBUTAIMOHHOE [OJIE § CYIIECTBEHHO HECTAIMOHAPHO, T.€. sIBJISIeTCS
usMeHsomuMcs. I npuduHa 370ro  9K30TUYHOCTD [JIAJIKOH CTPYKTYpbI [31].

3. Dk3oruueckue R? u dpusuka

DK30THYeCKasi IMIaJKOCTh, XOTS Ka3aa0Ch Obl HE WMeeT OTHOIMeHWu:d K (DU3WKE, TMOCKOJbKY HE siB-
JISIETCsl PElIeHUEM HU ypaBHeHuil DifHiireiiHa, HU KaKux-jiu0O JIPYIUX MOJIEBBIX YpPaBHEHUil, TeM He
MeHee, Kak Oy/1eT TPOJIEMOHCTPUPOBAHO HUYKE, B 3HAYUTEIHHON Mepe hopmupyer GU3NIeCcKne siBJIeHns.
1 npouncxoanT 310 110 TO# TPOCTOH MPUYMHE, YTO TVIAJIKOCTh — 3TO (DyHIAMEHTAIHHAS XapPaKTEePUCTH-
Ka MPOCTPAHCTBA-BPEMEHHU, U B CHJIy 3TOIO OHA BO MHOTOM IPEIONPE/IEIsIeT CYIeCTBOBAHUE BeIeil B
npupoze. B 1o Bpems kak OTO co3maBanach DUHIITEHHOM KAk JOKAaTbHAS TEOpHUs, HE Tpedyomas
MPEeIbABICHUS [EJTUKOM BCETO AT/Iaca JIOKATbHBIX KAPT, [Ja/IKasd CTPYKTYpa U ecTh 3TOT atiac. Apyru-
MU CJIOBAMM, 33/1aBasl MVIAJKYI0 CTPYKTYPY, HPEAbABISIOT 6CE MPOCTPAHCTBO-BPEMS LIEJINKOM, 8 UEAOM
(at large), kak ropopsit reomerpbl. [lo3TOMYy riaakas CTPyKTypa XapakTePU3YeT KOCMOAOLURECKUE NPO-
asaenus (CBORCTBA) IPOCTPAHCTBA-BPEMEHHU.

3.1. AemodudpdeomopPusmot u npuHUUN 0O0UWLET KOBADPUAHITIHOCTIU

Ha npakTuke mpocTpaHCTBO-BpeMsl KakK IIaJIKoe MHOroo0pasue cmposm, BBOIS HOBbIe JOKAIbHbIE
KapThl Kak HOBbIe KoopauHaThl < M’ 1) >, k xoropeim nepexogsat (z')! = [ o ¢~ 1] (2t, ..., 2™) or
crapbix < M, ¢ >, npousso/s TeM cambiM pacuiuperue'? npocrpancrsa-spemenn or M k M UM’ Hens
— TOJIy9UTh MAaKCUMaJIbHOE pactmmpenne. Hanprumep, Kak MakCHMabHOE PACITHPEHNE MPOCTPAHCTBA-
spemenu IIBapimnuibia, OLLIO B CBOe BpeMs M0Jyd4eHO NPoCTpaHcTBo-BpemMsa Kpyckaia.

Crpemsich K MaKCHUMAJILHOMY PACIHIMPEHHI0 MPOCTPAHCTBA-BPEMEHHU, Mbl TeM CAMBIM CTPOUM AaTIaC
JIOKATILHBIX KapT, U, CJ1eJJ0BaTe/ILHO, IPOIECt PACIIUPeHus 3aKaHYuBaeTCH, KOTJA M0IydaeM MAKCUMLAb-
HoLl amaac.

Bamernm, uTo B cuity TOro, uto [hod 1 (zt, ..., 2") = (YoidyaodT 1] (2!, ..., ™), mponece pacimpe-
HUS KapT MOXKHO TPAKTOBAThL KakK IIOJIydeHHe TAKOro aTjiaca, B KOTOPOM TOXKJIECTBEHHOe OTOOpasKeHue
apngerca auddeomopdusmom idya @ M* ~ M2,

Qitnmreitn, co3gasas 0OIILYIO TEOPHI0 OTHOCUTENLHOCTH, IIOCTYIUPOBAT NPUHYUn 00Ueti K0GapuaHm.-
HOCMU, KOTOPbIHl pa3periajg uCIoJIb30BaTh BCE JIONYCTUMbIC JIOKAJIbHbIE KapThl (CHCTEMbI KOODAMHAT).
IIpu 3TOM 1O/ AOMYCTUMOCTHIO TTOHUMAJIACH HE TOJTHKO TJIAAKOCTh (DYHKIINH MEPEeX0/1a, HO W BBITOJTHEHNE
YCIIOBWSA He3aHyIeHUs TKOOMaHa T 0 9=1) 0,

128 310M cayuae ma mepecedenun M N M’ crapsle n HOBbIE KOODAMHATHI JOJIKHBI OBITH CBA3aHBI IPEOOPA30OBAHLEM C
HEHYJIEBBIM STKOOMAHOM.
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nan a(x/)i

o o L)t
W(xl,...,x") = M(ml,...,x") #0.

OxJd

IMycrs f: M™ — M™ — nuddeomopdusm. TlockoiibKy, B COOTBETCTBUM C OlIPEIeeHreM 2

ppofop,t =(pgof)ops' =pgop,' €C™,

e g3 = pg o [, To dhakTHUECKNn MbI OCYIIECTBJIAEM DACHIMDEHHE aT/1aca JOKaIbHbIX KapT, /100aBisst
HOBBIE KapThl BUJa Q. Ho mexonmplii aTnac ObIT MAKCHMATBHBIM, TIOSTOMY MBI OCTAEMCA B TOM 7K€
caMoM arJiace, B TOU 2Ke camoii r1ajakoit crpykrype. Uuadge roeops, ocymecrsienne auddeomopduzma
f:M™— M"™ 310 npocTo g0OaBIeHNE HOBBIX KAPT K ATJIaCy, YTO MPUBETCTBYETCS IPUHITUIIOM O0TIIei
KOBAPUAHTHOCTH.

Tlomeomopduam f : RE., — R?* apagerca dakrudeckn aproromMmeoMopdn3MoM, HO HUKAK HE aBTO-
nuddeomopduzmom. CrienoBare/bHO, €ro IPUMEHEHUE HEJIb3si TI0ABECTH 110/ JIeHCTBUE PUHLMIA 00t
KOBapMAHTHOCTH. XOTs 3TO BO3MOKHO /st asroauddeomopbusmon f: RE . — R . .

WMuave roBopst, Mbl UMEEM JIBE PA3HBIE PUSUKU, B PAMKAX KAXKIO0H U3 KOTOPBIX CHPABEIJIUB IPUHLIAIL
obeit kopapuanTHocTu Ditnmreitna. Oana dusnka cps3ana ¢ raagakum 4-muoroobpaszuem R, a apy-
rasg ¢ R, . B neiicteurensroCTH pasHbix (H3NK MHOTO, MOCKOTBKY CYMECTBYeT GECKOHETHOE THCI0
sx3zoTnyeckux R* u MHorHe nx HuxX He nUbGHEOMOPdHBL

Baxkmo oTMeTuTh, 9TO €c/iu ABa MHOT000pa3nsa HeauddeoMopdHBI, TO HMeeTCst (PU3NTECKoe pa3in-

qne MeXKIy HUMHU.
3.2. HesoccmaHo8UMOCMb NPOULAO20

OK30THYECKHUE R4 MOTYyT OGJIa,Z[aTb MHOTHUMHA YAUBUTETbHBIMHA CBOﬁCTBaMH, IIO3BONTAIIINMHA NHAa4YE

K3
MOCMOTPETHh Ha MpobseMy BoccTanoBneans ¢Gakros mpomnoro. Hampumep, rnoGambHble KOODIUHATHI
(t,r) He ABAATOTCA TTAKEME Ha BeeMm R, ., . DTO 03HAUAET, 9TO €C/TH 9TO-TO «BeMAaeT» HAM W3 MPOTILIOTo,
TO 3TO MOYKET TIPOVCXOIUTh BIOJIb BDEMEHHBIX DAJNAIBHBIX KPUBBIX t = 8,7 = 1(s), s € [«, 8]. Ho rakme
KpuUBbIE, COCANHAIOIIINE d)aKT b C TOYKOH a ero BOCIIpUATUA B HACTOAILEM, HE ABJIAIOTCA TJIaJIKUMU C
KaKOT0-TO MOMEHTA TIPH CJIeJOBAHUK BJIOb KPUBOW 0T a K b (cM. puc. 7, [20]).

TTockonbky coBpemerHasi (BU3MKA MPEANOIATAET UCTOIH30BAHNE TOJBKO TJIAJKUX KPUBBIX, TO MbI

MOZKEM 3adBUTH O TOM, 9TO IIPOMIIOE d)aKTa a He MO¥KeT ObITH BOCCTAHOBJIEHO.

rnapkue cgepsbl

Hernapkue cgepsbl

HacToslee

7a\
\

BpeMeHble KpuBble

npownoe

Puc. 7. HeBo3MOXKHOCTD TJIIKOTO IPOIO/IKEHHSI BDEMEHHBIX KPUBBIX U3 ¢ B 00/1aCTh IPONLIOro b B
9K30THIECKOM Riys .

o 4
3.3. ITpuvunnsie ceolicmea Ry, ,

Paccmorpum npocrpancrea-spemena < R% g > u <R3 . g >. Jlna xasxkaoro muoroo6pasns naiiaém
JIopentieBbl GYHKINH paccrogaus d u d.

Ilycts oTo6paxkenue f : R* — R

5K3 OmeKIus, ABIAIONAd H30METPUEN OTHOCUTEIHHO JIOPEHIIEBBIX

paccrostauit d n d, T.e.

d(p,q) = d(f(p), f(q))- (3.1)
4

IMockoubky Ry, u R* ue qudpdeomopdunt, To f He MoxkKeT OBITH raaAKNM OTODpazkeHneMm. MoOXKHO s
W3 3TOrO M3B/IeYh MHMOPMAIMIO O TPUYUHHBIX CBOCTBAX NPOCTpaHCTBa-Bpemenn < R . g >? (9,10
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4
K3

ObITh pa3/IMUAIOMM, 110CKOJIbKY 110 Teopeme Kuma uz [39] f 6buio 661 ruaakum. Ho sro o3nauaer,

Ecin cymecrsyer buekuusi f @ R — R*, coxpanstomas paccrosune, 0 < R . g > He Moxker
aro 6o < R, |G > comepwxur Bpemennbie neran, GO OHU TOABAAIOTCS B C1a60 BOZMYIIEHHOM
merpuke [9,10].

Ecrm sxe < R* g > pazmmuaiomee (4To BO3MOKHO), TO He cymiecTsyer Omexmmu f : R* — R
coxpaHdiomieil paccrosguue, B cuity Toil xke reopembl Kuma u3 [39]. 910 rosopur o ToM, 4To IjId XOTH
OBl JIBYX COOBITHT P M q JIOPEHIEBO paccTosiuust Mexry auvu B < R d > u < RE,, ,J> CYIIECTBEHHO
PA3TUIHBL.

Teopema A.H. Pomanosa [15,40] no3Bosisier OTHOCUTENHHO YCUIUTH ITOT PE3YJbTAT U FOBOPUTH O
60 0 HEMPHYMHHOCTH MPOCTPAHCTBA-BpeMen:n < Ri . ,§ >, M0 0 HAPYIIEHHH yCIOBAA KOHEHTHOCTH
paccrosuus, b0 0 BhINaJAeHuH NpocTpancTea-pemenn < RY . g > u3 knacca A. U3 reopembr Majia-
venTa [41] Bertekaer, ato mbo < Ri ., , § > ne Moxker 6bTh pazanuaionmm, 160 m060i romeomMopdusm

mexxay < RYd >un <Rl ,
p nporioe as g B < R d >, 1o 910 nesepno B < R, d >.
I/IHaqe TOBOPA, MCTUHHOCTHOE 3HAYEHUE TTPUYNHHO-CJICICTBEHHOTO OTHOIEHU A Me}Kﬂy ABYyMA BelllaMu

Bcebe pPWQ DA3TUIHO TOCTE TOTO, KAK OHH CTAHOBATCA Bemmamu g Hac B < R d >us <R d >.

d > He gBisieTcd XpOHOIOTHIecKuM. DAKTHYECKH ITO O3HAYAET, 9TO €CTIU

3.4. Dxsomuueckoe R, mne moocem 6vums caoem 6 5-meprom T'unepnpocmparncmee?

Cranmapraoe R* MozkeT GBITH CT0EM TJIAJKOTO CTOEHHA 5-MEpHOTO (3aMKHYTOrO) IaIKOTO MHOTO-
obpasus. Kak ciaeacTBue, CTAHOBUTCS BO3MOXKHBIM TEPEeX0 K H-MEpPHOIT TEOPpHUH IPaBU-3TIEKTPO-CI1aboro
B3aumoueiicreust tuna Kanyupi-Kieiina u nocrpoenue teopumn «Cxoza €O CBOEIO CJIOsi», T.€. BbIXOIA
3a [PEJEJIbl «CBOErO» IPOCTPAHCTBA-BPEMEHU B H-€ M3MEpeHue u nepemerleHuii B oobemiitomem [u-
nepupocrpancrse [15, ru. 7). Ucrounukom sueprun, HeoOXOAMMOIT Jyist TAKUX HEPEMEILEeHUil, B TaKOM
crydae BBICTYIIAET BHEITHee CKATAPHOE TOJe W 3MeKTpUIecKas 3apsarKeHHOCTD MepeMeInaeMoro 00bek-
ta (Cyu, [14]).

B cuny ckazamHOr0, 0c060r0 BHUMAHUS 3aC/TYKUBACT TOT (DAKT, UTO B TEOPHUH CJIOCHUH M3BECTHA CIie-
ayromast mepemennast 3aga4a (2003), chopMympoBaHHast B «CeCCUMM MPOOJIEM» M3BECTHBIM CIHEIMAJIN-
CTOM B TEOPUHU CJAOEHUH XapAepoM: JJ0Ka3aTh, YTO NIAJLKOE MHOroodbpasue L, KOTopoe ecTh 3K30THIeCKOe
R%, ne moxer 6biTh cioem Cl-cioenus F kommakTHOro MHOTOOOpasus M [42, p. 5.

Ecnu 310 0KazKeTcs BepHBIM, TO K30THYecKoe R* coBceM mHaue pasmernaercsa B obbemsiomeM 1 'n-
[ePIPOCTPAHCTBE, YeM CTAaHAApTHOE R*, I 9TO OrpaHHYHUT HepeMeIeHns B IPOIIIOE.

4. Pusndeckas HabJIIOIA€MOCTh U3MEHEHUS IVIAaJKOU CTPYKTYPbI

Paccmorpum npocrpancro-spemst < R* g >, rae g — merpuka. [I0CKOIBKY 1Py CMEHE JIOKAJILHOM
. y
KapThl ' — ' Merpuka nojpepraercs npeodpasoBaHUIO

ozt Ok
TO TJIAJIKOCTh METPUKH MOYKET HAPYHIUThCH, €CJIM IPOM30IIE/] epexo/l K 3KZ0THUYECKOMY IJ1aJKOMy atT-
Jacy.

CMeHa JTOKANTBHON KAPTHI, 3aMeHa KOOPIUHAT (PU3NYECKHA O3HAYAET IEPEXON K HOGbM (PUSULECKUM
yeaosuam'®. TakuM 0Opa30M, M3MEHEHHA TJIAJKOH CTPYKTYDBI BIOJHE MOYXKHO USMEPUING, T. €. OHI
mozym boimo nabarodaemvim 3ddexrom (Tyu, 1987, [9]; Asselmeyer, 1996, [21]).

Ho mMoxkHO K 3TOMY BOMpPOCY TOAONTH € APYroil CTOPOHBI: BO3MOYKHO JIM, 9TO TIPU ONPEIETECHHBIX

Jik = Gi'k = ik (4.1)

bUBMUECKUX YCJIOBUSAX [POUCXOAUT CMeHa Tagkoil crpykrypbi? B § 2.4 u § 3.3 GbL10 n0Ka3aHo, 410
1epexo/l K 9K30TUUYECKOT 1J1aJIKOM CTPYKTYPE — 3TO 1ePeX0/i K KpaifHe HEOIHOPOIHOMY I'PABUTAIIMOHHOMY
nomo g B R, or omnoposuoro nosis g B R*. CremoBaTe/ibHO, 9K30THYHOCTD MOYKET IIPOSBIATHCH KAK
UCTOYHMK BO3MYIIEHUs, HABIIOJAEMOrO J0 ITOr0 HOCTOSHHOIO (OJHOPOAHOIO) MPABUTAIMOHHOIO OISt
(Tyu, 1987, [9]).

B 1990-e rozapr 661710 ¢HOPMYIUPOBAHO CJIEIYIONIEE YTBEPIKICHNE:

J0KaAU306aHHAA FKZOMULHOCTID MONCEM, GLLCTNYNAMYL KAK UCTNOYHUK HEKOTOPO20 PERYAAD-
H020 BHEWHE20 NOAA 6 opme mamepu uau wephot dupve (Bpanc, 1994, [26]).

13 Hanpumep, mepexos K KOODAHHATAM, B KOTODPBIX F;k(xo) = 0, o3HA4YaeT Hepexo/ OT OUYIIEHUs] CUJIbl TSAXKECTH K

HerecomocTn (audT DitHmreitna).
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OCHOBOIT JIJ1sT TAKOTO 3asiBJIEHUST SIBJISIETCsI, B 9aCTHOCTH, TeopeMa 7, KOTOpasi JIOKAJIN3YeT IK30TH Y-
HOCTB IJI06aJILHBIX KOOPAMHAT BO BPEeMEHHIOL00HOM muanHape S° X R. O6parum BHUMAHNE HA TO, YTO
CKA4YKM [TPOU3BOJHBIX METPUKN Mg, ObecrednBaomme paspbi npocrpancrsa [15, § 6.1.2], crencrsn-
€M KOTOpPOTO SBISAETCA TMOTEPS CBI3HOCTH WU OJHOCBSI3HOCTH TMPOCTPAHCTBA, MOXKHO TPAKTOBATH KakK
MPOSBIEHNE IK30THIHOCTH, PUBOAIIEE K CKAUKY SHEPTUN W, KaK CNIe/ICTBHAE, K PA3PBIBY MTPOCTPAHCTBA.

Ho ¢ apyroit cToponbl, CKAYKU MTPOU3BOIHBIX METPUKH (/) , KOTOPBIX MBI JJ00BEMCS 33 CIET CKAYKOB
SHEPIUHM B IPOCTPAHCTRE, O3HAYAIOT B CIIydae rJIaJIKOM gk, KaKk BuaHO u3 (4.1), naanaune neanddepenim-
POBAHHOCTHU JIist OTOOpaskeHust ' — . A 310 roBOPUT O TOM, YTO Mbl OKA3aJMCh B APYIOil IJ1aJ1KOCTH
npocrpancTBa-Bpemenu. rade roBopsi, Mbl MOKeM 3a cuer dpuzndecknx 3h@eKToB, CKATKOB YHEPIUH,
H3MEHUTD TJ1aJKOCTh IPOCTPAHCTBA-BpeMeHH. 1lpapaa, MeHds IMaJKoCTh B IPOCTPAHCTBe-BpeMenn R*,
MBI OKa3BIBAEMCS B OJHOM M3 HECIeTHOTO HUHCIA SK30THIecKHX R*,  OKasbIBaeMcsd B OJHOM H3 OecHdmc-
JIEHHOTO MHOXKECTBA MapajiaeTbHbIX MUPOB.

4.1. 9x3omuueckas wepHas dvipa

C 1OMOIIBI0 TEXHUKH, TTOCPEJICTBOM KOTOPOH YCTAHABIMBAJIACH T€OPeMa 7, MOKHO BBECTH IK30TH-
JecKyo ragkocTh B R? x S$? ¢ Tomomormeit KpycKamoBCKOTO ImpeicTaBiennd pemtenns LIIBapimmisia,
tounee, B obnactu K = {(u,v,w) : u? —v? < 1 mw € S?} B koopauuatax Kpyckana, Tak, 910 rmobanb-
HBIE TOMOTOrTYecKHe KoopauHaTel (u, v) B R? rmaaxu na 6eckonednoctn, Bae u? +v? > R. KoopauraTe!
(u, v,w) — 3710 TIOGATLHBIE TOTIOJOTHYecKHe KooparHaThl B K. Ho oHM He MOTYT GBITh NPOIOIKEHBT KAK
riaakue Gynkouu Ha Beio obnacth u? — v2 < 1. Ho MoryT 6biTh MIAJKNMKU B HEKOTOPOM 3aMKHYTOM

noamuoroodbpasun A (—STANDARD), nns koroporo r > a > 2M (puc. 8).

A

STANDARD

Puc. 8. Dx30rnueckas 1epHast appa [26]

B obstactt A, Mbl MOXKEM KaK OOBIYHO PEITUTH BAKYYMHbBIE yPABHEHWsT JWHINITETHA, 9TOOBI Oy YU ThH
merpuky Kpyckana B koopaunarax (u,v). OaHako 3Ta MeTpuka He MOXKET ObITh DACIIMPEHa Ha BCe
[OJIHOEe MHOTrooOpa3ue K HE 10 KaKUM-THO0 COODParKeHNM, CBSI3AHHBIMH C PA3BUTHEM CHHIYJISPHOCTEMH
B KOOD/IMHATOM BBIPA?KEHUH METPUKH, HU 110 TOMOJOTUYECKUM COOOPAKEHUSIM 110 TOH IPOCTON IPUINHE,
410 KOOPAMHATHI (U, V,W), HE MOTYT OBITH TTPOIOJIKEHBI Kak riajgxue GyHkmmm Ha obaacrts u? — v? < 1
3a I'DAHUILY [IOAMHOXKECTBA A.

TTosicaum ckazannoe. s 3a/1anmst METPUKK ¢ B KOOPANHATAX

(o wo.w0) (&:1) = i (o, vo, wo )€,

HeOOXOIMMO MMETh KacaTeJbHbIe BEKTOPHI &, 1) B J00bIX TOUKax (g, Vo, wp) npocrpancTea K. A ans
aToro HyxkHO ymerb muddepennmuposath kpusble (u(s),v(s),w(s)), s € [0,1], ncxomamme u3 TOUKH
(uo,v0,wo) = (1(0),v(0),w(0)) (cm. § 1.2, 1.3). Ho kak pa3 He BO Bcex TOYKax (ug, Vo, wo) MIOGATBHBIE
KPYCKAIOBCKUE KOOPAMHATHI TU(hepeHupyembl.

CremoBaTenbHO, CIpaBeIIuBa

Teopema 8 (Brans, [26]) Cywecmesyem zaadkoe mnzoobpasue R? x S3, cmandapmmnasn mempura Kpy-
cKana 0as KOMOPO2o He modicem bumb 2aadko npodoadicena Ha 6cro obaacms u’ — v2 < 1.
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Ho rorpa st wepnoit apiper IBapmmuisaa, mpeacrasiennoii B koopannarax Kpyckana va puc. 8,
JA0IMYCTUMO TIPEATTONIO?KEeHnEe, 9TO CTaH/JlapTHas IJIaJIKOCTh NCTUHHA JIMIH B MaKpOCKOHH'{eCKOﬁ O6J'IaCTI/I
A (=STANDARD), a 3K30TH4YHOCTH MOXKET ObITh JIOKAIM30BaHA (IPOCTPAHCTBEHHAsSI OIPAHUYEHHOCTh
9K30TUYHOCTH U3 TEOPEMbI 7), HApuUMep, 3a ropu3oHToM r = 20 . Tem caMbiM MbI MOYKEM CTOJKHYThCS
B KOCMOCE C «3dK30THYECKOH 4YepHO# AbIpoiiy. Ke 3K30TUYHOCTH TPOSBISETCS B TOM, 9TO HAXOIAIHI-
csa B obiactu A HabGMIOMATEh OMUCHLIBAET OKPYIKAIOIIEE €r0 MPOCTAHCCTBO-BPEMsI € MOMOIINA METPUKHU
Kpyckama, #HO 3a TOpU30HTOM METPUKA MOYKET ObITh W JIPYTOH, WM UMETh OCOOEHHOCTH, OTJITUIHBIE OT
verpukn Kpyckasa.

42 drzomuueckas 24a0K0CMb KAK UCTNOYHUK 2pasumauyuoHH0o20 NoAS

[Tokazkem, 9T0 MpHU TEPEXOe K IKZOTUUECKON IIAJKON CTPYKTYpe MPOUCXOIUT U3MEHEHUE TeH30Pa
DitHmTeliHa, a 3HAYUT B MPABON 9aCTU BO3HUKAET [TOMOJHATETbHBII HCTOYHUK TPABATAIIMOOHOTO OIS,
B cnygae, eciim B MCXOJHOM CHUTyaIlliu Mbl UMEJd BayyMHBIE ypaBHeHHUsI DUHINTEHHA, TO MEPexXon K
9K30THYECKO IJIaJIKOCTH NPeodpa3yer uX B HEBAKYYMHbIE, T.€. COOTBETCTYIOIIEE MX PEIIEHUE siBJIAeT
paBUTAMOHHOE T10J1€, MMeIoniee CBOMM NCTOYKUKOM 9K30TUYECKYIO TVIaJKYIO CTPYKTYDPY.

Iycrs M obaagaer asyms neguddeomopdubiMu riaaakumu crpykrypamu M’ u M. Torupa n1060ii
romeomopdusm f 1 M’ — M" 6yner neguddepeHuupyeMbiM XoTs Obl B OJHONH TOUYKE, CKaskeM B
Touke xg. Torma B HEKOTOPOH ee okpecrHoctn Uy, Moxuo npeacraguth df : TM' — TM" B Bune
df|Uz, = (b1, b2) 1 BbIpa3uTh U3MEHEHUE CBA3HOCTH NpU Ipeobpa3oBaHuu f:

V" =V 4 (b tdby) @ (by “dby).
ITockonbky B ncuancaennun Korrysist TeH30p KPUBU3HBI
R(X, Y)Z =VxVyZ -VyVxZ+ V[X7y]Z,

TO W3MEHEHWe CBA3HOCTH TIPUBEAET K M3MEHEHWI0 TeH30pa KPUBH3HBI U TeH3opa Ditmreiina G — G
tak, uro gaxe eciu G'(X,Y) =0, ro

G"(X,Y) = Rice(X,Y) — %g(X, Y)R # 0.

Takum 06pazom, epexo K K30TUIHOMY MHOTOOOPA3WIO MPUBOAUT K MOSABICHUIO NCTOYHUKA TPABUTA-
uuonHoro nosist (Asselmeyer, 1996, [24]). Jxsomuueckasn 2aadkocmsb deticmeyem Kak ucmouHuk 2pacu-
MAYUOHHO20 NOAA

Sladkowski [32] npuBoanT Takyo unrepnperanuio 3roro pesyibrara: «IIpeanosoxure, 4o mbl 06Ha-
PYKUJIM HEKOTOPBIF CTPAHHBI ACTPOMUINIECKUIT NCTOTHUK TIATOTEHUsI, KOTOPHIH HE BEIET K JII0O0OMY
MpUEMJIEMOMY PEIIeHnI0 ypaBHeHNH DWHITEeiHA. DTO MOXKET 03HAYATh, UYTO MBI HCIOJb3yeM Hepa-
BUJILHYIO TJIAJKYIO CTPYKTYPY TPHU OMHUCAHUN MPOCTPAHCTBA-BPEMEHN W HAOIIOIEHNE 3TOT0 CTPAHHOTO
MCTOYHMKA YKA3bIBAET HAM Ha Halry ommuOKy. Ecim MbI m3MeHsieM TIagKyio CTPYKTYPY, TO BCE OymeT B
nopsizkes [31].

43 dr3zomuuHocmMb KAK UCTNOYHUK CNUHOPHO20 NONSA

Muoroo6pasust R* u R2 . moxmno npejcrasuth Kak 061aJaionme COOTBETCTBEHHO TPUBUAJILHOM
pyukoit Ksiicona CHy = D? x R? n nerpusnasnsnoit CH rtax, uro nmeer mecto auddeomopdusm

R*\ CHy ~ R, \ CH.

HeiicTBue
S == / RR4\/QR4d4I

pacnumieM C TPaHUYHBIM 9JI€HOM:

S = / Rpa/gradtz + / Kcm,y/9ado. (4.2)
R4\CHy O(R4\CHy)
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[puxsiensaemas obaacts IC H mMoxker 6biTh ormmcana kak norpyxenue D? x (0,1) 8 R*. B [23] nokazano,
KaK MOKeT BbITh OCYILIECTBIEHO CIIMHOPHOE NpeJcTaBjenne norpy»kennoii nosepxnoctn D? B R3, koropoe
JIErKO MPOJIO/IKAETCS JI0 TIOTpysKenust npukiaeennoit obnacru D? x (0,1) 8 R%. Kax pesynbrar nveem

o
Ko /Gado = / U DTy /Fado. (43)

O(R*\C'Ho) O(R*\C'Ho)
CnmHOpHOE mpeacTaBIenne 00IamaeT CBOWCTBOM: JEHCTBUE MCYE3aeT, €CIM TPAHWIA €CTh BIOKEHHE,

T.6. HEe MMeeT camonepecedennii. [[03TOMy mosTyqaeTcs HeHyIeBOH BKIA IPAHUYHOTO YI€Ha B IEHCTBHE
Toneko A RE ., ¢ rpanumeit O(R*\ CH):

R
YY" Diy/gado,

AR\CH)

KOTOPBI{i MOZKHO MPOJO/KUTE ¢ rpanuiie Ha Beé RE ., \ CH. B pesynbraTte nmeeM s 9K30THYECKOTO

RgKB COBMeECTHOe ,Z[ef/’]CTBI/Ie TPaBUTAITMOHHOT'O IIOJIA CO CIUHOPHBIM HCTOYHHUKOM:
kpy o 4
Sgi . = / [Rgs + 97" Dt/ grad”z,
Rixs \CH

NOABUBINUMCS OJArofaps 3K30THYHOCTH TJIAJKOH CTPYKTYPBI, HEMOCPEACTBEHHO OTHOCAIIEHCS K MpH-
kJieennoit obiacru pyukn Kosiicona (Asselmeyer-Maluga, Brans, 2011, [23]).

4.4. 9K30munHocms U K8AGHMOBAs 2PABUMAUUS

CyMMI/IpOBaHI/Ie KBAHTOBBIX aMIIJIUTY/ 110 UCTOPUAM SABJIACTCHA yﬂO6HbIM " TI0JIEBHBIM HWHCTPYMEH-
TOM B M3y9YEHWHM MHOTHX WHTEPECHBIX 3 (EKTOB B KBAHTOBOH rpasutanuu. Hanmpumep, crarucrudeckas
CyMMa €BKJIAJIOBOH KBAHTOBOH IpaBUTAIUH C IIOJOXKUATEIbHON KOCMOJIOIMYECKOH mocTogaHas A

Z= > exp(-Ig)),

(M",g9)

Ig] = — 161rG /(R — 2A)dulg],

rae cymma 6epercst o hu3nIecKn OTIMTHBIM HCTOPUSAM, COCTOSITIMX n3 MHOT00Opasnit (M™, g) ¢ puma-
HOBOW METPHKO# g.

MHOroe 3aBHUCUT OT TOTO, UTO CJAeAYeT MOHUMATh MO (PU3UICCKN OTIHIHBIMIA UCTOpusaMEA. B ciydae
KBA3UKJIACCUYECKOrO MPUOJINKEHUs PA3yMHO NPUHATH [47], 9TO ABE UCTOpUH CUUTAIOTCH (DUIUUECKU
pa3/JnYHbIMUA, €CJIN

1) nx MHOrOO6Gpa3zust MMEIOT PA3IMIHYIO TONOJIOTUs, T.€ HE FTOMEOMOP(DHBI;

2) UX METPUKH HE CBA3aHbI IPEOOPA30BAHUEM KOODJMHAT, T.€. HE M30METPUYHBI, HE KOH(OPMHBI
" T.0.;

3) B ciyuae pazmepuoctu 4 uiau GoJiee, €CJau TONOJIOTU MHONOOOpa3uil 0MHAKOBA, TO OHU He aud-
deoMopdHbBI, T.€. UMEEM JIEJI0 C 3K30TUYECKUMU TJIaKOCTSIMMA.

BHepBbIe BKJ/IIOYATh 3K30TUYECKHUe MHOFOO6pa3I/I5{ B CyMMy 110 HCTOPpUAM B KOHTEKCTE TeOpUuun
Kaunyup-Kueiina npeygoxun @poitng (1985, [50]). Ha ux poss B KBaHTOBOI rpaBuranmst 06paiaioch
panManne B (1993, [49]).

[IpuHIUNUATLHBIM SIBISETCS BOMPOC, OKA3BIBACTCA JH yaeT HeauddHeoMopdHBIX TIAIKAX CTPYKTYP
CYIIECTBEHHBIM, U B KAKOW MEPEe OHU CKa3bIBAKOTCs HA PE3y/ibraTax pacyeron?

B pa6ore [48] paccmorpen ciydae n = 7 u nokasano, uro neauddeomopdubie npocrpancrsa Yosuia-
xa (Wallach) nator ogurakoBblil BK/1a/1 B CyMMy 110 MCTOPHSIM, M HET BO3MOKHOCTH MPEJICKA3ATH, BKJIAI
KaKO# T/TaaKO# CTPYKTYphI OYIET CAMBIM BECOMBIM.

ITonoGHBIe BHIYNCACHHUS JJid BazkHeiinero ciaydas n = 4 Buepsbie mpogenan Duston (2010, [34]).
Pacematpusanucs neauddeomopdube nakperrus C P2, Bkiaj sK30THUecKHX MHOr006pasmii oKazacs
HezHauuTe/IbHbiM. OIHAKO aBTOP HPEIIOI0XKMII, YTO JIJisi JAPYIUX MHOroo0Opa3uil Oyger 1oJjydeH UHO
pesyabrar. Tak win unade, no B B pabore [51] Obul nosyden 00HAIEKUBAIOIIMI PE3YJIbTAT, KOTODbIIT
TOBOPHUT, 9TO «KBAHTOBAsI TPABUTAINS 3ABUCUT OT dK3OTHICCKON IIATKOCTH .
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4-5. Kocmonozuueckoe npasaeHus IK30MUYECKOT 24a0KOCTNU

B 2012 romy T. Asselmeyer-Maluga u J. Krdl [52] paccmorpenu byHKIMOHATBHBI UHTEIPAJ 110

TPAEKTOPUAM
1
2= [ Dlgess (f5eula).

SEH[Q] = R\/§d4x
/

O/1HaKO BMECTO METPUKM § OHM MPEANOYIM MMETh €10 ¢ CUCTeMOil orcuera (rerpasoii) e m CBsi3HO-

cTeio I _
z= [ Didexy (;SEH[e,M‘*]) |

Sprle, MY = /tr(e/\e/\R),
M4

rae e — 1-(ko)dopma, R — 2-dopma KpuBu3HbIL.

Pacuers! feflcTBHS /19 IBYX THIOB 3K30THIeCKHX R* (60MbIIX W MAbIX) MOKA3LIBAIOT, KaK H CTe-
JTOBAJIO OBIIO OKMUIATH, HE3ABUCUMOCTD 9K30THIECKOH ITaKOCTH OT MeTpUKH. V13BeCTHO, 9TO 9K30THYIe-
CKHMe TIaKoCTH 60JhINoro/Masnoro R4sks 3aBucaT OT HENmpepbIBHONO mapamerpa, KOTOpbIii 0603HAINM
vepes ¢, 1 TakuM 0OPa30M, IPU BBIYMCIEHNM MHTErPAJIa 10 TPAEKTOPHUSM KAK «CYMMbI 110 BCEM M€OMEeT-
PUSIM M 110 BCEM TJIQJIKMM CTPYKTYPaMm», HEOOXOMMO TPOM3BOIMThL MHTEIPUPOBAHUE U 110 NapameTpy t.

Ins RE.. B Takom ciiyuae nMeeM nMeem:

Spule,Ri . 1= Spule,RY + Soxs [t].

TloaTomy
7= / exp (;_LSEH[e,R4]> Dle] - / exp (;SK [t]> D[1].
Teomerpun DK3. TAAAKOCTH
Krnaccnyeckas gacts DK30THYECKAsA JaACTh
U

Z=127- / exp (;Sm [t]> Dlt].

DK3. TIaIKOCTH

DK30TUYECKAST FACTh

KaK BUAWM, 3K30TUYECKAsA 9aCTh HE 3aBUCUT OT CUCTEMBI OTCHETA € U UJIN OT METPUKHU (.
B ciygae, ecim t mpobGeraet cdaeTHoe amco Gompmux R . To

~vol(D
Z = Zy-exp <—Z% '477294(K)> )

rme L xomcranta, g4(K)  4-pom, cBa3aHHBIN ¢ HeKOTOpBIM y3noMm K B mucke D, vol(Ds) — obbem
HEKOTOPOro obpasa mncka D2,
[IpurnMas BO BHIMAaHHE CHATYISPHOCTH BOMBIIOro B3pEIBA B IPOCTPAHCTBe-BpeMeHn R*, ckazkeM B
0 € R*, u ynanss ee, nmeem
R*\ {0} = $% x R,

rae S 3-mpocTpaHCTBO.
Torpa, or MomenTa 0 — poskaenust Beesennoit 10 coBpeMennoit anoxu, momenta 1, nveem
7 < hvol (Ds) i

7
ﬁSSKB (t) =z 12 '47294([()) =—7 / 2AcosmOS\/§d4I-

h h

53%[0,1]

CreoBaTenbHO,

)
2= [ Dlo R lexo (3 elo B ).
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e
SEH[gv Rg}(g ] = /(R - 2Ac0smos)\/§d4$,

vol(D3)
L2 vol(S3 x [0,1])
Mb1 1noJ1yumn/n geficTBue ¢ KOCMOJIOIMYECKOH NOCTOSTHHONH Acogmos, KOTOPasi JaeT OTTaJKUBAHUE B KOC-
moce [15, c. 188], T.e. meificTByeT KaK TeMHAas IHEPIUsl.

To, 9T0 3K30TUIHOCTD MPOABIAETCA B MOABIEHUHA B TEOPUH KOCMOJOTHYECKON MOCTOIHHOMN, TOBOPUAT
O TOM, 4TO OHA, IK30TUYHOCTh, U €CTh TEMHAs YHEPIUS.

Acosmos = I : 271'294 (K) > 0.

5. 3akaroyeHne

IlepBbie mybiuKamuyu, obpamaoniue BHEMaHUE (U3UKOB HA 3K30THYecKHe R .
MHCTPYMEHT, € TOMOIIBI0 KOTOPOTO TEOPHsl TPABMTAIIMHM TPEJCTAHET B MHOM CBETE€ OBLTH CIETAHBI
P. Freund'* (1985, [50]), A.K. Tyuem (1987, [9]; 1988, [10]; 1992, [11]), P.1. Humenorbim (1987, [53,
c.16]), K. Schleich u D.M. Witt (1992, [49]). Cucremaruueckue UCCJAEIOBAHUS B HTOM HAIDPABJICHUU
nauamuce ¢ mybmukamuit C.H. Brans'® (1994, [25]) B 1990-e roap. Bobmas acts uccaeioBanuii mpo-
nemana T. Asselmeyer-Maluga'® B 90-e u mymeBbIe TOADL

[IpoctpancTBo-BpeMsa R . ¢ 9K30THYECKOH TaJKOCTBIO, TOCPEACTBOM ITOH TJIAJKOCTH, KOTOPAs
HUKAK He 3aBUCHT OT (DUBMHUECKMX YCJIOBHI, MOPOXKIALT, KAK ObLIO NOKA3aHO B § 4.2, rpaBUTAIMOHHOE

KaK Ha HOBBIHI

1oJie, OKasbiBaolee (pu3nveckoe IeicTreue.

Takum 00pa3zom, IK30THIECKAST TIAKOCTh JeHcTBYeT Ha (DPUBNUECKNE TeJIa YHUBEPCATHHBIM 00pa3om
KaK rpaBuTanuonnoe nosae. Ho B To ke caMoe BpeMs Ha Hee MOKHO BO3JefiCTBOBATH, MOYKHO €€ M3MEHUTD,
MOMEHATH Ha JAPYTYIO, XOTS 3TO W MPUBEJET K KOCMOJOTHYEeCKHM TOCaeacTBuAM. Bo Bearom ciaydae,
9K30THYECKAs T[JIAJKOCTh  3TO TO aOCOTIOTHOE HEewIno, a TOYHEEe, TO TIAJKOE MPOCTPAHCTBO-BPEMS,
KOTOPOE JAefiCTBYeT Ha Tela TaK, KaK XOTeJI0Ch Maxy, HO TPH 9TOM 3TO Hewmo HE BHITIAIAET U3 TTPUCYIIIETO
HayKe MeTO/Ja MbIIIJIEHUA: HE MOXKeET 6])ITI) TOrO, 4TO BOZB,HGI‘/JICTByT7 HO Ha 4YTO HEJIb34 BO3ﬂeﬁCTBOBaTb
[2, c.44]. TIpunnun Maxa, m0X02Ke, BCe-TaKH BbIIOJHAETCS B OOIIEil T€OPUU OTHOCUTEILHOCTH, HO €ro
peanm3aIus IpenoaaraeT JOMyIeHns B TEOPHIO SK30THICCKIAX TIaIKAX CTPYKTYP U 9K30THIecKIX R*,
B 9aCTHOCTH.

WccnenoBanus moka3bIBAIOT, 9TO YHUBEPCATHHOCTh YK30TUUECKOHN TIaJKOCTh O0jee mupokast, 9em
YHUBEPCAJIBHOCTH I'PABUTAIIMOHHOTO TTOJIA. I.[OKaJ'II/IZBOBaHHaH IK30TUYHOCTH MOZKET TIPOABJIATH C665{ KaK
depmuonnoe nim 6030HHOE 1104151, MJIM KAK Y€pHast Jibipa [37] B COOTBETCTBUM C NPUBEJAECHHON B HAUaJle
§ 4 runore3oit bpamca.

Takum obpazom, uges DiHINTEHHA O BBEIEHUN IPUHIINIIA ODIIEll KOBAPDHAHTHOCTH, KCTOKU KOTOPO
OTYACTH JIEXKAT B NMPUHIMIE SKBUBajeHTHOCTH, Yepe3 100 jer npeobpasopaiachk B HEOOXOMUMOCTH UC-
CJeJ0BaTh PoJib 3K30THUecKuX riagkux crpykryp 8 OTO u B KBaHTOBO# rpaBuTaluu. JK30TUIHOCTH —
9TO KOCMOJIOTMYECKHil (DAKTOP, KOTOPHI MOXKET CKA3bIBATHCSA U KAK NPUTSKEHNE (FPABUTALNS) U KAK
OTTaJKUBAaHUE (AHTUIPABUTAINS ).
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A. K. Guts

The principle of general covariance and exotic R* in General Relativity

Keywords: General Relativity, space-time, smooth structure, exotic smoothness
PACS: 34D08, 93C15

The role of the principle of general covariance in the General relativity is discussed. We show how it has led to
consideration of smooth structures in the theory of spacetime. The exotic smooth structures for R* are presented.
Methods for their construction and properties are given. A review of the physical effects which may occur in the
case where the real spacetime has an exotic smooth structure.
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